
QGP transport paramaters
What we have learnt from Bayesian analyses?

Anthony Timmins

‣ Introduction 
‣QGP Viscosity 
‣Charm diffusion 
‣ Jet transport parameter 
‣ Summary
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Inspired by Chun Shen’s illustrations
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Microscopic properties

 

‣ QGP a system subject to local excitations 
✓Excitations drive system out of equilibrium 
✓Time scale for system to return to equilibrium is 

relaxation time 

‣ Local excitations possible: 
✓Hot spots from lumpy initial state 
✓Heavy quarks 
✓Jets
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Figure 1
Typical transverse energy density profiles, ε(x,y), from the IP-Glasma model (81) for a semiperipheral (b = 8 fm) Au+Au collision at√

s = 200 A GeV, at times τ = 0.01, 0.2, and 5.2 fm/c. From τ = 0.01 fm/c to 0.2 fm/c, the fireball evolves out of equilibrium
according to the Glasma model (75–78); at τ = 0.2 fm/c, the energy–momentum tensor from the IP-Glasma evolution is Landau-
matched to ideal fluid form [for technical reasons (71), the viscous pressure components are set to zero at the matching time] and
henceforth evolved with viscous Israel–Stewart fluid dynamics, assuming η/s = 0.12 for the specific shear viscosity. The preequilibrium
glasma evolution somewhat washes out the large initial energy density fluctuations. The subsequent viscous hydrodynamic evolution
further smooths these fluctuations. The asymmetric pressure gradients due to the prominent dipole asymmetry in the initial state of this
particular event (visible, on the left, as a left-to-right asymmetry of the density profile) generate a dipole (directed flow) component in
the hydrodynamic flow pattern that pushes matter toward the right during later evolution stages. Modified with permission from
Reference 81.

characterized by a set of harmonic eccentricity coefficients εn and associated angles $n:

ε1e i$1 ≡ −
∫

rdrdφr3e iφe(r, φ)∫
rdrdφr3e(r,φ)

, εne in$n ≡ −
∫

rdrdφrne inφe(r, φ)∫
rdrdφrne(r, φ)

(n > 1), 1.

where e(r,φ) is the initial energy density distribution in the plane transverse to the beam direction.
When, for collisions between nuclei of the same species, e is averaged over many events and the
angle φ is measured relative to the impact parameter vector, there is a symmetry between φ and
−φ, as well as between φ and φ + π , and all odd εn coefficients vanish.
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‣ Hydrodynamic flow occurs when relaxation time < system lifetime 
✓Mean free path is smaller than excitation gradients

Annu. Rev. Nucl. Part. Sci. 63 (2013) 123-151
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Microscopic properties

 

‣ Fluid shear and bulk excitations: 
✓ /s and /s  shear/bulk relaxation times (hydro) 
✓ /s  mean free path (kinetic theory) 
✓ Inhibit anisotropic and radial flow 

‣ Heavy quarks produced very early  out of equilibrium with QGP 
✓Spatial diffusion coefficient Ds  heavy quark relaxation time 
✓Small Ds  more heavy quark flow 

‣ Jet transport parameter  
✓Average transverse momentum exchanged with medium per mean free path

η ζ ∝
η ∝

→
∝

→

̂q

4

The Physics Case for sPHENIX What are the inner workings of the QGP?

1.3 What are the inner workings of the QGP?

A second axis along which one can investigate the underlying structure of the quark-gluon plasma
concerns the question of what length scale of the medium is being probed by jet quenching
processes. In electron scattering, the scale is set by the virtuality of the exchanged photon, Q2. By
varying this virtuality one can obtain information over an enormous range of scales: from pictures
of viruses at length scales of 10�5 meters, to the partonic make-up of the proton in deep inelastic
electron scattering at length scales of less than 10�18 meters.

