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Outline: (Potential) intersections

Many-body theory: a general framework across the energy scales


Understanding correlations / interactions


The role of nuclear shapes in RHIC [G. Giacalone Wed@9:30]


Giant resonances in cold and hot nuclei (peripheral RHIC) [D. 

Brandenburg]


Transport theory, emergent hydrodynamics and (linear) response 

[X. Du Mon@16:30, Q. Wang Tue@11:30 etc.] 


Quantum computation [J. Barata Tue@9:30]

[G. Giacalone Wed@9:30] 

© L. Carroll



Hierarchy of energy scales and nuclear many-body problem

• The major conflict:

Separation of energy scales => effective field theories


vs

The physics on a certain scale is governed by the next 
higher-energy scale

• Possible solution: 


Keep/establish connections between the scales via 
emergent phenomena 

A universal approach to the strongly-coupled QMBP?

H = K + V
Hamiltonian:

center of mass internal degrees of freedom: 

next energy scale

String theory:

merging strings

NO “Interaction”

Standard Model:

free propagation and 
interaction, singularities & 

renormalizations

“ab initio”

Configuration

Interaction (CI)

Density Functional 
Theory (DFT)

Collective

coordinates


(CC)


QCD

String

theory

>106

Degrees of freedom  Energy [MeV]

electrons

strings

Atomic theory 13.6 x 10-6 

binding energy of H-atom



The underlying mechanism of NN-interaction: 


Quantum 

Chromodynamics


(QCD, high energy)

Quantum

Hadrodynamics (QHD, 

intermediate energy)
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Nuclear 

Structure


(NS, low energy)
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Relay of EFTs:

         Formalism:

• Generic bare “interaction”: 

model-independent, all channels 
included


• Higher-orders are treated via in-
medium propagators 


• No perturbation theory

v
_

   In implementations:


• Meson-exchange (ME) at leading 
order


• Effective coupling constants/masses 
(adjusted on the mean-field (MF) 
level, NL3(*)) + subtraction of qPVC


• Bare ME + subtraction of MF artifacts 
(in progress)



A strongly-correlated many body system: 

single-fermion propagator, particle-hole propagator and related observables

Hamiltonian,

extendable to 3B forces

(3BFs are minimized in 

covariant theories)

= T + V(2)

Single-particle propagator

Ground state of N 
particles

(Excited) state 

of (N+1) particles

Fourier transform:

Spectral expansion

Residues - spectroscopic 

(occupation) factors 


Poles - single-particle energies

G110(t� t0) = �ihT (1) ̄(10)i

<latexit sha1_base64="Yv1mVH8BA1bCzg2g9FNi+CgpZCY="></latexit>

Particle-hole response function

Fourier transform: Spectral expansion

Residues - transition densities


Poles - excitation energies

R12,1020(t� t0) = �ihT ( ̄1 2)(t)( ̄20 10)(t
0)i

<latexit sha1_base64="hxjcAkm2svmipqfYmA2+BAdiBDg="></latexit>

Excitation 
energies



Exact equations of motion (EOM) for binary interactions: one-body problem

Irreducible kernel (Self-energy, exact):

One-fermion propagator G110(t� t0) = �ihT (1) ̄(10)i

<latexit sha1_base64="Yv1mVH8BA1bCzg2g9FNi+CgpZCY="></latexit>

EOM: Dyson Eq.
(*)

Koltun-Migdal-Galitsky sum rule: the binding energy

“Ab-initio DFT”:is the full solution of (*):  

includes the dynamical term!

⇢110 = �i lim
t=t0�0

G110(t� t0)

<latexit sha1_base64="83n/TQp3sSRvZeUlYoYJijhNFs8=">AAACIXicbVDLTgIxFO3gC8cX6tJNIxhwAZkhGtmYEF3oEhN5JEAmnVKgofNIe8eETPgVN/6KGxcaw874M3aAhYInucnJOeemvccNBVdgWV9Gam19Y3MrvW3u7O7tH2QOjxoqiCRldRqIQLZcopjgPqsDB8FaoWTEcwVruqPbxG8+Mal44D/COGRdjwx83ueUgJacTCWXMztyGDixbecn+BoXeUdwLxkOyolBS5AvWpO7eaIARcifm7mck8laJWsGvErsBcmiBWpOZtrpBTTymA9UEKXathVCNyYSOBVsYnYixUJCR2TA2pr6xGOqG88unOAzrfRwP5B6fMAz9fdGTDylxp6rkx6BoVr2EvE/rx1Bv9KNuR9GwHw6f6gfCQwBTurCPS4ZBTHWhFDJ9V8xHRJJKOhSTV2CvXzyKmmUS/ZF6fKhnK3eLOpIoxN0igrIRleoiu5RDdURRc/oFb2jD+PFeDM+jek8mjIWO8foD4zvH+Qjn50=</latexit>

t-dependent (dynamical) term (symmetric version): 
Long-range correlations: connecting scales


Symmetric form


irr

=

=

Instantaneous term (Hartree-Fock incl. “tadpole”)

Short-range correlations

= =

1 1’

⌃(r)
110 = ihT�0[V, 1](t)[V,  ̄10)](t

0)�0i
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⌃(0)
110 = �h�0

n
[V, 1],  ̄10)

o
�0i
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X

220

v̄121020h ̄2 20i
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⇢202
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Particle-hole propagator

(response function):

Equation of motion (EOM) for the particle-hole response


spectra of excitations, 

masses, decays, …

(**)

EOM: Bethe-Salpeter-Dyson Eq.

