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Scales and emergence in nature

Introduction
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Flock of birds

Starling

Sparrow

Microscopic Macroscopic

◼ A flock of birds shows (possibly universal) collective behavior

Scales and emergence in quantum many-body physics

Emergence
Quantum field theory Hydrodynamics

◼ Any microscopic theory is expected to have its hydrodynamic description at
macroscopic level

Breakdown

Emergence

Breakdown

◼ Universality in emergence? Breakdown of macroscopic theory?



Hydrodynamic theory

Hydrodynamics
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𝑘𝑙𝑚𝑓𝑝 < 1, 𝜔𝑡𝑚𝑓𝑝 < 1

𝑇𝜇𝜈 = 𝑇 0
𝜇𝜈
+ 𝑇 1

𝜇𝜈
𝛻 + 𝑇 2

𝜇𝜈
𝛻2 +⋯

𝜔 𝑘 → 0 = 0

𝛻 ~ 𝑘 small

Ideal hydro Viscous hydro

Hydrodynamic modes

Hydrodynamics in relativistic heavy-ion collisions (HICs)

◼ Modern construction as an order expansion of gradients close to equilibrium

◼ Macroscopic theory at long wave-length, low frequency limit

small gradients

vanishing frequency

◼ Successful description of near-equilibrium quark-gluon plasma (QGP)

◼ Energy deposition to the hydrodynamic medium from hard probes as well

◼ Medium background for hard probes ( jets, heavy quarks, quarkonium, etc..)



Non-equilibrium dynamics beyond hydrodynamics in HICs

Non-hydrodynamics
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Ideal hydroViscous hydroKinetic theory

equilibriumnon-equilibrium near-equilibrium

Kinetic theory

𝜔 𝑘 → 0 ≠ 0

𝛻 ~ 𝑘 not small

Non-hydrodynamic modes: anything not hydrodynamic …

How to study non-hydrodynamic modes

◼ Equilibration of jets in near-equilibrium QGP

◼ Pre-equilibrium stage of HICs

large gradients

non-vanishing frequency

◼ Any correlator in quantum field theory out of hydrodynamic region

◼ Specifically, effective kinetic theory with linear response



Linearized effective kinetic theory

Effective kinetic theory
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𝑝𝜇𝜕𝜇𝑓𝑎 𝑡, 𝑥, 𝑝 = −𝐶𝑎
𝐿𝑂 2↔ 2,1↔ 2

𝑓 𝑡, 𝑥, 𝑝

𝛿𝑓𝑎 𝑡, 𝒌, 𝑝 = න
𝑑3𝑥

(2𝜋)3
𝑒−𝑖𝑥∙𝑘𝛿𝑓𝑎 𝑡, 𝒙, 𝑝

𝑓𝑎 𝑡, 𝑥, 𝑝 = 𝑓𝑎 𝑡, 𝑇, 𝑝 + 𝛿𝑓𝑎 𝑡, 𝑥, 𝑝

Background Perturbation

𝑝0𝜕𝑡 + 𝑖𝑝 ∙ 𝑘 𝛿𝑓𝑎 𝑡, 𝑘, 𝑝 = −𝛿𝐶𝑎
𝐿𝑂 2↔ 2,1↔ 2

𝑓 𝑡, 𝑘, 𝑝

◼ Decompose distribution into spatially homogeneous background f(t,p)

◼ Results in a Linearized Effective Kinetic Theory with a wavenumber k

◼ Consider an Effective Kinetic Theory (set of coupled Boltzmann equations)

◼ Fourier transform: gradients → wavenumber k

and inhomogeneous perturbation δf(t,x,p)



Response function

Energy-momentum tensor

Linear response of kinetic theory
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𝐺𝛼𝛽
𝜇𝜈