For the case of hard scattered partons in the quark-gluon plasma, the length scale probed is initially
set by the virtuality of the hard scattering process. Thus, at the highest LHC jet energies, the parton
initially probes a very short length scale. Then as the evolution proceeds, the length scale is set by
the virtuality of the gluon exchanged with the color charges in the medium, as shown in the left
panel of Figure 1.11. However, if the exchanges are coherent, the total coherent energy loss through
the medium may set the length scale.

g*
Q2

q

?

QGP

Q2 PT Initial Parton

What scale sets this transition?

Tc

Probe Integrates Over a Range of Q2

pQCD
Scattering from 
Point-Like Bare
Color Charges

µD

pQCD Scattering
From Quasiparticles

with size ~ µDebye

Strong Coupling
No Quasiparticles

 µDebye ! 0

AdS/CFT

?!

" ?

What scale sets this transition?

Scattering 
from Thermal 
Mass Gluons?

Figure 1.11: (left) Diagram of a quark exchanging a virtual gluon with an unknown object in the
QGP. This highlights the uncertainty for what sets the scale of the interaction and what objects or
quasiparticles are recoiling. (right) Diagram as a function of the Q2 for the net interaction of the
parton with the medium and the range of possibilities for the recoil objects.

Figure 1.11 (right panel) shows that if the length scale probed is very small then one expects
scattering directly from point-like bare color charges, most likely without any influence from
quasiparticles or deconfinement. As one probes longer length scales, the scattering may be from
thermal mass gluons and eventually from possible quasiparticles with size of order the Debye
screening length. In Ref. [56], Rajagopal states that “at some length scale, a quasiparticulate picture
of the QGP must be valid, even though on its natural length scale it is a strongly coupled fluid. It
will be a challenge to see and understand how the liquid QGP emerges from short-distance quark
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Microscopic properties - strong and weak coupling

 

5

‣ Weak coupling 
✓Well defined quasi-particles: QGP a gas 
✓ Interactions: 2 2 or 2 3 processes: pQCD with  

‣ Strong coupling 
✓Strong correlations between constituents: higher order interactions 
✓Therefore no well defined quasi-particles: QGP a liquid

‣ Momentum scale of excitations scales matters! 
✓Probes with large (enough) energy see a gas 
✓Probes of energy ~ temperature see a liquid

→ → αs < 0.3

https://twiki.cern.ch/twiki/bin/view/ALICE/PWGCF_QM2018Abstracts


Microscopic properties - how are they related?

 ‣ Both /s and (2 T)Ds saturate at 1/4  & 1 when system becomes infinitely coupled 

‣ /T3 continues to increase i.e. no upper bound  
✓Greater than 1.25/( /s) in strong coupling regime 

η π π

̂q
η6

5.1. Long Wavelengths: Di↵usion

The dimensionless scaled HQ di↵usion coe�cient, 2⇡TDs, characterizes the (inverse) cou-

pling strength of the QGP, e.g., Ds ⇠ 1/(↵2
sT ) in pQCD, up to logarithmic corrections (17).

As such it is expected to carry universal information; also note that the HQ mass depen-

dence is “divided out” in its relation to the thermalization rate, eq. (3), which is explicit

in the perturbative calculation but has also been approximately found in nonperturbative

calculations (134) (implying a universality of the spatial di↵usion coe�cient for charm and

bottom ). After all, the microscopic interactions governing the transport of heavy flavor

must also be operative in the transport of energy-momentum (encoded in viscosities) or

electric charge (encoded in the conductivity), suggesting a proportionality of the pertinent

dimensionless quantities Ds(2⇡T ) ⇠ ⌘/s ⇠ �EM/T (18). The (double-) ratio of these quan-

tities is expected to acquire di↵erent values depending on the nature of the medium; e.g.,

in a weakly coupled QGP, one finds Ds(2⇡T )/(⌘/4⇡s) ' 2.5, while for the strong-coupling

limit in the gauge-gravity duality this ratio turns out to be one (135).
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Figure 6: Left: Comparison of the dimensionless-scaled HQ di↵usion coe�cient (Ds2⇡T ;

solid lines) and specific shear viscosity (⌘/s; dashed lines) computed in a self-consistent

many-body theory in two scenarios for the in-medium color force (blue lines: weakly coupled

potential close to the HQ free energy; red lines: strongly coupled potential, well above the

free energy) (136). Right: ratio of the dimensionless HQ di↵usion coe�cient to specific

shear viscosity for a strongly (red line) and weakly (blue line) coupled scenario, compared

to a weakly coupled perturbative calculation (dashed line) and to the strong-coupling limit

in gauge-gravity duality (dotted line).

