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SPS beam-loops diagram

Block diagram of the SPS beam-based loops The beam phase 𝜑𝑏, obtained from the phase pickup, is 
subtracted from the cavity phase 𝜑𝑐𝑎𝑣 in the phase detector.

 Then 𝜑𝑠 is subtracted, obtaining the phase-loop input.
 𝜑𝑠 is computed without collective effects

 𝐺𝑝ℎ𝑎𝑠𝑒 is the phase-loop transfer function, whose output 

contributes to the total frequency correction Δ𝑓.

 Δ𝑓 is the input of the frequency loop.
 The output of its transfer function 𝐺𝑓𝑟𝑒𝑞 contributes to Δ𝑓.

 Δ𝑓 is summed to the programmed (design) frequency to obtain 
the modified 𝑓𝑅𝐹 and 𝜑𝑅𝐹 to give to the cavity. 

 𝑓𝑅𝐹 ≠ 𝑓𝑝𝑟𝑜𝑔 implies that 𝜑𝑅𝐹 ≠ 𝜑𝑅𝐹,𝑝𝑟𝑜𝑔.

 𝜑𝑅𝐹 − 𝜑𝑅𝐹,𝑝𝑟𝑜𝑔 is the input of the synchro loop.

 The output of its transfer function 𝐺𝑠𝑦𝑛𝑐 contributes to Δ𝑓.

𝜑𝑠 = sin−1 2𝜋𝑅0𝜌
ሶ𝐵

𝑉𝑅𝐹

Beam



 We assume small-amplitude synchrotron oscillations. If ෨𝜙 = 𝜙 − 𝜙𝑠 is the phase of a generic particle relative to the synchronous phase, then 
the continuous differential equation of the closed-loop system is

 Discretizing this equation, we obtain the first two equations of the closed-loop system (the second equation is trivial).

 The 5th and 6th equations are trivial 

 For the synchro-loop equations, we first notice that 

 The synchro-loop phase input is 

 Using also an integral correction 𝑍 for the synchro-loop, the 3rd and 4th equations of the closed-loop system are (𝑏 is the integrator parameter)
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ሷ෨𝜙 + 𝜔𝑠0
2 ෨𝜙 = ሶ𝛥𝜔𝑅𝐹