𝑡, 𝑘 =
𝛿𝑇𝜇𝜈 𝑡, 𝑘

𝛿𝑇𝛼𝛽 0, 𝑘

𝛿𝑇𝜇𝜈 𝑡, 𝑘 = න
𝑑3𝑝

(2𝜋)3
𝑝𝜇𝑝𝜈

𝑝
෍

𝑎

𝑣𝑎𝛿𝑓𝑎 𝑡, 𝑘, 𝑝

𝑇𝜇𝜈 𝑡 = න
𝑑3𝑝

(2𝜋)3
𝑝𝜇𝑝𝜈

𝑝
෍

𝑎

𝑣𝑎𝑓𝑎 𝑡, 𝑝

𝐺00
00 𝑡, 𝑘 =

𝛿𝑇00 𝑡, 𝑘

𝛿𝑇00 0, 𝑘

𝑓𝑎 𝑡0, 𝑝 = 𝑓𝑎
𝑒𝑞

𝑇, 𝑝 𝛿𝑓𝑎 𝑡0, 𝑘, 𝑝 = −
𝛿𝑇

𝑇
𝜕𝑝𝑓𝑎

𝑒𝑞
𝑇, 𝑝Background Perturbation

◼ Background

◼ Perturbation

◼ Response function in terms of time t and wavenumber k

◼ Consider initial condition with scalar type perturbation

◼ Sound channel                                           (not the only one, but they are related)



Universal scales

Universal scales
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𝜏𝑅 ∝ 𝜂/𝑠

ҧ𝑡 = 𝑡
𝑠𝑇

𝜂
ത𝑘 = 𝑘

𝜂

𝑠𝑇

𝐺hydro
1st 𝑡, 𝑘 = cos 𝑐𝑠𝑘𝑡 𝑒−Γ𝑘

2𝑡 Γ =
2

3

𝜂

𝑠𝑇

𝐺hydro
1st 𝑡, 𝑘 = cos 𝑐𝑠 ത𝑘 ҧ𝑡 𝑒−

2
3
ത𝑘2 ҧ𝑡

with

So that

𝐺 𝑡, 𝑘 → 𝐺 ҧ𝑡, ത𝑘

◼ Response functions are in terms of t and k

◼ Different interaction strengths give different relaxation times

◼ 1st order hydrodynamics response function

Response function in universal scales

can be formulated in universal scales

Dispersion Damping

ҧ𝑡𝐻 ≈ 4𝜋Hydrodynamization time

◼ Rescaled & dimensionless time and wave-number



Universality among kinetic theories
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◼ Relaxation time approximation (RTA)

◼ Yang-Mills kinetic theory (YM)

𝐶𝑎
𝑅𝑇𝐴 𝑓 𝑡, 𝑥, 𝑝 =

𝑝𝜇𝑢𝜇

𝜏𝑅
𝑓 𝑡, 𝑥, 𝑝 − 𝑓𝑒𝑞 𝑡, 𝑥, 𝑝

Collision integrals in kinetic theories

𝐶𝑎
𝑆𝐶𝐿 𝑓 𝑡, 𝑥, 𝑝 =

𝐶𝑎
𝑌𝑀 𝑓 𝑡, 𝑥, 𝑝 =

𝐶𝑎
𝑄𝐶𝐷

𝑓 𝑡, 𝑥, 𝑝 =

◼ φ-4 scalar theory (SCL)

◼ Quantum chromodynamic kinetic theory (QCD)



Response functions from kinetic theories

Universality among kinetic theories
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◼ Expected to reproduce hydrodynamics at small k (long wave-length limit)

◼ Universality among different kinetic theories even at large k and early time

◼ Relaxation time approximation (RTA)

◼ Yang-Mills kinetic theory (YM)

◼ φ-4 scalar theory (SCL)

◼ Quantum chromodynamic kinetic theory (QCD)



