
The Disk Partition function in 
String Theory
Sridip Pal 
Institute for Advanced Study 

Based on 2105.08726 [hep-th]
Lorenz Eberhardt, SP

SFT, September 23, 2021

https://arxiv.org/abs/2105.08726


Why? 
• Lower genus String partition functions are confusing and intiguing at the same 

time. 

Naively it seems to vanish 
because of non-compact 

gauge redundancy

On-shell gravity action 
BH entropy-Sphere partition  

Disk Partition-D brane 
tension



Unpacking the confusing element: 

<latexit sha1_base64="pQwSd6iMZPMy7QTa7UHy0oxcp5k="></latexit>
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• We assume existence of one flat direction. 

<latexit sha1_base64="MRt87gs6yoFvNeS8sTO5xK39l6A="></latexit>
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• Let us consider critical string (Bosonic)



Unpacking the confusing element:

• We fix the conformal gauge. 

• There is a combination of Weyl invariance and Diffeomorphism, which remains 
unfixed. 

• For sphere, we have PSL (2,C) while for the Disk we have PSL(2,R)  

• For three or higher point function, we use the gauge redundancy to fix   
the position of three vertex operators. 

• Naively this implies that the lower point function vanishes. 



Unpacking the confusing element:

• Naively this implies that the lower point function vanishes. 

[H.Erbin, J.Maldacena, D. Skliros] • Two point String amplitude is non vanishing.  

We will focus on Zero point (DISK) case!



<latexit sha1_base64="1jgyCpp9KYhY0/wplM/aUQQgwrM=">AAACMHicbVDLSgMxFM34rPU16tJNsAgVpM6Uoi6LLnThoj76wE4pmTRtQ5OZMckUyjCf5MZP0Y2CIm79CtN2Ctp6IHByzr3ce48bMCqVZb0Zc/MLi0vLqZX06tr6xqa5tV2RfigwKWOf+aLmIkkY9UhZUcVILRAEcZeRqts7H/rVPhGS+t6dGgSkwVHHo22KkdJS07xwOFJdwaPS7VWczR+Ovq4b3cQHDnkIaR9OCmb8owm/j5v5ppmxctYIcJbYCcmABKWm+ey0fBxy4inMkJR12wpUI0JCUcxInHZCSQKEe6hD6pp6iBPZiEYHx3BfKy3Y9oV+noIj9XdHhLiUA+7qyuGOctobiv959VC1TxsR9YJQEQ+PB7VDBpUPh+nBFhUEKzbQBGFB9a4Qd5FAWOmM0zoEe/rkWVLJ5+zjXOG6kCmeJXGkwC7YA1lggxNQBJegBMoAg0fwAt7Bh/FkvBqfxte4dM5IenbAHxjfP1t0qco=</latexit>

PSL(2,R) ⌘ SL(2,R)/Z2

<latexit sha1_base64="1g9ZiKxdJJsXiAGnPjAhsDdDTUk=">AAACInicbVDLSgMxFM3U9/iqunQTLBVXZUbEx05041LBVqFTyk16W0MzmSHJiGXot7jxV9y4UNSV4MeYPhC1HgicnHNvcu9hqRTGBsGHV5ianpmdm1/wF5eWV1aLa+s1k2SaY5UnMtHXDAxKobBqhZV4nWqEmEm8Yt3TgX91i9qIRF3aXoqNGDpKtAUH66Rm8Shi2BEqZzFYLe76PtBtyqLIjxjonPXdbcig70eoWt91lDaLpaASDEEnSTgmJTLGebP4FrUSnsWoLJdgTD0MUtvIQVvBJbr3M4Mp8C50sO6oghhNIx+u2Kdlp7RoO9HuKEuH6s+OHGJjerEbuOwmvDF/vYH4n1fPbPuwkQuVZhYVH33UziS1CR3kRVtCI7ey5whwLdyslN+ABm5dqr4LIfy78iSp7VbC/crexV7p+GQcxzzZJFtkh4TkgByTM3JOqoSTe/JInsmL9+A9ea/e+6i04I17NsgveJ9fzzCjOg==</latexit>
a b
b̄ ā

�
<latexit sha1_base64="/jbrlt4nEq255+5lUqbPIWJFEjM=">AAAB9XicbVDLTgIxFL2DL8QX6tJNIzFxI5khBN2YEN24xEQeCQykUzrQ0OlM2o6GDPyHGxca49Z/ceffWGAWCp7k3pycc296e7yIM6Vt+9vKrK1vbG5lt3M7u3v7B/nDo4YKY0lonYQ8lC0PK8qZoHXNNKetSFIceJw2vdHtzG8+UqlYKB70OKJugAeC+YxgbaTuBE+6pYuJZ/q1g3r5gl2050CrxElJAVLUevmvTj8kcUCFJhwr1XbsSLsJlpoRTqe5TqxohMkID2jbUIEDqtxkfvUUnRmlj/xQmhIazdXfGwkOlBoHnpkMsB6qZW8m/ue1Y+1fuQkTUaypIIuH/JgjHaJZBKjPJCWajw3BRDJzKyJDLDHRJqicCcFZ/vIqaZSKTqVYvi8XqjdpHFk4gVM4BwcuoQp3UIM6EJDwDK/wZj1ZL9a79bEYzVjpzjH8gfX5Ax0NkZ0=</latexit>