Discrete equations of the closed-loop system

ሶΔ𝜔𝑅𝐹 -> total correction of the beam-based feedbacks

෨𝜙𝑛+1 − 2 ෨𝜙𝑛 + ෨𝜙𝑛−1

𝑇𝑟𝑒𝑣
2 + 𝜔𝑠0

2 ෨𝜙𝑛−1 =
Δ𝜔𝑛

𝑅𝐹 − Δ𝜔𝑛−1
𝑅𝐹

𝑇𝑟𝑒𝑣

෨𝜙𝑛+1 = 2 ෨𝜙𝑛 − 1 +
𝜔𝑠0
2

𝑓𝑟𝑒𝑣
2

෨𝜙𝑛−1 +
Δ𝜔𝑛

𝑅𝐹

𝑓𝑟𝑒𝑣
−
Δ𝜔𝑛−1

𝑅𝐹

𝑓𝑟𝑒𝑣
෨𝜙𝑛= ෨𝜙𝑛

Phase-loop 
equations

𝛼𝑛 =
Δ𝜔𝑛

𝑅𝐹

𝑓𝑟𝑒𝑣
𝛽𝑛 =

Δ𝜔𝑛−1
𝑅𝐹

𝑓𝑟𝑒𝑣
Frequency-loop equations

𝜀𝑛 = 𝜙𝑛
𝑅𝐹 − 𝜙𝑛

𝑠𝑦𝑛

𝜙𝑛
𝑅𝐹 = 

𝑖=0

𝑛−1

𝜔𝑖
𝑅𝐹 𝑇𝑟𝑒𝑣 = 

𝑖=0

𝑛−1

𝜔𝑝𝑟𝑜𝑔
𝑅𝐹 + Δ𝜔𝑖

𝑅𝐹 𝑇𝑟𝑒𝑣 = 

𝑖=0

𝑛−1
Δ𝜔𝑖

𝑅𝐹

𝑓𝑟𝑒𝑣
𝜙𝑛+1
𝑅𝐹 − 𝜙𝑛

𝑅𝐹 =
Δ𝜔𝑛

𝑅𝐹

𝑓𝑟𝑒𝑣

𝜙𝑛
𝑠𝑦𝑛

-> external reference phase

𝑍𝑛+1 = 𝑏𝑍𝑛 + 𝜀𝑛 = 𝑏𝑛𝜀0 + 𝑏𝑛−1𝜀1 +⋯+ 𝜀𝑛𝜀𝑛+1 = 𝜀𝑛 + 𝛼𝑛 − 𝜙𝑛+1
𝑠𝑦𝑛

− 𝜙𝑛
𝑠𝑦𝑛

Synchro-loop equations
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Closed-loop system in matrix form
 We have a linear system with 6 states 𝑿𝒏 = ෨𝜙𝑛, ෨𝜙𝑛−1, 𝜀𝑛, 𝑍𝑛, 𝛼𝑛, 𝛽𝑛

𝑇
and 2 inputs 𝑼𝒏 = Δ𝜔𝑛+1

𝑅𝐹 , 𝜙𝑛+1
𝑠𝑦𝑛𝑐

− 𝜙𝑛
𝑠𝑦𝑛𝑐 𝑇

 We would like 

 to feedback only on the RF frequency 𝛥𝜔𝑛+1
𝑅𝐹 , i.e. 𝜙𝑛+1

𝑠𝑦𝑛
− 𝜙𝑛

𝑠𝑦𝑛
≡ 0;

 that the loop responses are linear with respect to the observables, namely

 If 𝑲 exists, the matrix equation of the closed-loop system would be 

 the 6 eigenvalues 𝜆𝑖 of 𝑨 − 𝑩𝑲 should satisfy 𝜆𝑖 < 1 to have loops stability.

෨𝜙𝑛+1
෨𝜙𝑛

𝜀𝑛+1
𝑍𝑛+1
𝛼𝑛+1
𝛽𝑛+1

=

2 − 1 +
𝜔𝑠0
2

𝑓𝑟𝑒𝑣
2 0 0 1 −1

1 0 0 0 0 0
0 0 1 0 1 0
0 0 1 𝑏 0 0
0 0 0 0 0 0
0 0 0 0 1 0

෨𝜙𝑛
෨𝜙𝑛−1
𝜀𝑛
𝑍𝑛
𝛼𝑛
𝛽𝑛

+

0 0
0 0
0 −1
0 0

1/𝑓𝑟𝑒𝑣 0
0 0

Δ𝜔𝑛+1
𝑅𝐹

𝜙𝑛+1
𝑠𝑦𝑛

− 𝜙𝑛
𝑠𝑦𝑛

𝑿𝒏+𝟏 = 𝑨 𝑿𝒏 + 𝑩 𝑼𝒏

𝑼𝒏 = −𝑲𝑿𝒏 𝑲 =
𝐾෩𝜙𝑛

𝐾෩𝜙𝑛−1
𝐾𝜀𝑛 𝐾𝑍𝑛 𝐾𝛼𝑛 𝐾𝛽𝑛

0 0 0 0 0 0

𝐾𝑖 -> loop gains relative 
to the input Δ𝜔𝑛+1

𝑅𝐹

𝑿𝒏+𝟏 = 𝑨 − 𝑩𝑲 𝑿𝒏 −𝑩𝑲𝑿𝒏
𝑿𝒏 -> perturbation vector 
at turn 𝑛



LQR theory
 𝑲 indeed exists and can be found exploiting the Linear Quadratic Regulator (LQR) theory.

 Given a discrete-time linear system of the type

 with a quadratic cost function defined as

 the optimal regulator-sequence minimizing 𝐽 is given by

 where  

 and the matrix 𝑷 is the solution of the discrete-time algebraic Riccati equation (DARE)

 As shown later, an easy-to-use routine to compute 𝑲 exists in Python.

 The feedback-design for the beam loops reduces to choosing the entries of the 𝑸 and 𝑹 matrices (topic discussed here).

