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The Initial Problem

* Heavy-lon Collisions create Quark-Gluon-Plasma out of
equilibrium due to large gradients

* Equilibration allows hydrodynamic description
* Range of validity for large gradients is still discussed

* Study out of equilibrium with kinetic theory by calculating
Green’s functions as linear response to perturbations
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Why do we analyze modes?

* Hydrodynamic theories give rise to dispersion relations, e.g.

Weound = Fek — ilk?
* Energy perturbation are determined by modes
66]{3 (t) — e_iwsoundt

* Non-hydrodynamic modes found in higher order hydro and
kinetic theories

* Influence of non-hydro modes gives insight on validity of hydro
* Goal: Find non-hydro modes in QCD kinetic theory
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What Could Non-Hydro Modes look like?

* Analytic calculation possible in Relaxation Time Approximation
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* Non-Hydro has stronger decay
* Non-Hydro is a cut instead of singular poles
* Larger gradients let hydro modes vanish
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https://arxiv.org/pdf/1512.02641.pdf

How do we analyze modes?

 Use effective kinetic theory for equilibrium background and
calculate linear response to perturbations

(8,5 + 1k cos (9) 5f/< (p, t) — C[(ka] (p, t) Linearized Boltzmann Eq.

* C contains underlying microscopic theory

* Find all possible modes, compare their residues (dependent
on observable)

) d’>p prp¥ —iw
T (0) = [ s o h ) den(t ZZ (bt
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How do we find all modes?

e Calculate Green’s functions of observables and find
singularities?

—iw; o _Zz(k)
ZZ P Gw) _Ziw—l—wi(k)

1

* Analytical solutlons are rarely an option for complex theories

* Calculate real time Green’s functions numerically and Laplace
transform? No! Does not work for more than one singularity

 Get creative!
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Fitting Approach

* Fit the linear response functions
to two pairs of modes, one hydro
and one non-hydro

G(t) = ZH(k)ei“H(k)t 4 ZnH(k)eiwnH(k)t
arxiv:2306.09094

* Works well for small gradients s

* Limited applicability to high
gradients due to nature
of the Ansatz
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https://arxiv.org/pdf/2306.09094.pdf

Eigenvalue Approach

* Eigenvalues of what exactly?

atf(t) — Cf(t)
& f(t) = ¢ £(0)

* Solution given by eigenvalues of linear operator C

* Numerically: operator — finite dimensional matrix
distribution function — finite dimensional vector

* We will translate Boltzmann equation into matrix vector
equation
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Eigenvalue Approach

* Build moments of distribution function on a grid of momenta
and qngles [York, Kurkela, Lu, Moore, PhysRevD (2014)]

5fr(p,t) — N(t) N;(t) :/(;i])?gwip(p)wie(0036’)5fk(p,t)

* Do the same for collision integral

Ct) = [ g0, 0wy (cos LB, 1)

* Calculate matrix as functional derivative

C’Z(t) — ZCZ]N] (t) — (Cﬁ(t))z = Cij - 5Nj(t)
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https://arxiv.org/pdf/1401.3751.pdf

Eigenvalue Approach

* Solution to Boltzmann Equation in moment space
N(t) = e“*N(0)
* Diagonalization of C
C=(d ... an)diagA1,..., An)(b1...on)7
* Calculate response functions for observables O
G(t)=0-N(t) =Y et ((3 - az-) (5@- - 1\7(0))

* Easy translation into frequencies

1
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Benchmark method
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Scalar ¢* Theory A

* New results for varying gradients 2 15 .10 5 0 5 10 15
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 Defining Hydro Mode is hard, we use two largest residue eigenvalues
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Scalar &* Theory

* Hydro poles

G()

log|G(@)[2

move down in k=0.750
imaginary L
direction di
* Hydro poles o . el DU - e N \ = e
. 0 10 20 30 05 0 0.5 -1.0 0 1.0 104 102 100 102
merge with ; o Aol 0l
non_HydrO aredq ] s ) | 20 -:_-10 -5I 0 5 1|o 15
7 G(t) log|G(w)[?
at k£~ 1
* Overlay causes k=t.000
uncertainty of o
residue 4l W i
0.6 Non—ﬂig:g — s
0.8 l Total, | e | =_ Hyds o
0 10 20 30 05 0 0.5 1.0 0 1.0 10% 102 100 102
kt w/k Re(w) p(W)

Initial Stages 23

Stephan Ochsenfeld



Scalar &* Theory

* No clear
definition of
Hydro possible

* Contributions
come from large
ared
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Conclusions

* Understanding non-Hydro modes helps finding the range of
applicability of Hydro

* Non-Hydro modes in scalar theory are more complicated than
poles or cuts

* Hydrodynamic modes merge with non-hydrodynamic area at
around k£ ~ 1

* Work in progress: Extend formalism to QCD kinetic theory
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Back Transformation from Moments

* One might has to transform back to particle distribution
function

_ d’p feq(p)ep/T - 0fr(P;t)
N’L(t) — / (27T)3wip<p)w’i9 (COS 9)5fk(p7t) feq(p)(jp/T B feq(p)ep/TAi

* Gives distribution around node points
* Coefficients A are calculated and stored beforehand

d3
A; = / (27:)?3 w;, (p)wi, (cos ) feq (p)ep/T

* Sum every node point
feq(p)e? ™

0 fr(p,t sz p)w;, (cos @) N;(t) 1 — ZKZ-(p)NZ-(t)

1 .
1
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Wedge Moments

* Moments are linear functions, ‘wedges’ around node points

TTi1 . | )

Ti—Ti 1 ) :Cz_l < i < CBZ 08\
. _ ) Tit1—x | |
0, else i

 Wedge moments ensure energy conservation
Z w;(z) = 0(Tmar — )0(X — Timin)

Z r,w;(r) = 20(Tmar — )0(X — Tinin)

Sn (t ZN 5ek(t)22piPNi(t), 57 ( sz cos 0;, N; (1)

Initial Stages 23 Stephan Ochsenfeld 18



Non-Zero Gradients

* Gradient contributions also expanded into moment matrix

(8, + ik cos 0) 6 f(p, t) = C[6f1](p,t) — N (t) = (C + M)N(t)

M; = =i [ 55 cos(O)uw, (p)ws (c05(0)3 i (.1

—

N(t) = el CHMEN ()
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Scalar Theory

* Scalar field Lagrangian

1 2 A
L1, 0u9] = 50,00"¢ — ¢ — ¢
* Collision integral
1 1 [ d’pad’psd’ps
Cllpr 1) = _2—]?15/ (27)72p22p32py
X (f(p1)f(p2) [L+ f(p3)] [1 + f(Pa)] — f(P3)f(Pa) [1 4+ f(P1)][1 + f(p2)])

(27)46* (p1 + P2 — P3 — Pa) A2

0C; 1)\
Ci: = SN, =54 4> (w; (p1,cos ) + w;(p2, cosOy) — w;(ps3, cosB3) — w;(psg, cosby)]
J
X [K;(p1)(nsng —na(1+ng +nq)) + K;(p2)(ngng —ni(l + ns + ny))
— Kj(p3)(n1n2 — n4(1 + ny1 + TLQ)) — Kj(p4)(n1n2 — n3(1 + N1 + TLQ))]
n; = feq(pi)
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