|a|2 � |b|2 = 1

• Action on the unit disk 
<latexit sha1_base64="pwjwl5NCu5VXschduizDxsJ4Iig=">AAACEHicbVDLSsNAFJ3UV62vqEs3g0UUCiWRoi6LblxWsA9oSrmZTtqhkwczE6EN+QQ3/oobF4q4denOv3GaZqGtBwYO59zLnXPciDOpLOvbKKysrq1vFDdLW9s7u3vm/kFLhrEgtElCHoqOC5JyFtCmYorTTiQo+C6nbXd8M/PbD1RIFgb3ahLRng/DgHmMgNJS3zydYseHSKoQO54AksC04qaJ44JI3HRayQikad8sW1UrA14mdk7KKEejb345g5DEPg0U4SBl17Yi1UtAKEY4TUtOLGkEZAxD2tU0AJ/KXpIFSvGJVgbYC4V+gcKZ+nsjAV/Kie/qSR/USC56M/E/rxsr76qXsCCKFQ3I/JAXc6zjz9rBAyYoUXyiCRDB9F8xGYHuRekOS7oEezHyMmmdV+2Lau2uVq5f53UU0RE6RmfIRpeojm5RAzURQY/oGb2iN+PJeDHejY/5aMHIdw7RHxifP7gjna4=</latexit>

z 7! az + b

b̄z + ā

Gauge redundancy in Disk:

<latexit sha1_base64="qImkKn2ABtrk4ZvCa3vbz1cu01o="></latexit>

ZDisk =
ZCFT

Vol(PSL(2,R))



<latexit sha1_base64="1jgyCpp9KYhY0/wplM/aUQQgwrM=">AAACMHicbVDLSgMxFM34rPU16tJNsAgVpM6Uoi6LLnThoj76wE4pmTRtQ5OZMckUyjCf5MZP0Y2CIm79CtN2Ctp6IHByzr3ce48bMCqVZb0Zc/MLi0vLqZX06tr6xqa5tV2RfigwKWOf+aLmIkkY9UhZUcVILRAEcZeRqts7H/rVPhGS+t6dGgSkwVHHo22KkdJS07xwOFJdwaPS7VWczR+Ovq4b3cQHDnkIaR9OCmb8owm/j5v5ppmxctYIcJbYCcmABKWm+ey0fBxy4inMkJR12wpUI0JCUcxInHZCSQKEe6hD6pp6iBPZiEYHx3BfKy3Y9oV+noIj9XdHhLiUA+7qyuGOctobiv959VC1TxsR9YJQEQ+PB7VDBpUPh+nBFhUEKzbQBGFB9a4Qd5FAWOmM0zoEe/rkWVLJ5+zjXOG6kCmeJXGkwC7YA1lggxNQBJegBMoAg0fwAt7Bh/FkvBqfxte4dM5IenbAHxjfP1t0qco=</latexit>

PSL(2,R) ⌘ SL(2,R)/Z2

<latexit sha1_base64="1g9ZiKxdJJsXiAGnPjAhsDdDTUk=">AAACInicbVDLSgMxFM3U9/iqunQTLBVXZUbEx05041LBVqFTyk16W0MzmSHJiGXot7jxV9y4UNSV4MeYPhC1HgicnHNvcu9hqRTGBsGHV5ianpmdm1/wF5eWV1aLa+s1k2SaY5UnMtHXDAxKobBqhZV4nWqEmEm8Yt3TgX91i9qIRF3aXoqNGDpKtAUH66Rm8Shi2BEqZzFYLe76PtBtyqLIjxjonPXdbcig70eoWt91lDaLpaASDEEnSTgmJTLGebP4FrUSnsWoLJdgTD0MUtvIQVvBJbr3M4Mp8C50sO6oghhNIx+u2Kdlp7RoO9HuKEuH6s+OHGJjerEbuOwmvDF/vYH4n1fPbPuwkQuVZhYVH33UziS1CR3kRVtCI7ey5whwLdyslN+ABm5dqr4LIfy78iSp7VbC/crexV7p+GQcxzzZJFtkh4TkgByTM3JOqoSTe/JInsmL9+A9ea/e+6i04I17NsgveJ9fzzCjOg==</latexit>
a b
b̄ ā

�
<latexit sha1_base64="/jbrlt4nEq255+5lUqbPIWJFEjM=">AAAB9XicbVDLTgIxFL2DL8QX6tJNIzFxI5khBN2YEN24xEQeCQykUzrQ0OlM2o6GDPyHGxca49Z/ceffWGAWCp7k3pycc296e7yIM6Vt+9vKrK1vbG5lt3M7u3v7B/nDo4YKY0lonYQ8lC0PK8qZoHXNNKetSFIceJw2vdHtzG8+UqlYKB70OKJugAeC+YxgbaTuBE+6pYuJZ/q1g3r5gl2050CrxElJAVLUevmvTj8kcUCFJhwr1XbsSLsJlpoRTqe5TqxohMkID2jbUIEDqtxkfvUUnRmlj/xQmhIazdXfGwkOlBoHnpkMsB6qZW8m/ue1Y+1fuQkTUaypIIuH/JgjHaJZBKjPJCWajw3BRDJzKyJDLDHRJqicCcFZ/vIqaZSKTqVYvi8XqjdpHFk4gVM4BwcuoQp3UIM6EJDwDK/wZj1ZL9a79bEYzVjpzjH8gfX5Ax0NkZ0=</latexit>

