Semi-analytical Method of Calculating
Collision Trajectory in the QCD Phase Diagram

"‘lir"“ﬂ!‘wf’ [!F 91 O }';1.\, s = S

|
SLr @_
T i
' \

'n"’&'ﬁ}@."i‘gh &t F ‘
I
\»\Mﬁf -%,,
o Bs
\ M)l,!w
i
'§
|
{
?’
=3 B
o

l‘——
=2
o
= g =3 T iy :
4 > S ~ . S > e
- : ,_x-. £ @‘_ 5 — ..g_ 3 ‘:-_?‘_ = o =3 24 )—_‘ G
=% g e = o - o e
BE . v 0 o -~ — i . - - 2 - . . ; . v_""
S~ . DS S P e L O *':t'?"- .
T - il - - o 2 -~ = ~ e _—an X
- T —— - - - = 4 -— P g e S s
; = =3 S — s
e - : o e = as. =
5 - e o - S ene = R
- —~ = S - : = . -
- i - - s — LS X S > s L
> “ ~. —
< - - = R . = o
2 T — ~ > B R e taom —
= - —
< i \ ~——— - \:
= x
e —. a5



Outline

Importance of nuclear thickness at lower energies
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Collision trajectory in the T-u; diagram
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Importance of nuclear thickness at lower energies

from STAR arXiv:1007.2613

* For lower energies such as BES/FAIR,
particular interests are in high baryon
density physics including the QCD
critical end point (CEP).

* Before addressing effects of CEP, we
need to know the collision trajectory
in the QCD phase diagram,
including time evolutions of

energy density € & net-baryon density ng
(or T & pp)

Temperature (MeV)

* The Bjorken energy density formula e(7) 1 dEr(7)
provides a semi-analytical method: - Ar dy



Importance of nuclear thickness at lower energies

The nuclear crossing time is

2R, 2R,

d, = =
" sinhyey  vB

for central A+A collisions in CM frame.

For central Au+Au collisions:

VEaw (GeV) 35 115 2750 200,

d, (fm/c) 105 53 22 091 049 0.12

1 dEr(7)

— the Bjorken formula e(7) =
TAr dy

is only valid when d, << 71
or v/sSyny > ~50 GeV for 1= 0.5 fm/c




Extension of Bjorken ¢ formula with nuclear thickness

A schematic picture:

the shaded area

1s the primary collision region
that can contribute to &(?),
after considering formation time

tr = Tpcosh(y).

At late t (> di+tp),
&(t) comes from the full primary
collision region (the big diamond area).

1o do the semi-analytical study,
we only consider central region (n,~0)

of central A+A collisions (Au+Au in this talk)
& neglect secondary scatterings
or transverse expansion.
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Fig. 5. An alternative description of the A + A collision. In addition to the pairwise N + N collisions on

the time axis (crosses), the secondaries may further interact with the incoming nucleons (circles). This
would enhance the energy density in the central region.
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Kajantie et al.
NPB (1983)

Mendenhall & ZWL, PRC (2021)
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Extension of Bjorken ¢ formula with nuclear thickness

N A as d=0
B A —
>7 -d\O d >Z 0 Bd. /2 0 Bd. /2
Without finite t or z: 1) With finite t 2) With both finite t & z
the Bjorken € formula (but not finite z-width)
Mendenhall & ZWL,
Bjorken, PRD (1983) ZWL, PRC (2018) PRC (2021)

We first use the simpler method 1)
to 1llustrate the qualitative effect of
nuclear thickness on &(%)

(energy density at mid-pseudorapidity
averaged over the transverse area)



Extension of Bjorken € formula with nuclear thickness: 1)

1 (% dx  d%E; 1) With finite t

t —_— o o _ o
- &(t) A7 ), (t —x) dyodx (but not finite z-width)

ZWL, PRC (2018)

For the simplest uniform time profile:
initial energy (at n,~yy~0)
is produced uniformly
in time x from ¢, to ¢, :

/'A\
3/ d ) 'I' \

dzET 1 dET 2y
dyodx o1 dyO Ud.!
for x € [tll tz] OO L

Circles: AMPT results



Extension of Bjorken € formula with nuclear thickness: 1)

, 1 dE t—11\ .
— solution: eyyi(t) = At dyT ln( - ) Af t € [ty + 1o, ta + 7o
1 dE t— 11
— =~ In Af t >ty + 7.
t21 = t2 I tl AT t21 dy (t T t2) ? ’
e(t : :
(t) o At high energies
Bjorken formula (thin nuclet, or ty; /T — 0):
Eyni(t) = €Bj (t)
analytically.