Fitting response functions in kinetic theory

Sound and non-hydrodynamic modes

9Xiaojian Du | Initial Stages 2023, Copenhagen

𝐺𝑠,𝑛 𝑡, 𝑘 ~ 𝑍𝑘exp[−𝑖(𝜔𝑘𝑡 + 𝜙𝑘)] 𝜔𝑘 = 𝑅𝑒[𝜔𝑘] + 𝑖𝐼𝑚[𝜔𝑘]

non-hydro mode sound mode

𝐺𝑛 ҧ𝑡 < ҧ𝑡𝐻 , 𝑘 𝐺𝑠 ҧ𝑡 > ҧ𝑡𝐻 , 𝑘

Hydrodynamization time 

ҧ𝑡𝐻 = 4𝜋

Remarks

◼ With real (dispersion/oscillation) and imaginary (damping) frequencies

We represent them with a single non-
hydrodynamic mode

◼ Expected many/infinite number 
of non-hydrodynamic modes

Sound modes appear in pair

◼ Negative frequency gives the same 
mode as positive frequency



Fitting QCD response functions

Sound and non-hydrodynamic modes
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◼ Sound mode dominates

ത𝑘=0.1



Fitting QCD response functions

Sound and non-hydrodynamic modes
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◼ Non-hydrodynamic mode appears

ത𝑘=0.5



Fitting QCD response functions

Sound and non-hydrodynamic modes
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◼ More non-hydrodynamic modes appear at early time

ത𝑘=1.0



Fitting QCD response functions

Sound and non-hydrodynamic modes
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◼ Non-hydrodynamic mode takes over the domination by sound mode

ത𝑘=2.0



Dispersion relations among kinetic theories

Dispersion relation
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𝐺𝑠,𝑛 𝑡, 𝑘 ~ 𝑍𝑘exp[−𝑖(𝜔𝑘𝑡 + 𝜙𝑘)] 𝜔𝑘 = 𝑅𝑒[𝜔𝑘] + 𝑖𝐼𝑚[𝜔𝑘]

𝜔ℎ𝑦𝑑𝑟𝑜
2𝑛𝑑 𝑘 = 𝑐𝑠𝑘 − 𝑖Γ𝑘2 +

Γ

𝑐𝑠
(𝑐𝑠

2𝜏𝜋 −
Γ

2
)𝑘3 Γ =

2

3

𝜂

𝑠𝑇
with

◼ Universality of sound modes among kinetic theories at various k

◼ Kinetic theories converge to 2nd-order hydrodynamics at small k

◼ With real frequencies



Damping relation
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Damping relations among kinetic theories

𝐺𝑠,𝑛 𝑡, 𝑘 ~ 𝑍𝑘exp[−𝑖(𝜔𝑘𝑡 + 𝜙𝑘)] 𝜔𝑘 = 𝑅𝑒[𝜔𝑘] + 𝑖𝐼𝑚[𝜔𝑘]

𝜔ℎ𝑦𝑑𝑟𝑜
2𝑛𝑑 𝑘 = 𝑐𝑠𝑘 − 𝑖Γ𝑘2 +

Γ

𝑐𝑠
(𝑐𝑠

2𝜏𝜋 −
Γ

2
)𝑘3 Γ =

2

3

𝜂

𝑠𝑇
with

◼ Universality of sound modes among kinetic theories at various k

◼ Kinetic theories converge to 2nd-order hydrodynamics at small k

◼ With imaginary frequencies



Residue for sound & non-hydro modes among kinetic theories

Residue
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𝐺𝑠,𝑛 𝑡, 𝑘 ~ 𝑍𝑘exp[−𝑖(𝜔𝑘𝑡 + 𝜙𝑘)]

◼ Universality of residue at some degree

◼ Sound mode dominates at small k (non-hydro mode dominates at large k)

◼ Non-equilibrium plasma described by sound mode + non-hydrodynamic mode



Response in position among kinetic theories

Response in position space
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◼ Universality of position response



Response in position space
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Response in position among kinetic theories

◼ Universality of position response



Response in position space
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Response in position among kinetic theories

◼ Kinetic theories get closer to hydrodynamics at later time
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What are expected and verified

◼ Kinetic theories converge to hydrodynamics at small k

What are strikingly new

◼ Universality of energy-momentum response functions among kinetic theories

(Even at early time and large k which are in the non-equilibrium region)

What are future perspectives

◼ Possible to push hydrodynamic description to non-equilibrium region?

◼ Linear response of kinetic theories can be described by sound+non-hydro modes

Summary

Thanks!

For related topics, see also S. Ochsenfeld Wed. 17:10 & Y. Yin Wed. 17:50