|a|2 � |b|2 = 1

• Volume  
<latexit sha1_base64="BaArHNY0MTGSZsTmHCaC++leeXo=">AAACIXicbVBLT8JAEN76RHxVPXppJCZ4kLSEKEeiF4+YyCOhhUy3C2zYPrK7NSGFv+LFv+LFg8ZwM/4Zt9CDgJPs5ptvZjLffG7EqJCm+a1tbG5t7+zm9vL7B4dHx/rJaVOEMcekgUMW8rYLgjAakIakkpF2xAn4LiMtd3Sf1lvPhAsaBk9yHBHHh0FA+xSDVFRPr9o0kIbtgxxyP/Gm3TLYS6mrUo8wCcUJTLrl64mb/tZVTy+YJXMexjqwMlBAWdR7+sz2Qhz7JJCYgRAdy4ykkwCXFDMyzduxIBHgEQxIR8EAfCKcZH7h1LhUjGf0Q66e0jtn/04k4Asx9l3VmWoXq7WU/K/WiWW/6iQ0iGJJArxY1I+ZIUMjtcvwKCdYsrECgDlVWg08BA5YKlPzygRr9eR10CyXrJtS5bFSqN1lduTQObpARWShW1RDD6iOGgijF/SGPtCn9qq9a1/abNG6oWUzZ2gptJ9fl0ujHQ==</latexit>Z

d2a d2b �(|a|2 � |b|2 � 1)

<latexit sha1_base64="XCe2/BCG7H9MPXJxHz27EEP1WA4=">AAACFHicbZDLSsNAFIYnXmu8RV26GSyKIJREiroRim5cVrAXaGKZTCfN0MkkzEzEEvoQbnwVNy4UcevCnW/jpI2grT8M/HznHM6c308Ylcq2v4y5+YXFpeXSirm6tr6xaW1tN2WcCkwaOGaxaPtIEkY5aSiqGGkngqDIZ6TlDy7zeuuOCEljfqOGCfEi1Oc0oBgpjbrWETo4J7cZdZOQjlwcyxDeuy40/R8sNZaUa2x2rbJdsceCs8YpTBkUqnetT7cX4zQiXGGGpOw4dqK8DAlFMSMj000lSRAeoD7paMtRRKSXjY8awX1NejCIhX5cwTH9PZGhSMph5OvOCKlQTtdy+F+tk6rgzMsoT1JFOJ4sClIGVQzzhGCPCoIVG2qDsKD6rxCHSCCsdI55CM70ybOmeVxxTirV62q5dlHEUQK7YA8cAgecghq4AnXQABg8gCfwAl6NR+PZeDPeJ61zRjGzA/7I+PgGMkqdqw==</latexit>

a = ei� coshx

b = ei sinhx

<latexit sha1_base64="Iw6eSDzVwiELuvUMznGCQSWYBJ8=">AAACHXicbZDLSgMxFIYzXmu9jbp0EyyChVJmSlGXRTcuK9gLNKVk0kwbmsmEJCOW0hdx46u4caGICzfi25hpZ6GtBxJ+vv8ckvMHkjNtPO/bWVldW9/YzG3lt3d29/bdg8OmjhNFaIPEPFbtAGvKmaANwwynbakojgJOW8HoOvVb91RpFos7M5a0G+GBYCEj2FjUc6sPiImOV7J3aMZFhGAeySGbwwqSrIhKJYikzlBK8j234JW9WcFl4WeiALKq99xP1I9JElFhCMdad3xPmu4EK8MIp9M8SjSVmIzwgHasFDiiujuZbTeFp5b0YRgre4SBM/p7YoIjrcdRYDsjbIZ60Uvhf14nMeFld8KETAwVZP5QmHBoYphGBftMUWL42ApMFLN/hWSIFSbGBpqG4C+uvCyalbJ/Xq7eVgu1qyyOHDgGJ+AM+OAC1MANqIMGIOARPINX8OY8OS/Ou/Mxb11xspkj8Kecrx9bEZ+U</latexit>

x 2 [0,1)

� 2 [0, 2⇡) , 2 [0,⇡)

Apparent volume of PSL(2,R):



<latexit sha1_base64="1jgyCpp9KYhY0/wplM/aUQQgwrM=">AAACMHicbVDLSgMxFM34rPU16tJNsAgVpM6Uoi6LLnThoj76wE4pmTRtQ5OZMckUyjCf5MZP0Y2CIm79CtN2Ctp6IHByzr3ce48bMCqVZb0Zc/MLi0vLqZX06tr6xqa5tV2RfigwKWOf+aLmIkkY9UhZUcVILRAEcZeRqts7H/rVPhGS+t6dGgSkwVHHo22KkdJS07xwOFJdwaPS7VWczR+Ovq4b3cQHDnkIaR9OCmb8owm/j5v5ppmxctYIcJbYCcmABKWm+ey0fBxy4inMkJR12wpUI0JCUcxInHZCSQKEe6hD6pp6iBPZiEYHx3BfKy3Y9oV+noIj9XdHhLiUA+7qyuGOctobiv959VC1TxsR9YJQEQ+PB7VDBpUPh+nBFhUEKzbQBGFB9a4Qd5FAWOmM0zoEe/rkWVLJ5+zjXOG6kCmeJXGkwC7YA1lggxNQBJegBMoAg0fwAt7Bh/FkvBqfxte4dM5IenbAHxjfP1t0qco=</latexit>