Irreducible kernel (exact):

t-dependent (dynamical) term:

Long-range correlations

contains the full solution of (**) including the dynamical term!

Self-consistent mean field F(0), where

Instantaneous term (“bosonic” mean field):

Short-range correlations

⇢12,1020 = �220⇢110 � i lim
t0!t+0

R201,210(t� t0)
F (r)
12,1020(t� t0) =

X

ij

F (r;ij)
12,1020(t� t0)

<latexit sha1_base64="KRVcI0nCHFN7D2mYwRqXXJ+OROI="></latexit>

R12,1020(t� t0) = �ihT ( ̄1 2)(t)( ̄20 10)(t
0)i
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Quantum many-body problem in a nutshell: Direct EOM for G(n) generates G(n+2) in the 
(symmetric) dynamical kernels and further high-rank correlation functions (CFs); an equivalent of 
the BBGKY hierarchy or Schwinger-Dyson equations. NEquations = NParticles & Coupled 🙈 !!!

Non-perturbative solutions:


 Cluster decomposition 


Leading at:                                        weak          intermediate     strong       coupling

                                                      self-consistent GFs         phonon coupling             Faddeev +

                                                        second RPA etc.           this work          future work          

Dynamical kernels: bridging the scales

G(3)  =  G(1) G(1) G(1)      +      G(2) G(1)   +    Ξ(3)


G(4)  =  G(1) G(1) G(1) G(1)  + G(2) G(2)  +   G(3) G(1)  + Ξ(4)

P. C. Martin and J. S. Schwinger, 
Phys. Rev.115, 1342 (1959).

N. Vinh Mau, Trieste Lectures 
1069, 931 (1970)

P. Danielewicz and P. Schuck, 
Nucl. Phys. A567, 78 (1994)

…

G GR(3) (pp)
(ph)

+

~~G(4) +

~~

G (pp)

G (pp)R(ph)

R (ph)

Beyond  
weak  

coupling:

v vR(ph)=

v v(pp)= G

Emergence of effective 

“bosons” 

(phonons, vibrations):


Emergence 

of superfluidity:

Exact mapping: particle-hole (2q) quasibound states Quasiparticle-vibration coupling (qPVC) 
in nuclei. Cf. NFT 


Diquarks in hadrons

Cf. C. Popovici, P. Watson, and H. 
Reinhardt  [PRD83, 025013 (2011)]


Sound modes

Cooper pairs



Emergence of effective degrees of freedom at intermediate coupling

E.L., P. Schuck, PRC 100, 064320 (2019) 

E.L., Y. Zhang, PRC 104, 044303 (2021)

Cf.: The Standard Model elementary interaction vertices: boson-exchange interaction is the input:

�, g,W±, Z0

<latexit sha1_base64="aBaAechTdfZ+m/tVGt+Ys/Pqr9I=">AAACCHicbVDLSsNAFJ3UV42vqEsXDraCi1KSouiy6MZlBfvApi2T6SQdOpOEmYlQQpZu/BU3LhRx6ye482+ctllo9cCFwzn3cu89XsyoVLb9ZRSWlldW14rr5sbm1vaOtbvXklEiMGniiEWi4yFJGA1JU1HFSCcWBHGPkbY3vpr67XsiJI3CWzWJSY+jIKQ+xUhpaWAdlsumGyDOUQUGFdjup27Mswq866d2ZpbLA6tkV+0Z4F/i5KQEcjQG1qc7jHDCSagwQ1J2HTtWvRQJRTEjmekmksQIj1FAupqGiBPZS2ePZPBYK0PoR0JXqOBM/TmRIi7lhHu6kyM1koveVPzP6ybKv+ilNIwTRUI8X+QnDKoITlOBQyoIVmyiCcKC6lshHiGBsNLZmToEZ/Hlv6RVqzqn1bObWql+mcdRBAfgCJwAB5yDOrgGDdAEGDyAJ/ACXo1H49l4M97nrQUjn9kHv2B8fANND5b7</latexit>

Emergent phonon vertices and propagators: calculable from the underlying H, which does not contain phonon degrees of 
freedom

H =
X

12

h12 
†
1 2 +

1

4

X

1234

v̄1234 
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1 

†
2 4 3
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X

12

h̃12 
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X
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†
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“Ab-initio” 

Effective qPVC

~~

“Radiative-correction” “Second-order”

Possibly derivable?

Dynamical self-energy Σ(r): 

Can be treated in a unified way (see below):

qPVC in nuclei, ? in hadrons / matter



Problems with approximate treatments: poles “mismatch”, 

(non)-positivity and optical theorem

“Radiative-correction” “Second-order”Dynamical self-energy: 

+⌃(r)+
110 (!) =

<latexit sha1_base64="pxI3g01WU8RlCzPBXYeSfIjOQHw=">AAACDHicbVDLSgMxFM34rOOr6tJNsBVbhDJTFN0IRTcuK9oHtLVk0sw0NJkMSUYow3yAG3/FjQtF3PoB7vwb08dCWw8EDuecy809XsSo0o7zbS0sLi2vrGbW7PWNza3t7M5uXYlYYlLDggnZ9JAijIakpqlmpBlJgrjHSMMbXI38xgORiorwTg8j0uEoCKlPMdJG6mZz+bzdvqUBR/dJQRaP027iukdpoS04CVARXtj5vEk5JWcMOE/cKcmBKard7Fe7J3DMSagxQ0q1XCfSnQRJTTEjqd2OFYkQHqCAtAwNESeqk4yPSeGhUXrQF9K8UMOx+nsiQVypIfdMkiPdV7PeSPzPa8XaP+8kNIxiTUI8WeTHDGoBR83AHpUEazY0BGFJzV8h7iOJsDb92aYEd/bkeVIvl9yT0ulNOVe5nNaRAfvgABSAC85ABVyDKqgBDB7BM3gFb9aT9WK9Wx+T6II1ndkDf2B9/gCw2pg3</latexit>
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X

mnk
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Approximate:

~~ n

ν

μ

m m

n

k

Scattering amplitudes in particle physics 

(Yang-Mills theories etc.):


Positivity preserved when eliminating all the 
virtual particles

Amplitudes <=> Polyhedron “living” in the 
kinematic space

Emergent unitarity N. Arkani-Hamed, J. Trnka, 

A. Hodges et al.

Watson-Faddeev series:

P. Danielewicz and P. Schuck, Nucl. 
Phys. A567, 78 (1994):

2p1h-RPA

P. Schuck, F. Villars and P. Ring

Nucl. Phys. A208, 302 (1973)

Exact:



“Ab-initio” qPVC in superfluid systems 

Mapping on the qPVC in the canonical basis

Superfluid dynamical kernel: adding particle-number violating contributions

Quasiparticle dynamical self-energy (matrix):

normal and pairing phonons are unified

Cf.: Quasiparticle static 

self-energy (matrix) in HFB

E.L., Y. Zhang, PRC 104, 044303 (2021)

Y. Zhang et al., PRC 105, 044326 (2022)


W
Bogoliubov

transformation

Compact  form, 
(almost) as simple as 

non-superfluid



Nuclear response: toward a complete theory

Dyson-Bethe-Salpeter Equation:
R(ω) = R0(ω) + R0(ω) [V+Φ(ω)-Φ(0) ] R(ω)

21,2 ’1 ’

1 ’ ’

2 2 ’

1 1 ’

2 2 ’

1 1 ’

2 ’ ’
2 2 ’

1 1 ’

2 2 ’

1 1 ’

+ + +

Conventional NFT: derived

as the leading approximation

Cf. P.-F. Bortignon, 

G. Colò, E. Vigezzi,

G. Potel, F. Barranco


&

V. Tselyaev (t-blocking)

Generalized approach for the correlated 
propagators


n-th order:  E.L. PRC 91, 034332 (2015)


Ab-initio formulation,

Φ(3) implementation; 2q+2phonon correlations:

E.L., P. Schuck, PRC 100, 064320 (2019)


+

2 2 ’

1 1 ’

R(n) +

2 2 ’

1 1 ’

2 2 ’

1 1 ’

+R(n) R
(n)

2 2 ’

1 1 ’

212 ’1 ’ R (n)(n+1)Extended NFT:

Included automatically:

ab initio <= static kernel dynamic kernel => higher complexity

Subtraction 

for effective 

interactions

(Tselyaev 2013)



Giant Dipole Resonance 

within Relativistic Quasiparticle Time Blocking Approximation (RQTBA)

E. L., P. Ring, and V. Tselyaev, Phys. Rev.  C 78, 014312 (2008); Phys. Rev. Lett. 105, 022502 (2010)

Static only

Static + leading 
dynamical

ΔL = 1

ΔT = 1

ΔS = 0

Response to the operator:

Accurate GDR description is important for the analysis of ultra peripheral RHIC [D. Brandenburg]



Isoscalar giant monopole resonance (ISGMR): 

The “fluffiness” puzzle and nuclear incompressibility

Knm = 258.28 MeV

E.L., Phys. Rev. C 107, L041302 (2023)

“Softness” increases:

 


with the neutron number

with superfluidity

with correlations beyond 
QRPA (q)PVC


Stiffer EOS can be used

Cf.: Skyrme HFB+qPVC

G. Colò & Y. Niu



The Toward complete theory:  correlated 3p3h configurations 2q+2phonon

Giant Dipole Resonance in Ca isotopes
The new complex configurations 
2q+2phonon included for the first 
time enforce fragmentation and 
spreading toward higher and lower 
energies, thus, modifying both 
giant and pygmy dipole 
resonances; 


Exp. Data: V.A. Erokhova et al., 
Bull. Rus. Acad. Phys. 67, 1636 
(2003)


RQTBA3 demonstrates an overall 
systematic improvement of the 
description of nuclear excited 
states heading toward 
spectroscopic accuracy without 
strong limitations on masses and 
excitation energies.


     

      E.L., P. Schuck, 

      PRC 100, 064320 (2019)

A hierarchy of the 
dynamical kernels:


n = 0 (no dynamical)

n = 1

n = 2

+ + +K            =212 ’1 ’

ph,dyn(n+1)
2 2 ’

1 1 ’

R (n)

2 2 ’

1 1 ’

R (n)

2 2 ’

1 1 ’

R(n)

2 2 ’

1 1 ’

R
(n)



I. First (reference) approximation: Mean-field (MF) theory  
(covariant density functional theory, CDFT)

96Zr MF ground state : 

Jπ = 0+, β2 = β3 = 0 

Low-energy levels 
(difficult to resolve  

by the NS theory): Mixing phenomenon 

MF solutions (with geometrical and/or other constraints) may violate symmetries  
Beyond-MF extensions can restore symmetries

E0 = 00+

E1 = 1.58 MeV0+
2+
3-

E2 = 1.75 MeV
E3 = 1.90 MeV

⇢(r, t) = ⇢0(r) +
X

n

X

�µ

�⇢n�µ(r)e
iEnt

<latexit sha1_base64="5YzrSVi51FyR7r+Mp7462mERZBU="></latexit>

II. Beyond MF: Shape vibrations around the static density: (quantum fluctuations)  

Retaining only low-energy 
vibrations 

may look like a nearly static shape

Time-dependent density: 