𝑿𝒏+𝟏 = 𝑨𝑿𝒏 + 𝑩𝑼𝒏

𝐽 = 

𝑛=0

∞

𝑿𝒏
𝑻𝑸𝑿𝒏 +𝑼𝒏

𝑻𝑹𝑼𝒏

𝑼𝒏 = −𝑲𝑿𝒏

𝑲 = 𝑹 + 𝑩𝑻𝑷𝑩
−𝟏
𝑩𝑻𝑷𝑨

𝑷 = 𝑨𝑻𝑷𝑨 − 𝑨𝑻𝑷𝑩 𝑹 + 𝑩𝑻𝑷𝑩
−𝟏
𝑩𝑻𝑷𝑨 + 𝑸

𝑸: state-cost matrix
𝑹: regulator-cost matrix

https://indico.cern.ch/event/1030018/


Δ𝜔𝑛+1
𝑅𝐹

𝜙𝑛+1
𝑠𝑦𝑛𝑐

− 𝜙𝑛
𝑠𝑦𝑛𝑐 = −

𝐾෩𝜙𝑛
𝐾෩𝜙𝑛−1

𝐾𝜀𝑛 𝐾𝑍𝑛 𝐾𝛼𝑛 𝐾𝛽𝑛
0 0 0 0 0 0

෨𝜙𝑛
෨𝜙𝑛−1
𝜀𝑛
𝑍𝑛
𝛼𝑛
𝛽𝑛

 Once 𝑲 is computed, the total frequency correction Δ𝜔𝑛+1
𝑅𝐹 can be evaluated as

 Extracting the individual corrections given by the 3 loops and applying the 𝑧-transform, we obtain the first-order linear 
transfer functions

Loop transfer functions 

𝑼𝒏 = −𝑲𝑿𝒏

Δ𝜔𝑛+1
𝑅𝐹 = −𝐾෩𝜙𝑛

෨𝜙𝑛 − 𝐾෩𝜙𝑛−1
෨𝜙𝑛−1 − 𝐾𝜀𝑛𝜀𝑛 − 𝐾𝑍𝑛𝑍𝑛 − 𝐾𝛼𝑛𝛼𝑛 − 𝐾𝛽𝑛𝛽𝑛

Δ𝜔𝑛+1
𝑃𝐿 = −𝐾෩𝜙𝑛

෨𝜙𝑛 − 𝐾෩𝜙𝑛−1
෨𝜙𝑛−1

Δ𝜔𝑛+1
𝐹𝐿 = −𝐾𝛼𝑛𝛼𝑛 − 𝐾𝛽𝑛𝛼𝑛−1

Δ𝜔𝑛+1
𝑆𝐿 = −𝐾𝜀𝑛𝜀𝑛 − 𝐾𝑍𝑛𝑍𝑛 = 𝑏Δ𝜔𝑛

𝑆𝐿 − 𝐾𝜀𝑛𝜀𝑛 − 𝐾𝑍𝑛 − 𝑏𝐾𝜀𝑛 𝜀𝑛−1

𝐻𝑃𝐿 𝑧 = −𝐾෩𝜙𝑛
− 𝐾෩𝜙𝑛−1

𝑧−1

𝐻𝐹𝐿 𝑧 = −𝐾𝛼𝑛 − 𝐾𝛽𝑛𝑧
−1

𝐻𝑆𝐿 𝑧 =
−𝐾𝜀𝑛 − 𝐾𝑍𝑛 − 𝑏𝐾𝜀𝑛 𝑧−1

1 − 𝑏𝑧−1

Phase loop Frequency loopSynchro loop
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compute_gains_LQR routine: inputs and initial settings

 The compute_gains_LQR routine provides the 6 gains programs as output.
 The routine is executed only once before the main tracking, i.e. the 6 gain programs are precalculated and no additional 

computations are needed during the main tracking. 

 Gains are computed every 
compute_every_turns turns, usually 
5000 - 10000 turns.

 omega_s0 is the angular central synchr. 
frequency without collective effects, as 
in SPS operation.

 b_int is the integrator parameter of the 
synchro loop.

 The user can provide his programs for 
Q11, Q44, R11, etc. In this example the 
Q11 program is passed as an input. 

 As an option, and after having computed the 6 gain programs, the routine 
can also execute the matrix tracking for n_turns_tracking turns.
• This can be used for a benchmark, as shown later.

 The entry A12 of the A matrix can be directly computed, as well as the 
entry B51.
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compute_gains_LQR routine: matrices initializations

 In this portion of the code the matrices A, B, Q and R are initialized.