PSL(2,R) ⌘ SL(2,R)/Z2

<latexit sha1_base64="1g9ZiKxdJJsXiAGnPjAhsDdDTUk=">AAACInicbVDLSgMxFM3U9/iqunQTLBVXZUbEx05041LBVqFTyk16W0MzmSHJiGXot7jxV9y4UNSV4MeYPhC1HgicnHNvcu9hqRTGBsGHV5ianpmdm1/wF5eWV1aLa+s1k2SaY5UnMtHXDAxKobBqhZV4nWqEmEm8Yt3TgX91i9qIRF3aXoqNGDpKtAUH66Rm8Shi2BEqZzFYLe76PtBtyqLIjxjonPXdbcig70eoWt91lDaLpaASDEEnSTgmJTLGebP4FrUSnsWoLJdgTD0MUtvIQVvBJbr3M4Mp8C50sO6oghhNIx+u2Kdlp7RoO9HuKEuH6s+OHGJjerEbuOwmvDF/vYH4n1fPbPuwkQuVZhYVH33UziS1CR3kRVtCI7ey5whwLdyslN+ABm5dqr4LIfy78iSp7VbC/crexV7p+GQcxzzZJFtkh4TkgByTM3JOqoSTe/JInsmL9+A9ea/e+6i04I17NsgveJ9fzzCjOg==</latexit>
a b
b̄ ā

�
<latexit sha1_base64="/jbrlt4nEq255+5lUqbPIWJFEjM=">AAAB9XicbVDLTgIxFL2DL8QX6tJNIzFxI5khBN2YEN24xEQeCQykUzrQ0OlM2o6GDPyHGxca49Z/ceffWGAWCp7k3pycc296e7yIM6Vt+9vKrK1vbG5lt3M7u3v7B/nDo4YKY0lonYQ8lC0PK8qZoHXNNKetSFIceJw2vdHtzG8+UqlYKB70OKJugAeC+YxgbaTuBE+6pYuJZ/q1g3r5gl2050CrxElJAVLUevmvTj8kcUCFJhwr1XbsSLsJlpoRTqe5TqxohMkID2jbUIEDqtxkfvUUnRmlj/xQmhIazdXfGwkOlBoHnpkMsB6qZW8m/ue1Y+1fuQkTUaypIIuH/JgjHaJZBKjPJCWajw3BRDJzKyJDLDHRJqicCcFZ/vIqaZSKTqVYvi8XqjdpHFk4gVM4BwcuoQp3UIM6EJDwDK/wZj1ZL9a79bEYzVjpzjH8gfX5Ax0NkZ0=</latexit>

|a|2 � |b|2 = 1

• Volume  
<latexit sha1_base64="QOz2Lo6vJ3bBCJO3dQKdV1Mb1wQ=">AAACHHicbVDLSgMxFM34rPVVdekmWARXZaYWdVl047KCfUCnLZk004ZmMkNyR1qG+RA3/oobF4q4cSH4N2baLrT1QMjhnHu59x4vElyDbX9bK6tr6xubua389s7u3n7h4LChw1hRVqehCFXLI5oJLlkdOAjWihQjgSdY0xvdZH7zgSnNQ3kPk4h1AjKQ3OeUgJF6hfOyG/FuGbtcQi+x025imA+T1A0IDFWQ9NOxi10a6iEeu5pL8/UKRbtkT4GXiTMnRTRHrVf4dPshjQMmgQqidduxI+gkRAGngqV5N9YsInREBqxtqCQB051kelyKT43Sx36ozJOAp+rvjoQEWk8Cz1RmK+tFLxP/89ox+FedhMsoBibpbJAfCwwhzpLCfa4YBTExhFDFza6YDokiFEyeeROCs3jyMmmUS85FqXJXKVav53Hk0DE6QWfIQZeoim5RDdURRY/oGb2iN+vJerHerY9Z6Yo17zlCf2B9/QCNYaJP</latexit>

2⇡2

Z 1

0
dx coshx sinhx

DIVERGENT  

Apparent volume of PSL(2,R):



• Volume  
<latexit sha1_base64="QOz2Lo6vJ3bBCJO3dQKdV1Mb1wQ=">AAACHHicbVDLSgMxFM34rPVVdekmWARXZaYWdVl047KCfUCnLZk004ZmMkNyR1qG+RA3/oobF4q4cSH4N2baLrT1QMjhnHu59x4vElyDbX9bK6tr6xubua389s7u3n7h4LChw1hRVqehCFXLI5oJLlkdOAjWihQjgSdY0xvdZH7zgSnNQ3kPk4h1AjKQ3OeUgJF6hfOyG/FuGbtcQi+x025imA+T1A0IDFWQ9NOxi10a6iEeu5pL8/UKRbtkT4GXiTMnRTRHrVf4dPshjQMmgQqidduxI+gkRAGngqV5N9YsInREBqxtqCQB051kelyKT43Sx36ozJOAp+rvjoQEWk8Cz1RmK+tFLxP/89ox+FedhMsoBibpbJAfCwwhzpLCfa4YBTExhFDFza6YDokiFEyeeROCs3jyMmmUS85FqXJXKVav53Hk0DE6QWfIQZeoim5RDdURRY/oGb2iN+vJerHerY9Z6Yo17zlCf2B9/QCNYaJP</latexit>