ΔE 

96Zr

|En � E0|  �E

<latexit sha1_base64="x3F6FXUur9cRPlq6XAlhjU+Xt7o=">AAACCHicbVDLSgNBEJyNr7i+Vj16cDARvBh2g6LHoAY8RjAPSMIyO+kkQ2Zn15lZISQ5evFXvHhQxKuf4M2/cfI4aLSgoajqprsriDlT2nW/rNTC4tLySnrVXlvf2NxytncqKkokhTKNeCRrAVHAmYCyZppDLZZAwoBDNehdjv3qPUjFInGr+zE0Q9IRrM0o0Ubynf1s1h4WfYGPcdF3h7jB4Q43roBrgot2Nus7GTfnToD/Em9GMmiGku98NloRTUIQmnKiVN1zY90cEKkZ5TCyG4mCmNAe6UDdUEFCUM3B5JERPjRKC7cjaUpoPFF/TgxIqFQ/DExnSHRXzXtj8T+vnuj2eXPARJxoEHS6qJ1wrCM8TgW3mASqed8QQiUzt2LaJZJQbbKzTQje/Mt/SSWf805ypzf5TOFiFkca7aEDdIQ8dIYK6BqVUBlR9ICe0At6tR6tZ+vNep+2pqzZzC76BevjG1bTll8=</latexit>

Beyond-MF “dynamical” nuclear shapes: 96Zr

[G. Giacalone  
Wed@9:30] 

ΔτΔE ~ 1

Δτ ~ 0.01 fm/c (?)

in the lab frame



v
1 1 ’

2

− +=

Exact “ab-initio” self-energy :

Mean field approximation (density functional theory, DFT)

v
1 1 ’

2

− ~
~
ρ

+

~ρ
+

ω-dependent DFT: static

v
1 1 ’

2

−~_
~ρ

Φ(0)

Mean field approximation and beyond

qPVC ω-dependent

Beyond mean field: quasiparticle-vibration coupling (qPVC), leading approximation:

qPVC double counting removal

[ω = (?)]static

DFT: static, basis

2B

2B
v

1 1 ’

2

−~

v
1 1 ’

2

−

~ρ

~

Adjusted to nuclear  
ground states  

=> absorbs qPVC dynamics  
in a static “approximation” 

in the parameters
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Ground-state and transition densities: the radial dependence 

�⇢n�µ(r) = �⇢n(r)Y�µ(⌦)

<latexit sha1_base64="YyS5Ryu2EgXpro8bzfVuktQolTI="></latexit>

Adding angular dependence: 

Beyond-MF “dynamical” nuclear shapes: 96Zr



Constraints: 

Oscillations are in phase 
Only μ = 0 components 

Beyond-MF “dynamical” nuclear shapes: 96Zr

96Zr

0+

⇢(r, t) = ⇢0(r) + �⇢(2)20 (r)e
iE2t

<latexit sha1_base64="t3s3mNyYV3uiGJpwmXJyCthgRK4="></latexit>

⇢(r, t) = ⇢0(r) + �⇢(3)30 (r)e
iE3t

<latexit sha1_base64="SFAqIXT05bRUnSbAqvE/dmsrmEQ="></latexit>

⇢(r, t) = ⇢0(r) + �⇢(2)20 (r)e
iE2t + �⇢(3)30 (r)e

iE3t
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⇢(r, t) = ⇢0(r)
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 E1        E2        E3 ~~~~

Further Refining: 

Relaxing the constraints  
Including more 
correlations in δρ (r,t) 
Extracting deformation 
parameters 

Similar calculations can be done 
for deformed MF ground states

96Zr

0+ 2+

96Zr

0+ 3-

96Zr

0+ 2+3-

Neutrons



Nuclei at the limits of existence:

Finite-temperature response with the ph+phonon dynamical kernel
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Dipole Strength at T>0:  48Ca and 132Sn

New transitions due to the thermal unblocking effects


More collective and non-collective modes contribute to the PVC self-energy (~400 
modes at T=5-6 MeV)


Broadening of the resulting GDR spectrum


Development of the low-energy part => a feedback to GDR

The spurious translation mode is properly decoupled as the mean field is modified 
consistently


The role of the new terms in the Φ amplitude increases with temperature


The role of dynamical correlations and fragmentation remain significant in the high-
energy part

Thermal unblocking:

0th approximation: 
Uncorrelated propagator

E.L., H. Wibowo, Phys. Rev. Lett. 121, 082501 (2018)

H. Wibowo, E.L., Phys. Rev. C 100, 024307 (2019)


Static + dynamic (FT-RTBA)Static  only (FT-RRPA)

48Ca

132Sn

O. Wieland et al., PRL 97, 012501 (2006):

GDR in 132Ce  



Model Hamiltonians on quantum computer: The Lipkin model

Two-level Lipkin (Meshkov-Glick), LMG, Hamiltonian:

M. Hlatshwayo, et al., Phys. Rev. C 106, 024319 (2022)

Excitation operator:

Quasispin operators:

…

Configuration complexity:

ε

N = 2j + 1

High complexity: 
Important at intermediate  

and strong couplings  



Lipkin Hamiltonian on quantum computer (QC)

The algorithm: Variational Quantum Eigensolver (VQE) + quantum EOM (qEOM) 


VQE: a minimal encoding scheme is found (“J-scheme”) and implemented, based on the symmetry 
of the LMG Hamiltonian. Yields an accurate ground state |0>.  


 qEOM generates efficiently the EOM matrix [P. Ollitrault et al., Phys. Rev. Res. 2, 043140 (2020)].  