 The np.nan entries stand for values that change with the turn number.
• They will be defined later in the for loop of this routine.

 The non-nan values don’t change with the turn number, so we can 
initialize them here. 

 In the current version, Q11 changes with the turn number, but typically 
also Q44 and R11 can also change. Ideally R22 = +∞.

 The matrix K will store the 6 loop gains at each turn when the gains are 
computed.

 count is a counter used in the following for loop for traversing the K
matrix row by row to store the 6 gains at each turn of computation.
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compute_gains_LQR routine: for loop

 This for loop is the core of the routine.

 kkk traverses the turns_computation array, which contains the 
turns at which we want to compute the gains.

 For a given kkk, we compute the values for A12, B51 and Q11
and write them into the corresponding matrices.

 The line 𝑷, 𝑳,𝑲 = 𝐝𝐚𝐫𝐞(𝑨, 𝑩, 𝑸, 𝑹) solves the Discrete Algebraic Riccati Equation.
• The dare routine belongs to the Python Control library ->
• The Python control library can be easily installed on Windows and Linux, for example using PIP.

 It was tested on the office PC (Windows) and on LXPLUS.
 The instructions for installation are at https://pypi.org/project/control/

 The outputs of 𝐝𝐚𝐫𝐞 are 
• 𝑃, the 6 × 6 matrix solution of the Riccati equation, not used anywhere else in the code.
• 𝐿, the 2 × 6 matrix of the eigenvalues of the closed-loop system, not used anywhere else in the code.

 Just the first row is important, we could plot the eigenvalues on the complex plane and check that 𝜆𝑖 < 1.
• 𝐾, the 2 × 6 matrix of the gains, the first row contains the needed gains relative to Δ𝜔𝑅𝐹.

 The second row can be neglected and should contain much smaller values than the Δ𝜔𝑅𝐹 gains.

https://pypi.org/project/control/
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compute_gains_LQR routine: outputs

 After the for loop, we extract the 6 arrays of gains 
from the K matrix.

 We then linearly interpolate the 6 arrays to 
obtain values for all turns, as required by BLonD.
• These 6 interpolated arrays are the outputs 

of the routine.

 We can also plot the gains as a function of the 
cycle time.  
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compute_gains_LQR routine: frequency responses

 As an option, the routine can also compute the frequency responses of 
the 3 loops (Bode plot).
• One plot for the amplitudes, one plot for the phases.

 We need to specify the transfer functions of the 3 loops by defining the 
coefficients array 𝑏_ and 𝑎_, then we use signal.freqz from scipy.
• This routine is fast if we choose a power of 2 for the num variable.

 The Bode plot is done just at turn 0, however this feature can be 
extended as needed.
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compute_gains_LQR routine: tracking and returns
 As an additional feature, the routine can track the closed-

loop system for n_turns_tracking turns using the gains 
computed above.
 Useful as a benchmark with the BLonD tracking 
 Useful to check the time responses of the loops.

 In the current version, 𝑋1 can be chosen, and 𝑋𝑛 = 0 for 
𝑛 ≥ 1.
 This corresponds to give an impulse perturbation at 

first turn and 0 perturbation later on.
 This feature can be extended if needed.

 The tracking is done at constant beam energy, although this 
feature can also be extended.

 We save the 6 observables, turn by turn, in a matrix and we 
then extract the arrays of the individual observables.

 Finally, the 6 gain programs and the desired observables are 
returned to the BLonD main file.
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BLonD main file: instance of the BeamFeedback class

 Portion of main file related to loops definition 
for simulations of SPS proton beams.

 The Q11 program is imported from LSA.

 The arrays of gains obtained from 
compute_gains_LQR are passed to the 
configuration dictionary, which is one of the 
inputs of the BeamFeedback class.

 In BLonD the default option is to compute the 
feedback corrections at turn 𝑛 and apply them 
at turn 𝑛 + 1.
 In the SPS, corrections are applied at turn 

𝑛 + 3, so the BLonD code was modified 
accordingly.

 The new variable delay_turns = 3 is 
passed to the BeamFeedback class.