The current calculations and extractions of the HQ di↵usion coe�cient in the QGP

require a large enhancement, by about an order of magnitude, over the baseline LO pQCD

results (recall Fig. 3). While in practice this is implemented in di↵erent ways (K factor,

running coupling in Born diagrams, or HQ potential within T -matrix), the generic feature

is a long-range component of the force between the di↵using quark and the QGP. A natural

candidate is the remnant of the confining force above Tpc. It is well established from lQCD

computations that the would-be order parameter of confinement, the Polyakov loop, changes

only rather gradually with temperature above Tpc (1, 137). In the thermodynamic T -matrix

approach, for example, remnants of the confining force are implemented via an in-medium

Cornell potential constrained by lQCD data and turn out to be critical in generating small

18 Dong et al.

Annu. Rev. Nucl. Part. Sci. 69 (2019) 417-445

Phys. Rev. Lett. 99 (2007) 192301
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q̂(ht)0 = 1−2 GeV2/fm for the gluon quenching parameter
at the initial time τ0 ≈ 1 fm/c. A study using a variant
of the eikonal approach [4] resulted in the estimate [27]

q̂(eik)0 = 10 − 30 GeV2/fm for the same quantity (scaled
from the value given in [27] for a propagating quark).
As we now show, the two different values imply radically
different properties of the medium.
One can estimate [28] the average initial entropy den-

sity from the measured charge hadron multiplicity of
the most central Au+Au collisions as s0 = (33 ± 3)
fm−3 at τ0 = 1 fm/c corresponding to an initial tem-
perature T0 = (337 ± 10) MeV. Using Eq. (5) with

C = 1/3 one then finds that the lower value q̂(ht)0 im-
plies 1.25T 3

0 /q̂0 = 0.12 − 0.24, whereas the higher value

q̂(eik)0 implies 1.25T 3
0 /q̂0 = 0.008−0.024. This first result

is close to the conjectured lower bound for η/s and lies
well within the range of values for the shear viscosity-to-
entropy density ratio (η/s < 0.3) which are compatible
with the measured hadron spectra from Au+Au collisions
at RHIC [29]. If ultimately confirmed, it would indicate
that the quark-gluon plasma produced in Au+Au colli-
sions is (marginally) weakly coupled. On the other hand,
the second result lies far below the lower bound for η/s
and thus implies that the quark-gluon plasma formed at
RHIC is deep in the strong coupling regime and cannot
be described as a quasi-particle plasma.
In summary, we have derived a general relation be-

tween the shear viscosity η and the jet quenching param-
eter q̂ for a “weakly coupled”, i.e. quasi-particle dom-
inated quark-gluon plasma. The relation associates a
small ratio of shear viscosity to entropy density to a large
value of the jet quenching parameter.
The fact that η/s saturates in the limit of strong cou-

pling of the SYM theory but q̂ continues to increase, sug-
gests that the ratio T 3/q̂ may serve as a more broadly
applicable measure of the coupling strength of a quark-
gluon plasma. We thus conjecture that the following re-
lations hold generally:

η

s

{

≈
#

}

1.25
T 3

q̂

{

for weak coupling,
for strong coupling.