M. Hlatshwayo, et al., Phys. Rev. C 106, 024319 (2022)


Quantum advantage: 

Number of measurements 
depends on the q-number,  

(almost) not growing  
with configuration complexity  

Generalized  
Eigenvalue 

Equation (GEE)

Measured on QC:

M. Hlatshwayo et al., in preparation



Lipkin Hamiltonian on quantum computer: hardware results

Conventions:

nq = number of states 

N = number of particles

v = v /ε effective interaction strength


I-scheme: individual spin basis, nq = 2N

J-scheme: total spin basis                 

 (coupled form), symmetry: nq = Ν/2 + 1


Observations:

Higher-rank excitation ~ higher accuracy

Stronger coupling ~ lower accuracy

More particles ~ lower accuracy 

Less qubits ~ higher accuracy

M. Hlatshwayo, et al., Phys. Rev. C 106, 024319 (2022)

M. Hlatshwayo, et al., in preparation: higher N, higher α, stronger couplings & response functions, error mitigation



Summary:


 The dynamical interaction kernels of the EOMs have the potential to bridge 
the gaps between the scales via emergent collectivity, solving burning nuclear 
structure issues. 

 The emergent collective effects renormalize interactions in correlated media, 

underly the spectral fragmentation mechanisms, affect superfluidity and weak 
decay rates. 

 The response theory with the dynamical kernels can provide information on  

nuclear shape oscillations.

 Configurations of growing complexity can be efficiently treated by quantum 

algorithms.




The “upbend”  puzzle: understanding the Oslo data

The final strength 

function at T>0:

The generic exponential factor:

The exponential factor brings an additional enhancement in E<T energy region and provides the finite 

zero-energy limit of the strength (regardless its spin-parity)


~

Dipole strength: absorption at T>0:

E.L., H. Wibowo, Phys. Rev. Lett. 121, 082501 (2018)

H. Wibowo, E.L., Phys. Rev. C 100, 024307 (2019)


Thermal unblocking:



Exact equations of motion (EOM) for binary interactions: one-body problem

Irreducible kernel (Self-energy, exact):

One-fermion propagator G110(t� t0) = �ihT (1) ̄(10)i

<latexit sha1_base64="Yv1mVH8BA1bCzg2g9FNi+CgpZCY="></latexit>

EOM: Dyson Eq.
(*)

Koltun-Migdal-Galitsky sum rule: the binding energy

“Ab-initio DFT”:is the full solution of (*):  

includes the dynamical term!

⇢110 = �i lim
t=t0�0

G110(t� t0)
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t-dependent (dynamical) term (symmetric version): 
Long-range correlations

irr

=

=

Instantaneous term (Hartree-Fock incl. “tadpole”)

Short-range correlations

= =

1 1’

⌃(r)
110 = ihT�0[V, 1](t)[V,  ̄10)](t

0)�0i

<latexit sha1_base64="sC5miahCdr9FrOkAmKePgvF6Rjg="></latexit>

⌃(0)
110 = �h�0

n
[V, 1],  ̄10)

o
�0i
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Comparison to the “ab-initio” chiral PT

≈

χEFT

Quantum 

Hadrodynamics 


(QHD)

+ + + =
m

+

Leading order:

Beyond the leading order:

χEFT: PT in the vacuumRelativistic Nuclear Field theory: 

non-PT, in-medium

E. Epelbaum et al., Front. Phys. 8, 98 (2020)
+ Dynamical

+ Dynamical
“Standard” many-body methods?

Problematic for medium-heavy 
nuclei.

Static



Leading NFT (q)PVC is insufficient: the “3p3h” configurations

Fragmentation mechanism

Fractals: Koch curve

2q (ph):

Gross structure

2q+phonon (2p2h):

Fine structure

2q+2phonon

(3p3h):

22

(131)

where ⌘ = 5hr2i/3 and the second term in the brackets
eliminates the spurious translational mode [93].