* At lower energies:
very different from Bjorken.

time




Extension of Bjorken € formula with nuclear thickness: 1)

: 1 dE t
Peak energy density e€,i" = €uni(t2 +7.) = Ty <1 n 2)

AT t21 dy Tg
: . ~emar To 1o
— ratio over Bjorken: —ani _ _ F (14 22} <1
Cp; (TF) t21 Tg
£(t) At very low energies (t,, /tp >>1):

ratio over Bjorken — 0;

1 1
& &7 < In (—) not —.
TF lF

-Bjorken formula

So the peak energy density
¢ << Bjorken value
* much less sensitive to 7

time

FWHM width in t >> Bjorken
9



Extension of Bjorken € formula with nuclear thickness: 2)

d3mT

1 dxdz
- g(t) o A_ff(t—x) dyo, dxdz ch

T s

S: integration area (shaded),
has 2 or 3 pieces depending on t:

d3mT .
dyo dxdz’
in the primary collision region,

my production density

assumed to be uniform in the x-z plane.

Yo

Time x

t—71r

de/ 2F
X1

2) With both finite t & z

Mendenhall & ZWL,

PRC (2021)
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Extension of Bjorken € formula with nuclear thickness: 2)
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102

vVsyn (GeV)

2) With both finite t & z

Mendenhall & ZWL,
PRC (2021)

* Qualitatively similar to earlier study (Triangular) ZWL, PRC (2018)
gMax << Bjorken value at low energies, =~Bjorken value at high energies;
gM* & g(t) depend on 7, more weakly than Bjorken at lower energies.

* £

m

X is finite at 7= 0 at any colliding energy (no divergence).
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Calculation of Densities ¢ & n (ng, ng, np)

We extend the method to calculate conserved-charge (B,S,Q) densities:
Mendenhall & ZWL, arXiv:2111.13932
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Extractions of T & u (1, s, 11p)

If we consider QGP as non-interacting gluon+3-flavor massless quarks

(quantum stats here): 1972 T4 4 (1B +20Q)° + (4B — p1Q)* + (4B — piq — 3NS)2T2

€ —

12 6

(1B +2uQ)* + (1B — po)* + (1B — Mo — 3us)*

_|_

10872
ny— BB Hs o | (Bt 20q)° + (uB — p@)® + (uB — g — 3us)’
3 8172
no = 26 + s 2 + 200)° — (M5 — 1o)” — (M5 — po — 3ps)’
3 8172
no— _HB—HQ =S o (1B = po = 3ps)”
3 2772

ns(t) =0 = Up — o —3us =0

€E —

_ 10w (B = 208)* W | o (B — 208)" + p

- 12 2 4n? ’
BB —Hso , (BB — 2us)’ + p
np = TT + 22 :
ng — 248 — Sits o 2pp — 2ps)® — 1 used for extraction of T&u
3 372 '

Y
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Extractions of T & u (1, s, 11p)

¢ & ng,ng,ng

- T& Hps Hs /uQ E
f~

collision trajectory

in 4-d T-p space
>
G
3
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Extractions of T & u (1, s, 11p)

0.4

Under strangeness

neutrality 3 ool
ns(t) = 0: _ '
0.1}
if 7=2
" ng(®
np(t
- ng(t) = BZ |
0.9
- Uy (t) =0 ~
s |
S o6l
So 1p~0 18 a result of 03]
A |
7~ 2
2

(valid for most nuclei)

0.6

0.3

Quantum statistics
Tr=0.1 fm/c

T

1Solid: full solution

0.0+

0.0 -

—— 5GeV 4-0.3
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t (fm/c)

Hs (GeV)
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Collision Trajectory in the T-z; Diagram