(25)

An unambiguous determination of both sides of (25) from
experimental data would thus permit a model indepen-
dent, quantitative assessment of the strongly coupled na-
ture of the quark-gluon plasma produced in heavy ion
collisions [31].
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Reverend Thomas Bayes

 
‣ English statistician, philosopher and Presbyterian minister, born 1702 

‣ Published only twice: one theological paper & one mathematical paper 

‣ Famous theorem never published7
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Bayesian analyses in heavy-ion collisions

 

‣ Main goal: obtain full probability distributions of QGP parameters 

‣ Gaussian Process Emulators 
✓Used to efficiently explore parameter space 

‣ First application to heavy-ion collisions from Scott et al: PRL 114 (2015) 202301 

8

P(T |D) ∝ P(D |T) × P(T)

Posterior probability of 
Theory parameter(s) 
given Data

Data/Theory  
fit quality 

Probability of Theory 
parameter(s) prior to Data 
comparison
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QGP viscosities

 

‣ Explored by running full hydrodynamic chain  
✓ Initial state + pre-equilibirum + viscous 

hydro + participation + hadronic afterburner  

‣ Bayesian determination of /s(T) and /s(T) 
gone through several iterations 
✓Duke: 3 publications 
✓JETSCAPE: 2 
✓Trajectum: 2 
✓Jyvaskyla: 1 

‣ Multiply experimental observables used 
✓E.g. Nature Physics 15 (2019) 1113–1117 

(Duke) used 13
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QGP viscosities

 
‣ Posterior distributions (90% C.L) clearly narrower 

than prior distributions

10
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QGP viscosities - putting it all together

 

‣ Differences in posteriors due to? 
✓Different prior ranges/

assumptions 
✓Different datasets 

‣ Common challegene 
✓Lack of knowledge of pre-equil.  

drives /s(T) and /s(T) 
uncertainties

η ζ
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Charm diffusion coefficient Ds

 
‣ Typically obtained from D-meson  and  measurements at low  

‣ Transport models solve Boltzmann/Langevin equations - ask Jorge/Elena for more details! 
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Charm diffusion coefficient Ds

 

‣ Two Bayesian analyses (RHIC & LHC data) 

‣ Duke+Nantes+WSU: PRC 97 (2018) 014907 

‣ Duke: PRC 98 (2018) 064901 
✓ Included both open charm and bottom mesons
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Charm diffusion coefficient Ds

 
‣ Posterior ranges overlap with single charm Ds parameterizations used in other models 

‣ Ranges largest at highest temperatures14

Annu. Rev. Nucl. Part. Sci. 69 (2019) 417-445
PRC 98 (2018) 064901
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Jet transport paramater ̂q

 ‣ Previous analyses extracted  for heavy quarks 

‣ First light quark/gluon  determined by JET collaboration using charged hadron RAA 
✓Least-squares minimization

̂q

̂q
15

PRC 90 (2014) 014909
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Jet transport paramater ̂q

 ‣ JETSCAPE attempted first extraction over all temperatures using Bayesian analyses 
✓Charged hadron RAA only 3 energies 

‣ Weak coupling pQCD based MATTER and LBT models explored 
✓Two different  paramaterizations ̂q16

PRC 104 (2021) 024905

https://twiki.cern.ch/twiki/bin/view/ALICE/PWGCF_QM2018Abstracts


Jet transport paramater ̂q

 ‣ JETSCAPE  posterior ranges provide most extensive mapping for weak coupling models 

‣ Another approaches CUJET 3.1 (weak/strong coupling) that describe high  h±  and 
 measurements require larger  at lower temperatures

̂q

pT RAA
v2 ̂q17
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Summary and personal thoughts…

 

‣ Bayesian analyses have demonstrated: 

✓Possible to construct extensive probability maps for key QGP transport parameters 
✓Light sector is strongly coupled on energy scale of QGP temperature via viscosity 

determinations 
✓Low momentum charm quarks strongly couple with QGP

‣ What needs to be done? 