A su�ciently large quasiparticle basis in both Fermi
(particle) and Dirac (antiparticle) sectors should be used
in solving Eqs. (116, 126). Although the dynami-
cal kernels �(!), which induce fragmentation of two-
quasiparticle configurations, may be cut o↵ outside a
window confined by the energy of interest, the static
kernel Ṽ has to be included in the complete or nearly
complete two-quasiparticle space [29]. The latter ker-
nel is responsible for the correct location of the simple
(R(Q)RPA) modes of the strength distribution and asso-
ciated mainly with the medium-range correlations, while
the former kernels introduce the long-range e↵ects caus-
ing the redistribution of the strength. Here the complete-
ness means that the two-quasiparticle basis, in which
Eqs. (116, 126) are solved, should include all the single-
quasiparticle states which participate in the RMF self-
consistent procedure. In our case the basis spans the
single-quasiparticle states with the angular momenta up
to 41/2 in both Fermi and Dirac sectors, the same range
where the parameters of the Lagrangian have been fitted.
The respective energy range of the two-quasiparticle ex-
citations is confined by ⇠250 MeV in the Fermi sector
and by ⇠-1950 MeV in its Dirac counterpart. Keep-
ing the complete two-quasiparticle basis in Eqs. (116,
126) guarantees full self-consistency, in particular, the
proper decoupling of the dipole translational mode from
the intrinsic dipole excitations in R(Q)RPA [10, 92]. This
fact can be verified numerically, for instance, by cal-
culating the isoscalar dipole strength distribution pro-
duced by the response to the operator of Eq. (131),
where the radial form factor is corrected for the center
of mass motion. Without this correction one typically
sees a dominant peak located at zero energy, as we show
in the left panel of Fig. 15 in comparison to the right
panel, where the response to the corrected isoscalar op-
erator is displayed, for 48Ca. One can see that in the
latter case the zero-energy translational mode is sup-
pressed. Moreover, this property is kept in the extended
R(Q)TBA and EOM/R(Q)TBA3 models - indeed, the
subtraction procedure of Eqs. (120, 126) leads to the
purely R(Q)RPA kernel in the ! ! 0 limit. This feature
is known since early implementations of the time blocking
method with the subtraction [71]. However, in R(Q)TBA
and EOM/R(Q)TBA3 the translational mode may be
fragmented because, like the physical states, it can be
coupled to the phonons. Although, due to the subtrac-
tion procedure, the main peak of the translational mode
remains at zero energy, its fragments may spread around
it. As the excited states calculated with the uncorrected
and corrected isoscalar dipole operators look di↵erent in
both the R(Q)TBA and EOM/R(Q)TBA3, in the present
implementations these models do not guarantee complete
decoupling of the spurious mode from the physical states.
A solution to this problem was proposed in Ref. [94] in
the form of a projection operator applied to the dynami-
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FIG. 15. The low-energy isoscalar dipole strength distri-
butions in 48Ca calculated in R(Q)RPA, R(Q)TBA and
EOM/R(Q)TBA3 with� = 200 keV for the uncorrected (left)
and corrected (right) for the spurious translational mode op-
erators of Eq. (131).
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FIG. 16. Giant dipole resonance in 42,48Ca nuclei calculated
within R(Q)RPA, R(Q)TBA and EOM/R(Q)TBA3 with � =
500 keV, in comparison to experimental data of Ref. [83, 95].

cal kernel, that prevents the coupling of complex config-
urations to the translational mode and, thus, removes its
admixture to the physical states. Performing this trans-
formation is beyond the scope of the present article, but
will be considered in future work. The sensitivity of our
present implementation to the two-quasiparticle basis in-
completeness was inspected and revealed that an energy
cut-o↵ of this basis by ⇠100 MeV in the Fermi sector and
⇠-1800 MeV in its Dirac counterpart does not introduce
noticeable changes in the excitation spectra, that can be
used for more economical calculations.
The results of calculations for the electromagnetic

dipole response in 42,48Ca are displayed in Fig. 16. The
strength distribution obtained within EOM/RQTBA3

(red solid curves) is plotted against the results of RQRPA
(black dot-dashed curves) and RQTBA (blue dashed
curves) and compared to experimental data (green curves
and circles) of Ref. [83] in terms of the dipole photoab-
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FIG. 19. The low-energy dipole spectrum of 68Ni nucleus
calculated within RQRPA, RQTBA and EOM/RQTBA3 with
� = 200 keV. Top: the isoscalar dipole strength distribution,
bottom: the electromagnetic dipole strength distribution in
comparison to experimental data of Ref. [108].

strength below 15 MeV, which is often associated with
the pygmy dipole resonance and the neutron skin oscilla-
tion, lies above the neutron emission threshold that is
located experimentally at ⇠7.8 MeV [83]. Thus, this
strength forms mostly a continuous spectrum. It can
be seen that RQRPA provides a too poor description of
the observed strength: it gives a distinct peak at about
9.5 MeV while the experimental strength of Ref. [108]
shows a nearly flat distribution with a slow growth to-
ward higher energies up to 13 MeV, where it relatively
sharply increases by a factor of two. RQTBA approach
produces a significant improvement of the description
of the strength: the main RQRPA peak is fragmented
and the overall strength distribution comes out much
flatter following better the experimental trend. The
EOM/RQTBA3, in turn, smoothes the strength distri-
bution further improving the agreement with data. The
only remaining drawback is that the total strength be-
tween 6 and 10 MeV is somewhat overestimated. Fur-
ther refinement of the model should clarify whether more
spreading toward lower energies can be induced by more
complex configurations and the exact treatment of the
continuum [71, 110] or the static e↵ective interaction of
the NL3 type, the minimal RMF parametrization with
only 6 parameters, employed for these calculations is re-
sponsible for the remaining discrepancy.

In the top panel of Fig. 19 we show the ISE1 coun-
terpart of the low-energy dipole strength in 68Ni. Re-
markably, the coarse-grain pattern of the isoscalar dipole
strength is very similar to that of the electromagnetic
one. A similar sharp peak appears in RQRPA at about
9.5 MeV and similar fragmentation e↵ects are induced
by the 2q⌦phonon and 2q⌦2phonon configurations. In
the final EOM/RQTBA3 calculation a relatively distinct
peak at approximately 7.5 MeV remains on the back-
ground of the flat isoscalar strength distribution, that is

not the case for the EME1 strength. While there is no ex-
perimental data for the ISE1 strength in 68Ni, some theo-
retical studies are available. In particular, Ref. [109] pro-
vides RPA and QRPA calculations of the isoscalar dipole
strength for a chain of nickel isotopes including 68Ni. In
the low-energy region both QRPA based on the Gogny
D1S forces and continuum RPA with the SLy4 Skyrme
interaction give a dominant peak around 10.5 MeV, that
agrees reasonably well with our RQRPA calculation. For
the EME1 strength the authors of Ref. [109] obtain a
two-peak structure at the energies corresponding to the
major and a minor peaks of their ISE1 strength distribu-
tion. However, fragmentation e↵ects, if they were added
beyond R(Q)RPA, would, probably, change those pat-
terns, as it typically occurs in various implementations of
the PVC mechanism. The insights about the exact con-
tinuum e↵ects provided in this work are very important
and point out to the necessity of an accurate continuum
treatment.
Other types of interactions may be also considered in a