2⇡2

Z 1

0
dx coshx sinhx

Subtract off the DIVERGENCE  

<latexit sha1_base64="RnhN/cTzDj7GyW/vE0XUml+DNuw="></latexit>

Vreg = lim
x⇤!1

✓Z

M⇤

d3V
p
g � 1

2

Z

@M⇤

d2a
p
h

◆

[Liu, Polchinski 1989]

Regularized volume of PSL(2,R):



[Liu, Polchinski 1989]

<latexit sha1_base64="lcvHAEjZ7Y0/zho97tBkIRejgK4=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRbBi3W3FPVY9OKxgv2Adi3ZNNuGZrMxyQpl6Z/w4kERr/4db/4b03YP2vpg4PHeDDPzAsmZNq777eRWVtfWN/Kbha3tnd294v5BU8eJIrRBYh6rdoA15UzQhmGG07ZUFEcBp61gdDP1W09UaRaLezOW1I/wQLCQEWys1D7rSvZQOa/0iiW37M6AlomXkRJkqPeKX91+TJKICkM41rrjudL4KVaGEU4nhW6iqcRkhAe0Y6nAEdV+Ort3gk6s0kdhrGwJg2bq74kUR1qPo8B2RtgM9aI3Ff/zOokJr/yUCZkYKsh8UZhwZGI0fR71maLE8LElmChmb0VkiBUmxkZUsCF4iy8vk2al7F2Uq3fVUu06iyMPR3AMp+DBJdTgFurQAAIcnuEV3pxH58V5dz7mrTknmzmEP3A+fwDEmY8m</latexit>

�⇡2/2

• GOAL: Obtain the above doing honest QFT calculation.  

Regularized volume of PSL(2,R):



Gauge Fixing- Faddeev Popov 

• Proceeds via choosing a gauge condition and inserting the following 

<latexit sha1_base64="OfwAfbFfI0Or9UGaDqZR0eFB79s=">AAACFnicbVDLSsNAFJ34rPUVdelmsAjtwpJIUTdCURGXFewDmlgmk0k6dPJgZiKU0K9w46+4caGIW3Hn3zhJs9DWAwNnzr2Xe+5xYkaFNIxvbWFxaXlltbRWXt/Y3NrWd3Y7Iko4Jm0csYj3HCQIoyFpSyoZ6cWcoMBhpOuMLrN694FwQaPwTo5jYgfID6lHMZJKGuhH5rlFQwmtAMkhD1J34lvQuiJMomrv3q9Zbk6v809toFeMupEDzhOzIBVQoDXQvyw3wklAQokZEqJvGrG0U8QlxYxMylYiSIzwCPmkr2iIAiLsND9rAg+V4kIv4uopi7n6eyJFgRDjwFGdmXsxW8vE/2r9RHpndkrDOJEkxNNFXsKgjGCWEXQpJ1iysSIIc6q8QjxEHGGpkiyrEMzZk+dJ57huntQbt41K86KIowT2wQGoAhOcgia4AS3QBhg8gmfwCt60J+1Fe9c+pq0LWjGzB/5A+/wB40yd7g==</latexit>

1 =

Z
dg �(Xg)�(F (Xg))

• Key Assumption: Gauge orbit intersects the Gauge fixing surface once and 
                             only once.  



Gauge Fixing- Toy Example

<latexit sha1_base64="Dy6CQDcfvdYTPA5QkakyszpHAQI="></latexit>

#Roots =

Z 1

�1
dx |f 0(x)|�(f(x))

<latexit sha1_base64="OfwAfbFfI0Or9UGaDqZR0eFB79s=">AAACFnicbVDLSsNAFJ34rPUVdelmsAjtwpJIUTdCURGXFewDmlgmk0k6dPJgZiKU0K9w46+4caGIW3Hn3zhJs9DWAwNnzr2Xe+5xYkaFNIxvbWFxaXlltbRWXt/Y3NrWd3Y7Iko4Jm0csYj3HCQIoyFpSyoZ6cWcoMBhpOuMLrN694FwQaPwTo5jYgfID6lHMZJKGuhH5rlFQwmtAMkhD1J34lvQuiJMomrv3q9Zbk6v809toFeMupEDzhOzIBVQoDXQvyw3wklAQokZEqJvGrG0U8QlxYxMylYiSIzwCPmkr2iIAiLsND9rAg+V4kIv4uopi7n6eyJFgRDjwFGdmXsxW8vE/2r9RHpndkrDOJEkxNNFXsKgjGCWEXQpJ1iysSIIc6q8QjxEHGGpkiyrEMzZk+dJ57huntQbt41K86KIowT2wQGoAhOcgia4AS3QBhg8gmfwCt60J+1Fe9c+pq0LWjGzB/5A+/wB40yd7g==</latexit>

1 =

Z
dg �(Xg)�(F (Xg))