 As shown later, the user can now also pass an 
array dphi_delay of phase delays to 
compensate for synchronous phase shifts due 
to collective effects.
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BeamFeedback class: initialization 

 We removed the old configuration ‘SPS_PL’ for SPS proton 
beams and we created a new configuration, called 
‘SPS_PL_SL_FL’.

 The arrays of gains are taken from the main file, as well as 
the array of external phase references phi_sync (usually all 
0s) and the array of global gains (usually 1s).

 We initialize to 0 some variables needed to compute the 
feedback corrections in the track() method.

 The arrays PhaseNoiseArray and dphi_delay, as well as the 
value delay_turns, are taken from the main file.
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BeamFeedback class: the SPS_PL_SL_FL method 
 The current turn 𝑛 is considered.

 The beam-cavity phase 𝜑𝑏𝑐 is computed 
through IQ demodulation.
 This function wasn’t modified.

 𝜑𝑠 is subtracted from 𝜑𝑏𝑐.
 This function was slightly modified 

(see next slide).

 The phase-loop correction is computed 
using two consecutive values of 𝑑𝑝ℎ𝑖.

 The synchro-loop correction is computed 
using the proportional and integral terms.

 The frequency-loop correction is 
computed using two consecutive values of 
domega_rf.

 The 3 frequency corrections are summed 
together to obtain the current domega_rf.



18BeamFeedback and RingAndRFTracker classes: other modifications

 If provided, the current value of dphi_delay is added to dphi.

 The new variable delay_turns is added to the current turn in track().
 omega_rf can be updated only if counter is lower than n_turns.BeamFeedback

RingAndRFTracker

 If the feedbacks are on, then we consider the input delay_turns, 
otherwise delay_turns = 1 (as in the old code).
 We again check that the new counter doesn’t exceed n_turns.
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BLonD main file: defining the dphi_delay array

 In this example, we generate a 
matched bunch with collective 
effects. 
 Collective effects lead to 

synchronous phase shift.

 If we assume that a perfect 
calibration is done in operation, 
the phase-loop input should be 0 
at turn 0 if the bunch is matched.

 To add the proper phase delay to the phase-loop input, we create a temporary instance of the BeamFeedback class.

 We compute the beam cavity phase 𝜑𝑏𝑐(0) at turn 0 and we set dphi_delay = 𝜑𝑠 − 𝜑𝑏𝑐(0).

 We give dphi_delay to the previously-created main instance of the BeamFeedback class.

 As desired, at turn 0, the phase-loop input is 𝑑𝜑 0 = 𝜑𝑏𝑐(0) − 𝜑𝑠 0 + dphi_delay(0) = 0.
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Plots from 
Leandro

Benchmark 1: solving DARE in Python and Mathematica
 The matrices 𝐴, 𝐵, 𝑄 and 𝑅 were defined using the parameters 𝑓𝑠0 = 830 Hz, 𝑓𝑟𝑒𝑣 = 43.3 kHz, 𝑏 = 1, 𝑄11 = 1, 𝑄44 = 10−8, 𝑅11 = 10−8.

 Different values for 𝑅22. 

 The Python and Mathematica DARE solvers were used to compute the 6 gains. The maximum relative variation was 0.3%.
 Then we compared the frequency responses with Python and Mathematica. Corresponding curves were essentially superposed.

Magnitude Phase
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Benchmark 2: matrix tracking

BLonD BLonD

From 
Ref. [2]

From 
Ref. [2]

𝑿𝟏 = ෨𝜙1, ෨𝜙0, 𝜀1, 𝑍1, 𝛼1, 𝛽1
𝑇
= 0, 0, 0, 0, 1, 0 𝑇

BLonD

From 
Ref. [2]

BLonD

From 
Ref. [2]

𝑿𝟏 = ෨𝜙1, ෨𝜙0, 𝜀1, 𝑍1, 𝛼1, 𝛽1
𝑇
= 0, 0, − 1, 0, 0, 0 𝑇

[2]: P. Baudrenghien, “Optimal Control for SPS Beam-Based loops”, internal note 

 The tests in Ref.[2] for the phase and synchro-loop time responses using the matrix tracking were repeated with the new BLonD routine.
 Matrix tracking using two different initial perturbations 𝑿𝟏. 
 Mathematica was used in Ref.[2], probably adopting different values for 𝑅22 and using slightly different values for 𝑓𝑠0 and 𝑓𝑟𝑒𝑣. 
 Good agreement was found.