✓Consensus on how priors determined 
✓Pre-equilibrium in hydro chains needs further constraints from data 
✓Better understanding why Ds posterior probabilities diverge a larger temperatures 
✓Additional observables included for  extractions ̂q

18
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Backup - JETSCAPE

 

19

discussed below, it can be used to discriminate between
different models.
Equation (2) shows that the parameter constraints

encoded in the posterior PðiÞðxjyexpÞ can be improved in
multiple ways. First, this can be achieved with better
external constraints on the model’s parameters x, reflected
in more realistic prior distribution PðxÞ. Second, new or
more precise experimental data can tighten the likelihood
PðiÞðyexpjxÞ. Finally, theoretical progress on the model and
better quantification of the model’s uncertainties lead to
more reliable constraints through the likelihood as well.
The ability to include both theoretical and experimental
progress consistently and equitably in the extraction of new
knowledge is a key feature of Bayesian inference.
The temperature dependence of the QGP viscosities

favored by the RHIC and LHC data are given by evaluating
the posterior (2) and marginalizing over all parameters
except the viscosities. Figure 1 shows the 90% credibility
ranges (outlined by colored lines) for the marginalized
posterior of the three particlization models studied here.
The high-credibility ranges for the different particlization
models show similar qualitative features; however they
differ significantly in detail, especially in the low-
temperature region between 150 and 250 MeV where
the likelihood tightens. Importantly, at high temperature,
the posteriors are close to the 90% credibility ranges of the
prior (gray shaded region): this strongly suggests that
measurements used in this work do not constrain the
viscosities significantly for temperatures ≳250 MeV.
Note that previous studies [20] employed rather narrow

priors [choice of PðxÞ for η=s and ζ=s] at high temper-
atures. Our work shows that the heavy-ion data we use
are very weakly informative for T ≳ 200 MeV. High-
temperature constraints obtained in Ref. [20] originated
from prior assumptions [27], highlighting the importance of
carefully exploring the sensitivity to prior assumptions.
More generally, it is important to emphasize that

narrower posterior credible intervals are not automatically
more accurate. The inclusion of previously neglected

model uncertainties generally leads to wider, yet more
reliable, credible intervals.
At the moment, there is insufficient theoretical evidence to

establish which model is a better description of the partic-
lization process in heavy-ion collisions. In absence of such
prior theoretical insight, we use experimental measurements
to judge the quality of each particlizationmodel. This is done
by using the Bayes evidence PðiÞðyexpÞ from Eq. (2), which
corresponds to the average of the likelihood over the
parameter space. Bayes evidence favors good agreement
with data (high likelihood) while disfavoring model com-
plexity [69]. The ratio of Bayes evidences is approximately
5000∶2000∶1 for the Grad, Pratt-Torrieri-Bernhard, and
Chapman-Enskog particlization models, respectively, clearly
disfavoring the Chapman-Enskog model.
The Bayesian evidence can be used as a data-driven

approach to combine the results for the three particlization
models into one posterior distribution [70], as defined by
Bayesian model averaging [22]:

PBMAðxjyexpÞ ∝
X

i

PðiÞðyexpÞPðiÞðxjyexpÞ: ð3Þ

This results in the orange band in Fig. 1. Being strongly
disfavored by the Bayesian evidence, the impact of the
Chapman-Enskog particlization model on the Bayesian
model average (3) is minor.
The level of agreement of each particlization model with

a representative subset of measurements is shown in Fig. 2.
The bands represent the 90% posterior predictive distribu-
tions of observables, obtained by sampling the parameter
posterior PðiÞðxjyexpÞ. All three particlization models show
reasonable agreement with the data, giving credence to

FIG. 1. The 90% credible intervals for the prior (gray), the
posteriors of the Grad (blue), Chapman-Enskog (red), and Pratt-
Torrieri-Bernhard (green) models, and their Bayesian model
average (orange) for the specific bulk (left) and shear (right)
viscosities of QGP.

FIG. 2. The 90% credible intervals of the posterior predictive
distribution of observables for Pb-Pb collisions at the LHC as
functions of centrality, for the Grad (blue), Chapman-Enskog
(red), and Pratt-Torrieri-Bernhard (green) particlization models.
Plotted is the model discrepancy in units of the experimental
standard deviation σexp; the vertical axes are labeled with short-
hand notation y≡ ðymodel − yexpÞ=σexp, where y stands for the
observable whose model discrepancy is shown. The gray bands
represent a discrepancy of one σexp above and below zero.
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