future work. Density-dependent parametrizations of the
meson-exchange interaction [111, 112] or point-coupling
[113, 114] should provide a better performance in the de-
scription of the modes related to the symmetry energy as
they imply more careful fits of the isovector sector [115].
Ideally, the realization of the presented approach should
be based on a microscopic interaction, in order to in-
crease the predictive power. Numerical implementations
based on microscopic interactions should provide a rea-
sonable approximation to the two-body density matrix at
the starting point. There can be various strategies, such
as the Similarity Renormalization Group [56], Brückner
G-matrix [116, 117] or the Unitary Correlation Opera-
tor Method [63, 64] with subsequent solution of the RPA
equations and extracting the two-body densities. The
capabilities of various potentials describing the nucleon-
nucleon scattering data to successfully perform within
the presented approach will be also addressed by future
e↵ort.

VIII. SUMMARY AND OUTLOOK

In this article we revisit, compare and advance non-
perturbative approaches to the quantum many-body
problem. The equation of motion method is reviewed for
the one-fermion and two-time two-fermion Green func-
tions in a strongly-correlated medium. The dynami-
cal kernels of the final EOM’s containing three- and
four-body propagators are approximated by the non-
perturbative cluster expansions truncated on the two-
body level. The resulting EOM’s form a closed set of
equations for one- and two-fermion propagators, where
the latter include the particle-hole, particle-particle, and
hole-hole components.
This approach is confronted with another class of

closely related methods developed originally as exten-
sions of the Landau-Migdal Fermi-liquid theory by the

Data: O. Wieland et al., Phys. Rev. C 98, 064313 (2018)

Giant dipole resonance in 42,48Ca

“Pygmy” dipole resonance in 68Ni

γ



Evolution of the pygmy dipole resonance (PDR) at T>0

Low-energy strength distribution in 68Ni Transition density for the low-energy peak in 68Ni, 100Sn

The low-energy peak (PDR) gains the strength from the GDR with the 
temperature growth: EWSR ~ const


The total width Γ ~ Τ2 (as in the Landau theory); shape fluctuations are 
missing for T~2-3 MeV


The PDR develops a new type of collectivity originated from the thermal 
unblocking


The same happens with other low-lying modes (2+, 3-, …) => strong PVC 
=> “destruction” of the GDR at high temperatures 


 E.L., H. Wibowo, Phys. Rev. Lett. 121, 082501 (2018).

H. Wibowo, E.L., Phys. Rev. C 100, 024307 (2019).


GDR’s width Energy-weighted sum rule



Gamow-Teller and Spin Dipole Resonances at T>0: 78Ni and 132Sn
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Beta decay half-lives in a hot stellar environment

lg(ρYe) = 7
gA = 1.27

Thermal unblocking mechanism:

Spin-Isospin response and beta decay in hot stellar environments

E. Litvinova, H. Wibowo, Phys. Rev. Lett. 121, 082501 (2018)

H. Wibowo, E. Litvinova, Phys. Rev. C 100, 024307 (2019)
E. Litvinova, C. Robin, H. Wibowo, Phys. Lett. B 800, 135134 (2020)

Gamow-Teller GT_ response of 78Ni and 132Sn Spin Dipole response of 78Ni and 132Sn



GT+ response and electron capture (EC) rates at T>0:  

the neighborhood of  78Ni

E.L., C. Robin, H. Wibowo, PLB 800, 

135134 (2020)

E.L., P. Schuck, PRC 104, 044330 (2021)

E.L., C. Robin, PRC 103, 024326 (2021)


Cf.  (R)QRPA:  E. Yüksel, N. Paar, 

Y. Niu, R. Zegers et al. 

2q:

2q+phonon

Parametrization (LMP)

GT+ response
Electron capture rates around 78Ni

Amplifies the EC rates and, consequently,

Reduces the electron-to-baryon ratio leading to lower 
pressure

Promotes the gravitational collapse 
Increases the neutrino flux and effective cooling

Allows heavy nuclei to survive the collapse 

Interplay of superfluidity and collective effects

in core-collapse supernovae:
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Towards complete formalism at T>0: the pairing channel

Grand Canonical average:

Averages redefined:

BCS-like gap Eq., but with non-trivial T-dependence in K(r):

Matsubara imaginary-time formalism: temperature-dependent dynamical kernel

Direct: Exchange:

E.L., P.Schuck, Phys. Rev. C 104, 044330 (2021)
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Pairing gap at Τ = 0, T>0 and critical temperature


E.L., P.Schuck, Phys. Rev. C 104, 044330 (2021)



Effective vs bare forces: NL3* and Bonn potential

PT:

σ- meson 

self-coupling:

~σ 3:

~σ 4:
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The giant resonance width puzzle:

Relativistic Quasiparticle Time Blocking Approximation (RQTBA)

Neutron-rich SnGiant dipole resonance (GDR) in stable nuclei 

**E. L., P. Ring, and V. Tselyaev,  

   Phys. Rev.  C 78, 014312 (2008)
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* P. Adrich et al., 

   PRL 95, 132501 (2005)


I.A. Egorova, E. Litvinova, Phys. Rev. C 94, 034322 (2016)

Pygmy dipole strength systematics (important for EOS)