Gauge Fixing- Toy Example

<latexit sha1_base64="I5Pn8le2gw632MdOYpsesAmjV08=">AAACDHicbVDLSgMxFM34rPVVdekmWIS6KTNS1I1QdOOygn1Ap5RMmmlDk8yQ3JGWoR/gxl9x40IRt36AO//G9IFo64HAyTnnktwTxIIbcN0vZ2l5ZXVtPbOR3dza3tnN7e3XTJRoyqo0EpFuBMQwwRWrAgfBGrFmRAaC1YP+9div3zNteKTuYBizliRdxUNOCVipncv7gst2OvAh8mPpcxXCcITDwuDk8uduU27RnQAvEm9G8miGSjv36XcimkimgApiTNNzY2ilRAOngo2yfmJYTGifdFnTUkUkM610sswIH1ulg8NI26MAT9TfEymRxgxlYJOSQM/Me2PxP6+ZQHjRSrmKE2CKTh8KE4EhwuNmcIdrRkEMLSFUc/tXTHtEEwq2v6wtwZtfeZHUToveWbF0W8qXr2Z1ZNAhOkIF5KFzVEY3qIKqiKIH9IRe0Kvz6Dw7b877NLrkzGYO0B84H99OYpvI</latexit>

lim
x!±1

f(x) = ±1

<latexit sha1_base64="Xx8pRFNSdarc4PMXGg8TCHmbdEg=">AAACIXicbZBNS8NAEIY3flu/qh69LBaxPVgSKdqLUPTisYJVoYlls9no0s0m7E6kJfSvePGvePGgiDfxz7hpc9DqwLIP78wwM6+fCK7Btj+tmdm5+YXFpeXSyura+kZ5c+tKx6mirENjEasbn2gmuGQd4CDYTaIYiXzBrv3+WZ6/fmBK81hewjBhXkTuJA85JWCkXrnpnLhcQi87MF8Iw9FtVoAbEbhXURaMBi4O96uDGnYDJoBUQ8O1Xrli1+1x4L/gFFBBRbR75Q83iGkaMQlUEK27jp2AlxEFnAo2KrmpZgmhfXLHugYliZj2svGFI7xnlACHsTJPAh6rPzsyEmk9jHxTma+tp3O5+F+um0LY9DIukxSYpJNBYSowxDi3CwdcMQpiaIBQxc2umN4TRSgYU0vGBGf65L9wdVh3juqNi0aldVrYsYR20C6qIgcdoxY6R23UQRQ9omf0it6sJ+vFerc+JqUzVtGzjX6F9fUNII2jcA==</latexit>

1 =

Z 1

�1
dx f 0(x)�(f(x))

• Take Home Lesson: One can get rid of absolute value of Jacobian under suitable 
                                 condition.  



Gauge Fixing-PSL(2,R) 
<latexit sha1_base64="Xt3QOXv7a8oJ7OH44J/jbm+2wrc=">AAACDXicbVDLSsNAFJ3UV62vqEs3wSpUhJKEom6EohuXFewDmrRMJpN26GQSZiZCm+YH3Pgrblwo4ta9O//G6WOh1QMXDufcy733eDElQprml5ZbWl5ZXcuvFzY2t7Z39N29hogSjnAdRTTiLQ8KTAnDdUkkxa2YYxh6FDe9wfXEb95jLkjE7uQwxm4Ie4wEBEGppK5+5IuOfekEHKK04o98x4M8HWVZWrJOx6Nxxz7p2FlXL5plcwrjL7HmpAjmqHX1T8ePUBJiJhGFQrQtM5ZuCrkkiOKs4CQCxxANYA+3FWUwxMJNp99kxrFSfCOIuComjan6cyKFoRDD0FOdIZR9sehNxP+8diKDCzclLE4kZmi2KEioISNjEo3hE46RpENFIOJE3WqgPlTJSBVgQYVgLb78lzTssnVWrtxWitWreRx5cAAOQQlY4BxUwQ2ogTpA4AE8gRfwqj1qz9qb9j5rzWnzmX3wC9rHN8Y1m2A=</latexit>

ds2 =
4dzdz̄

(1 + |z|2)2 • Choose the upper hemisphere metric

<latexit sha1_base64="ych09dUyT3b7jyNaBJ7cHQa3uPI=">AAACDHicbZDNSsNAFIVv6l+tf1WXbgaL4EJKIkXdCEU3LivYNtKEMplO26EzSZiZCCX0Adz4Km5cKOLWB3Dn2zhtQ9HWAwMf597LnXuCmDOlbfvbyi0tr6yu5dcLG5tb2zvF3b2GihJJaJ1EPJJugBXlLKR1zTSnbiwpFgGnzWBwPa43H6hULArv9DCmvsC9kHUZwdpY7WLJvfRUItqpRzk/ESN3RvczMl122Z4ILYKTQQky1drFL68TkUTQUBOOlWo5dqz9FEvNCKejgpcoGmMywD3aMhhiQZWfTo4ZoSPjdFA3kuaFGk3c3xMpFkoNRWA6BdZ9NV8bm//VWonuXvgpC+NE05BMF3UTjnSExsmgDpOUaD40gIlk5q+I9LHERJv8CiYEZ/7kRWiclp2zcuW2UqpeZXHk4QAO4RgcOIcq3EAN6kDgEZ7hFd6sJ+vFerc+pq05K5vZhz+yPn8AEDybpA==</latexit>

X =
X

`,m

X`,mY`,m • Expand in appropriate spherical Harmonics consistent 
with boundary condition

<latexit sha1_base64="l+Xg46ZCTeCglP0zkLh8pFdM6nk=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbBg5TdUtSLUPTisYL9gHYp2TTbhibZNckWytLf4cWDIl79Md78N6btHrT1wcDjvRlm5gUxZ9q47reTW1vf2NzKbxd2dvf2D4qHR00dJYrQBol4pNoB1pQzSRuGGU7bsaJYBJy2gtHdzG+NqdIsko9mElNf4IFkISPYWMlv99LKRTcWyJveuL1iyS27c6BV4mWkBBnqveJXtx+RRFBpCMdadzw3Nn6KlWGE02mhm2gaYzLCA9qxVGJBtZ/Oj56iM6v0URgpW9Kgufp7IsVC64kIbKfAZqiXvZn4n9dJTHjtp0zGiaGSLBaFCUcmQrMEUJ8pSgyfWIKJYvZWRIZYYWJsTgUbgrf88ippVsreZbn6UC3VbrM48nACp3AOHlxBDe6hDg0g8ATP8Apvzth5cd6dj0VrzslmjuEPnM8fHreRCQ==</latexit>