For central Au+Au collisions: Mendenhall & ZWL, arXiv:2111.13932

0.6 T T T T T T T T T T T T T T
| Quantum statistics — = Epartial—1 = 0.51 GeV/fm3 |
| Solid: full solution ]
0.5 Tr=0.1"fm/c === Epartial-1 =123 GeV/fm? ]
[ --@- FRG with CEP
i * Threshold endpoint ]
0al 200 GeV P _
= ! 62.4 GeV ]
8 0.3F 27 GeV _
~ 11.5 GeV
0.2F / ]
= f e oA g e T — 5 GeV
O.l 1/ S T = "4 _.§_§.\.\ ------ ~~~~~ .
ﬁ.?%v \\\\
¢ N\
O 1 1 1 1 1 1 1 1 1 1 1 \J 1 1 \
'%.O 0.3 0.6 0.9 1.2 1.5
Hp (GeV)

FRG crossover curve and CEP: from Functional Renormalization Group

Fu, Pawlowski & Rennecke, PRD (2020) 16



Collision Trajectory in the T-z; Diagram
Mendenhall & ZWL, arXiv:2111.13932

0.6 T T T T T T T T T T T T T T T T T
| Boltzmann - full solution — 2 GeV
| Solid: finite thickness 5 GeV |
0.5+ Dots: Bjorken ]
i TF=01fm/C — 115 GeV i
—_— 27 GeV
— 2.4 GeV -
. —— 200 GeV ]
2 .-@- FRG with CEP -
© i
I~
Bjorken picture
‘ ------------------------------------------------- _
O. 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
%.O 0.5 1.0 1.5 2.0 2.5

ug (GeV)

Large effect of finite nuclear thickness on T-z; trajectory at lower energies
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Collision Trajectory in the T-z; Diagram

T

- Dotted: endpoint(yvsyn)

T T T T T T T T

: Vsww = 2,5,11.5, 27, 62.4,200 Gev  ~ TFT 0.1 :m/c
—— Tr=0.3 fm/c

Quantum statistics: full solution F /
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T (GeV)

T (GeV)

0.6 - : T . . .

L Jsww = 2,5,11.5,27, 62.4, 200 Gey — Tr=0.1fm/c

. e . — T = 0.3 fm/c
0.5 F Quantum statistics: full solution
. —— T1r=0.9 fm/c |

[ Dotted: endpoint(ysyn) = Eparian=0.51 GeV/fm3 ]
e N == Epartian = 1.23 GeV/fm3 ]

I A R @+ FRG with CEP ]
03 S o e *  Threshold endpoint 1
02t /

01l — === _ " ."~7..¢;:“~1/~¢
——i S ]
~ ~
'\ \\_
0.% s 1 s -

.0 0.3 0.6 0.9 1.2 1.5

0.6 . . . : , — Ug, (GeV)

[ Boltzmann statistics
| Solid: full solution

- Dashed: partial-1 solution
. Dotted: endpoint(v/syn)

0.5

-

1.5

Collision Trajectory in the T-z; Diagram

Ty affects T& i peak values, but
not much the hadronization point.

gpartial 1 given by

1972 W U
_ T4 _BT2 B
A=l Tl Ty

for QGP with quantum stats
(higher ug than Boltzmann);

12
T h ( )
7 + 6 cos ST

for QGP with Boltzmann stats.
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T (GeV)

Us (GeV)

Extractions of T & u (1, s, 11p)

For QGP with quantum stats

-------------------------------------- 0.6
Quantum statistics :-Solid: full solution ]
Tr=0.1 fm/c I Dashed: partial-1 (uo=0, us=up/3)

+4Dotted: partial-2 (uo=us=0) {0.3
- I s
1 ()
e e B - 0.0 8
4 —
] X
] i S E j ] o
g 3
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10.3
- S
()
B 0.0 9O
%2
3

— 5GeV 1-0.3

— 27 GeV
— 200 GeV
2 4 6 8 10°°

See C. Rattis Tuesday talk
on Uy & us used in lattice QCD

Partial-1 solution
assumes [y = 0& us = ug/3
to simplify the problem

¢ & Rp,Ng,Ng — T & Hps Hss Ho
to e&ng—->T& uy:

197.‘.2 ,UJ2 ,U4
_ T4 _BT2 B
A=t TR T
20B o | 21
ey = —g- It g

Partial-2 solution:

neglects py & g terms in densities,
equivalent to assuming

po = 0& us = 0:

].97'('2 ,LL2 IUJ4
— T4 _BT2 B
=1 T Ty
3
KB 2 Hp
_ HBrp .
Y

This violates up — g —3us = 0
(or strangeness neutrality)

and gives bad results on w. 20



— = Epartial—1 = 0.51 GeV/fm3
~ == Epartial-1=1.23 GeV/fm? ]
®- FRG with CEP
*  Threshold endpoint