[(N-Z)/A]2

Neutron matter oscillation

0 5 10 15 20

-0.04

0.00

0.04

E = 10.94 MeV
   (RQRPA)

 neutrons
 protons

r 2  ρ
 [M

eV
 -1

]

r [fm]

0 5 10 15 20

-0.1

0.0

0.1

E = 7.18 MeV
  (RQRPA)r 2  ρ

 [M
eV

 -1
]

 neutrons
 protons

4 6 8 10
0

10

20

30

40

50

E1 140Sn 

S
 [e

 2  fm
 2  / 

M
eV

]

E [MeV]

 RQRPA
 RQTBA

5 10 15 20 25 30
0

200

400

600

800

1000

1200

1400

1600

1800
 WS-RPA (LM)
 WS-RPA-PC

E1 208Pb

σ 
[m

b]

E [MeV]
5 10 15 20 25 30

0

200

400

600

800

1800

2000

2200

2400

2600

E1208Pb

 RH-RRPA (NL3)
 RH-RRPA-PC

 

E [MeV]5 10 15 20 25
0

500

1000

1500

2000

2500

3000

3500

Γ = 2.4 MeV

Γ = 1.7 MeV

 RH-RRPA 
 RH-RRPA-PC

E0 208Pb

R
 [e

2 fm
4 /M

eV
] I

SG
M

R

E [MeV]
5 10 15 20 25

0

200

400

600

800

1000

Γ = 3.1 MeV

Γ = 2.6 MeV

E0 132Sn

 

 RH-RRPA 
 RH-RRPA-PC

E [MeV]

0 5 10 15 20
-0.08

-0.04

0.00

0.04

0.08

140Sn

 r2 ρ
 [f

m
-1
]

E = 4.65 MeV
   (RQTBA)

0 5 10 15 20

E = 5.18 MeV
   (RQTBA)

 neutrons
 protons

0 5 10 15 20

-0.04

-0.02

0.00

0.02

0.04

E = 6.39 MeV
  (RQTBA)

 r2 ρ
 [f

m
-1
]

0 5 10 15 20

E = 7.27 MeV
   (RQTBA)

0 5 10 15 20

-0.02

0.00

0.02

E = 8.46 MeV
  (RQTBA)

 r2 ρ
 [f

m
-1
]

r [fm]
0 5 10 15 20

E = 9.94 MeV
  (RQTBA)

r [fm]

5 10 15 20 25 30
0

200

400

600

800

1000

1200

1400

1600

1800
 WS-RPA (LM)
 WS-RPA-PC

E1 208Pb

σ [
mb

]

E [MeV]
5 10 15 20 25 30

0

200

400

600

800

1800

2000

2200

2400

2600

E1208Pb

 RH-RRPA (NL3)
 RH-RRPA-PC

 

E [MeV]5 10 15 20 25
0

500

1000

1500

2000

2500

3000

3500

Γ = 2.4 MeV

Γ = 1.7 MeV

 RH-RRPA 
 RH-RRPA-PC

E0 208Pb

R [
e2 fm4 /Me

V] 
ISG

MR

E [MeV]
5 10 15 20 25

0

200

400

600

800

1000

Γ = 3.1 MeV

Γ = 2.6 MeV

E0 132Sn

 

 RH-RRPA 
 RH-RRPA-PC

E [MeV]

0 5 10 15 20

-0.04

0.00

0.04

E = 10.94 MeV
   (RQRPA)

 neutrons
 protons

r 2  ρ 
[M

eV
 -1 ]

r [fm]

0 5 10 15 20

-0.1

0.0

0.1

E = 7.18 MeV
  (RQRPA)r 2  ρ 

[M
eV

 -1 ]

 neutrons
 protons

4 6 8 10
0

10

20

30

40

50

E1 140Sn 

S [
e 2  fm

 2  / M
eV

]

E [MeV]

 RQRPA
 RQTBA

0 5 10 15 20
-0.08

-0.04

0.00

0.04

0.08

140Sn

 r2 ρ 
[fm

-1 ]

E = 4.65 MeV
   (RQTBA)

0 5 10 15 20

E = 5.18 MeV
   (RQTBA)

 neutrons
 protons

0 5 10 15 20

-0.04

-0.02

0.00

0.02

0.04

E = 6.39 MeV
  (RQTBA)

 r2 ρ 
[fm

-1 ]

0 5 10 15 20

E = 7.27 MeV
   (RQTBA)

0 5 10 15 20

-0.02

0.00

0.02

E = 8.46 MeV
  (RQTBA)

 r2 ρ 
[fm

-1 ]

r [fm]
0 5 10 15 20

E = 9.94 MeV
  (RQTBA)

r [fm]

Systematic GMR calculations (various multipoles)

~50+ works on various GMRs



Dipole Strength at T>0:  48Ca and 132Sn

New transitions due to the thermal unblocking effects


More collective and non-collective modes contribute to the 
PVC self-energy (~400 modes at T=5-6 MeV, cf. )


Broadening of the resulting GDR spectrum


Development of the low-energy part => a feedback to GDR

The spurious translation mode is properly decoupled as the 
mean field is modified consistently


The role of the new terms in the Φ amplitude increases with 
temperature


The role of dynamical correlations and fragmentation remain 
significant in the high-energy part

Thermal unblocking:

0th approximation: 
Uncorrelated propagator

E.L., H. Wibowo, Phys. Rev. Lett. 121, 082501 (2018)

H. Wibowo, E.L., Phys. Rev. C 100, 024307 (2019)


Static + dynamic (FT-RTBA)Static  only (FT-RRPA)

48Ca

132Sn

Particle evaporation ?