X2,±1 = 0 Gauge fixing condition For Dirichlet 

<latexit sha1_base64="07XN+sSJtRzZcafnJah0BbhZT6I=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbBg5RdKepFKHrxWMF+QLuUbJptQ5PsNskWytLf4cWDIl79Md78N6btHrT1wcDjvRlm5gUxZ9q47reTW1vf2NzKbxd2dvf2D4qHRw0dJYrQOol4pFoB1pQzSeuGGU5bsaJYBJw2g+H9zG+OqdIskk9mElNf4L5kISPYWMlvdVPvohML5E1v3W6x5JbdOdAq8TJSggy1bvGr04tIIqg0hGOt254bGz/FyjDC6bTQSTSNMRniPm1bKrGg2k/nR0/RmVV6KIyULWnQXP09kWKh9UQEtlNgM9DL3kz8z2snJrzxUybjxFBJFovChCMToVkCqMcUJYZPLMFEMXsrIgOsMDE2p4INwVt+eZU0LsveVbnyWClV77I48nACp3AOHlxDFR6gBnUgMIJneIU3Z+y8OO/Ox6I152Qzx/AHzucPHSqRCA==</latexit>

X1,±1 = 0 Gauge fixing condition For Neumann  



Gauge Fixing-PSL(2,R) 
<latexit sha1_base64="l+Xg46ZCTeCglP0zkLh8pFdM6nk=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbBg5TdUtSLUPTisYL9gHYp2TTbhibZNckWytLf4cWDIl79Md78N6btHrT1wcDjvRlm5gUxZ9q47reTW1vf2NzKbxd2dvf2D4qHR00dJYrQBol4pNoB1pQzSRuGGU7bsaJYBJy2gtHdzG+NqdIsko9mElNf4IFkISPYWMlv99LKRTcWyJveuL1iyS27c6BV4mWkBBnqveJXtx+RRFBpCMdadzw3Nn6KlWGE02mhm2gaYzLCA9qxVGJBtZ/Oj56iM6v0URgpW9Kgufp7IsVC64kIbKfAZqiXvZn4n9dJTHjtp0zGiaGSLBaFCUcmQrMEUJ8pSgyfWIKJYvZWRIZYYWJsTgUbgrf88ippVsreZbn6UC3VbrM48nACp3AOHlxBDe6hDg0g8ATP8Apvzth5cd6dj0VrzslmjuEPnM8fHreRCQ==</latexit>

X2,±1 = 0 Gauge fixing condition For Dirichlet 

<latexit sha1_base64="07XN+sSJtRzZcafnJah0BbhZT6I=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbBg5RdKepFKHrxWMF+QLuUbJptQ5PsNskWytLf4cWDIl79Md78N6btHrT1wcDjvRlm5gUxZ9q47reTW1vf2NzKbxd2dvf2D4qHRw0dJYrQOol4pFoB1pQzSeuGGU5bsaJYBJw2g+H9zG+OqdIskk9mElNf4L5kISPYWMlvdVPvohML5E1v3W6x5JbdOdAq8TJSggy1bvGr04tIIqg0hGOt254bGz/FyjDC6bTQSTSNMRniPm1bKrGg2k/nR0/RmVV6KIyULWnQXP09kWKh9UQEtlNgM9DL3kz8z2snJrzxUybjxFBJFovChCMToVkCqMcUJYZPLMFEMXsrIgOsMDE2p4INwVt+eZU0LsveVbnyWClV77I48nACp3AOHlxDFR6gBnUgMIJneIU3Z+y8OO/Ox6I152Qzx/AHzucPHSqRCA==</latexit>

X1,±1 = 0 Gauge fixing condition For Neumann  

<latexit sha1_base64="8wXLPMnPNMIzfFY1Jjz9KmqBOgo="></latexit>

�↵ =
1p

1� ↵2


1 ↵
↵̄ 1

�
• Takes away from the Gauge fixing surface.  
• Remaining U(1) preserves it. 

• Next GOAL: to find the signed intersection number. 
<latexit sha1_base64="zLSRkqOQ2nM+CJhW2RFM4EX0q+E="></latexit>Z

4d2z

(1 + |z|2)2
X(��1

↵ (z, z̄)) Y ⇤
2,1(z, z̄) = 0



Gauge Fixing-PSL(2,R) 
<latexit sha1_base64="zLSRkqOQ2nM+CJhW2RFM4EX0q+E="></latexit>Z

4d2z

(1 + |z|2)2
X(��1

↵ (z, z̄)) Y ⇤
2,1(z, z̄) = 0

• Given any configuration X,  can we choose a Gauge transformation to reach the 
gauge fixing surface?  