Quantum statistics
Solid: full solution
0.5} Dashed: partial-1 solution

04l 200 GeV

Tr=0.1 fm/c

~<
~~

ug (GeV)

top at low energies g
is still big (~2-4 fin/c), 3
=
even shows a rise &
towards threshold energy. Ez
O
These are also seen in &
AMPT model results:
Wang, Ma, ZWL & Fu,

arXiv:2102.06937v2

Collision Trajectory in the T-z; Diagram: QGP Lifetime

Mendenhall & ZWL, arXiv:2111.13932

start time: time the trajectory first crosses the crossover curve
end time: time the trajectory crosses the crossover curve again

tocp=(end time) - (start time)

[ Quantum
- statistics

—0— T1=0.1fm/c ¢
—0— Tr=0.3fm/c T

—0— 1r=09fm/c T

Boltzmann
statistics

Triangles: start time
Squares: end time
Circles: togp




Collision Trajectory in the T-z; Diagram: webpage

Todd Mendenhall has written a web interface

to perform these calculations of &(®) and T & p (ug, Ks, )
Link is also available via http://myweb.ecu.edu/linz/densities/

or bottom of the AMPT webpage http://myweb.ecu.edu/linz/ampt
Takes input from user:

Atomic Number (for projectile as well as target): 79 |

Atomic Mass Number (for projectile as well as target): 197 |

Center-of-Mass Energy per Nucleon Pair (AGeV): \200 \

Formation time (fm/c): 0.3 |

Number of times to sample time evolution (an integer between 1 and 100): (30

Statistics: © Quantum @ Boltzmann

“Submit

22


https://toddmmendenhall.pythonanywhere.com/
http://myweb.ecu.edu/linz/densities/
http://myweb.ecu.edu/linz/ampt

Collision Trajectory in the T-z; Diagram: webpage
* Plots g(t) & T-uptrajectory, user can download full data file

Semi-analytical calculation of the average ¢ and T' — up trajectory of central
A+A collisions

(Updated March 1, 2022)

Vsnn = 200.0 GeV, A =197, - = 0.3 fm/c vSnn = 200.0 GeV, Z =79, A =197, 1 = 0.3 fm/c, Boltzmann Statistics

—e— Semi-analytical result 300 F

&
S 100
[}
e
w

N
wn
L

el
=)
|

N
U
)

e
=)

4 6
t (fm/c)

The data file contains the time evolution of the energy density, temperature, and three chemical potentials.

{ Download Data File \
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Hs (GeV) T (GeV)

ha (GeV)

Collision T rajectory in the T-; Diagram: from AMPT
Wang, Ma, ZWL & Fu, arXiv:2102.06937v2
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(b)
AMPT: Au+Au, b<3fm, Central cell
Boltzmann statistics |
| —=— 200 GeV —+—62.4 GeV 39 GeV

27 GeV ——19.6 GeV ——11.5GeV _
—r— 7.7 GeV —e— 49 GeV —— 2.7 GeV

0 2 4 6 8 10

T (fm/c)

T (MeV)

400

300

200

100

! AMPT: Central Au+Au collisions, b<3fm
Boltzmann statistics |
ua#z0, ng=0, mq;tO ]
- - - w/o finite t&z
- —— with finite t&z 7

CEP 7
—— 200 GeV ——62.4 GeV 39 GeV
27 GeV ——19.6 GeV —11.5 GeV
— 7.7GeV —— 49GeV —— 2.7 GeV
0 500 1000 1500 2000
g (MeV)

Qualitatively the same

as semi-analytical results:

* Uo~0& ps~up/3

* Big effect of nuclear thickness

at lower energies.
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Conclusions

We have developed a semi-analytical method to
calculate densities € & n from the initial/primary collisions;
the € part = extension of the Bjorken € formula
to lower energies by including the finite nuclear thickness.

At low energies like the BES, finite nuclear thickness has big effects
on € & n and consequently on event trajectories.

The method can be used to calculate collision trajectory
in the 4-dimensional T-x (1, i, 1) space including the T-z4; plane;

a webpage 1s written to perform these calculations.

Partial solution (o= 0 & us = up/3) satisfies strangeness neutrality
& simplifies the 4d problem to 2d:
e & ng,ng,ng < T & g, g, Hy o e & ngeo T & py
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