Examples at SPS injection energy
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Benchmark 3: matrix tracking versus BLonD tracking
 BLonD simulation at SPS flat-bottom without collective effects in single RF. Very short bunch displaced by kick = 10 ps (12.6 mrad) at turn 0.

 BLonD tracking doesn’t assume a small-amplitude synchrotron motion.
 ෨𝜙 = 𝜑𝑏𝑐 − 𝜑𝑠, where 𝜑𝑏𝑐 is the bunch-cavity phase computed by 𝐼𝑄-demodulating the bunch profile with respect to the RF signal.

 In the matrix tracking, 𝑋1 should contain the kick that we give to the bunch in the BLonD simulation.
 The matrix tracking assumes small-amplitude synchrotron motion.
 The phase-loop input ෨𝜙 is an observable by itself.

 It’s not possible to exactly reproduce the BLonD kick within 𝑿𝟏.
 If ෨𝜙1 = kick and ෨𝜙0 = 0 as in BLonD, then ෨𝜙2 = 2∙kick, instead in BLonD the loops act on ෨𝜙1 and ෨𝜙2 < ෨𝜙1.
 Reason for this discrepancy: Δ𝜔𝑅𝐹 is the input in the matrix tracking, whereas Δ𝜔𝑅𝐹 is the output in the BLonD tracking.
 Two approximations can be found to make the conditions for the two trackings similar:

1) 𝛼1 = kick with all the other observables 0, so that ෨𝜙0 = ෨𝜙1= 0 and ෨𝜙2 = kick.
2) ෨𝜙0 = ෨𝜙1 = kick and all the other observables 0, so that ෨𝜙2 ≈ kick.

Phase-loop inputs Synchro-loop inputsPhase-loop inputs Synchro-loop inputs

1) 𝑿𝟏 = 𝟎, 𝟎, 𝟎, 𝟎, kick, 𝟎 𝑻 in the matrix  tracking

BLonD
Matrix

BLonD
Matrix

2) 𝑿𝟏 = kick, kick, 𝟎, 𝟎, 0, 𝟎 𝑻 in the matrix  tracking

Good agreement was found, 
considering all the mentioned 
differences.
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 Realistic setup for a SPS single-bunch simulation: acceleration, collective effects, beam-
based loops and phase noise.

 The full simulation consists of 453000 turns. Before the tracking-loop in the main file,
 the 6 gains are computed every 5000 turns, an interpolation is then applied (required);
 the matrix tracking is executed for 10000 turns at injection with a certain 𝑋1 (optional);
 the frequency responses are computed at turn 0 (optional).

 We monitored the simulation performance for the first 10000 turns.
 We used the Anaconda Spyder profiler to evaluate the computational times.

• Environment: office Windows PC, parallelization with 4 cores.

Performance estimates: setup

Phase-loop gains along the cycle Synchro-loop gains along the cycle

Results of the matrix tracking 
at SPS injection energy

Amplitude of the frequency responses 
at SPS injection energy

𝐾෩𝜙𝑛

𝐾෩𝜙𝑛−1
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Performance estimates: results
 The compute_gains_LQR method is just called 1 time and its total execution time is relatively small.

 The track() method of the BeamFeedback class is called every turn and its execution time is small relative to the kick and drift methods. 
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Conclusions
 A new function has been included in BLonD to compute the gain programs for the SPS beam-based loops.

 This function performs also the matrix tracking for benchmark purposes.
 The frequency responses of the loops are also evaluated.

 A new configuration for SPS proton beams was implemented in the BLonD BeamFeedback class.
 Some new variables were added.

 RingAndRFTracker was also slightly modified.

 Two benchmarks were performed between the DARE solvers in Python and Mathematica.
 Good agreements were found.

 A third benchmark compared the matrix and BLonD trackings.
 Taking into account the several differences between the two trackings, good agreements were found.

 No bottlenecks in performance were found with the new implementation of the SPS beam-based loops.
 The compute_gains_LQR method is just called 1 time and its execution time is small.
 The track() method of the BeamFeedback class has a small execution time relative to the kick and drift methods. 

 Currently, at least for single bunch simulations, the largest computational time is spent for induced voltage calculations.