<latexit sha1_base64="XKF2sa6ZNXpUMgu6LgSMKKBT4fc="></latexit>

X(z) ! X(��1
↵ (z)) and then Project onto modes



Gauge Fixing-PSL(2,R) 
<latexit sha1_base64="zLSRkqOQ2nM+CJhW2RFM4EX0q+E="></latexit>Z

4d2z

(1 + |z|2)2
X(��1

↵ (z, z̄)) Y ⇤
2,1(z, z̄) = 0

• The signed intersection number is related to Winding number, which is -1 

• After the dust settles, we have  

<latexit sha1_base64="Pq1Sqwz/8ydsWhXg0GAq3DEJddE="></latexit>

�
Z

⇡d2↵

(1� |↵|2)2 Jac(Det(Gauge))�(F↵(x)) = 1



Inserting Signed FP determinant
<latexit sha1_base64="Pq1Sqwz/8ydsWhXg0GAq3DEJddE="></latexit>

�
Z

⇡d2↵

(1� |↵|2)2 Jac(Det(Gauge))�(F↵(x)) = 1

• Without Gauge fixing, CFT path integral is nothing but the Gaussian integral over
<latexit sha1_base64="CAnryLjH+N5vLmrXAuwIxavZzAU=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSJ4kJJIUY9FLx4r2A9sQ9lsJ+3SzSbsboQS+i+8eFDEq//Gm//GbZuDtj4YeLw3w8y8IBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj26nfekKleSwfzDhBP6IDyUPOqLHSY7uXdVGI82jSK5XdijsDWSZeTsqQo94rfXX7MUsjlIYJqnXHcxPjZ1QZzgROit1UY0LZiA6wY6mkEWo/m108IadW6ZMwVrakITP190RGI63HUWA7I2qGetGbiv95ndSE137GZZIalGy+KEwFMTGZvk/6XCEzYmwJZYrbWwkbUkWZsSEVbQje4svLpHlR8S4r1ftquXaTx1GAYziBM/DgCmpwB3VoAAMJz/AKb452Xpx352PeuuLkM0fwB87nD3JHkMg=</latexit>

X`,m

• Two mode integral gets omitted due to delta function and  
Jacobian introduces a polynomial of finite number of modes. 

<latexit sha1_base64="nCoPRGRFnvne+xaXhbVcaYMp0XE="></latexit>

⇡JD(X) =
64

7

h
(ImX3,2)

2 + (ReX3,2)
2
i
� 16

5

r
3

7
X1,0X3,0 �

2

5
(X1,0)

2 � 96

35
(X3,0)

2



Disk Partition function

<latexit sha1_base64="lts2x/lMPMFsK+386ad0+7T96pc=">AAACHHicbVDLSsNAFJ3UV62vqEs3wSK4sSa1qBuhWBGXFfrCJpbJdNIOnUnCzEQoIR/ixl9x40IRNy4E/8ZJm0WtHrhwOOde7r3HDSkR0jS/tdzC4tLySn61sLa+sbmlb++0RBBxhJsooAHvuFBgSnzclERS3Ak5hsyluO2OaqnffsBckMBvyHGIHQYHPvEIglJJPf3krhfbDMohZ/EVEaMkubA9DlE8o9euG0mSxEd2SO7Lx+WkpxfNkjmB8ZdYGSmCDPWe/mn3AxQx7EtEoRBdywylE0MuCaI4KdiRwCFEIzjAXUV9yLBw4slziXGglL7hBVyVL42JOjsRQybEmLmqM71XzHup+J/XjaR37sTEDyOJfTRd5EXUkIGRJmX0CcdI0rEiEHGibjXQEKpspMqzoEKw5l/+S1rlknVaqtxWitXLLI482AP74BBY4AxUwQ2ogyZA4BE8g1fwpj1pL9q79jFtzWnZzC74Be3rBzz3oq4=</latexit>

ZDisk =
ZCFT

�⇡2/2

• In all cases, D-Brane tension can be found using 
<latexit sha1_base64="sEJTF5Y4zuDrHxkEjQwfjGMRPss=">AAACGHicbVDLSsNAFJ3UV62vqEs3wSLUhTWRom6Eol24rNAXtjFMppN26CQZZiZCCfkMN/6KGxeKuO3Ov3HSRtDWAxcO59zLvfe4jBIhTfNLyy0tr6yu5dcLG5tb2zv67l5LhBFHuIlCGvKOCwWmJMBNSSTFHcYx9F2K2+7oJvXbj5gLEgYNOWbY9uEgIB5BUCrJ0U/xQ3zScFjPh3LI/bgV0qRUc9hxcqWceyf+MWpEjJIkcfSiWTanMBaJlZEiyFB39EmvH6LIx4FEFArRtUwm7RhySRDFSaEXCcwgGsEB7ioaQB8LO54+lhhHSukbXshVBdKYqr8nYugLMfZd1ZmeKea9VPzP60bSu7RjErBI4gDNFnkRNWRopCkZfcIxknSsCEScqFsNNIQcIqmyLKgQrPmXF0nrrGydlyt3lWL1OosjDw7AISgBC1yAKrgFddAECDyBF/AG3rVn7VX70D5nrTktm9kHf6BNvgEX4KEY</latexit>

e�TpVol(Dp) = eZDisk

• We have two more different methods to arrive at the same result.  



Open Problem-Sphere partition function 

• The idea of Gauge fixing by considering the spherical harmonic modes apparently  
fails for the sphere partition function. Is there any first principle calculation ?

THANK YOU 

• Can we compute the sphere partition function with AdS_3 target space 
and reproduce the boundary conformal anomaly ? ( w.i.p with L.Eberhardt and R.Mahajan)


