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Nambu-Goto strings in flat spacetime

Cosmic string dynamics

( ,σ) = [ ( − σ) + ( + σ)], ′ = ′ = .

( ,σ + ℓ) = ( ,σ) =
ℓ

′

˙ =

= rate at which a cosmic  
string loop of loses energy
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1) GW emission is the dominant decay mode:   ⇤̇ = ��Gµ
Constraints from LIGO-Virgo O3 run: SGWB and search for individual GW bursts
[Constraints on Cosmic Strings Using Data from the Third Advanced LIGO–Virgo Observing Run,  
by LIGO, Virgo+Kagra collaborations,  Phys.Rev.Lett. 126 (2021) 24, 241102, arXiV: 2101.12248 ]

2) other decay channels, into both GWs and particles 

Nambu-Goto strings in flat spacetime

Cosmic string dynamics

( ,σ) = [ ( − σ) + ( + σ)], ′ = ′ = .

( ,σ + ℓ) = ( ,σ) =
ℓ

′

˙ =

cusps, kinks

Observable effects on both SGWB and diffuse gamma-ray background
[Particle emission and gravitational radiation from cosmic strings: observational constraints ,  
P.Auclair, D.A.S, T.Vachaspati, Phys.Rev.D 101 (2020) 8, 083511, arXiv 1911.12066 ]

3) subsequent phase transition leads to current carrying strings 
Stabilised loops or “vortons”: dark matter?

Irreducible cosmic production of relic vortons

Vortons

ℓ ( )

J (ℓ, ) = Θ[ℓ− ℓ ( )]

⃗

⃗

vorton

[Irreducible cosmic production of relic vortons,  
P.Auclair, P.Peter, C.Ringeval, DAS, JCAP 03 (2021) 098, arXiv: 2010.04620 ]

https://arxiv.org/abs/2101.12248
https://arxiv.org/abs/1911.12066
https://arxiv.org/abs/2010.04620


• Feeds directly into the loop distribution n(⇥, t)
[               =number of loops/unit volume with length between                   at time t]
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n(`, t)d`
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` & `+ d`

– Loop distribution satisfies a (modified) Boltzmann equation.  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II. THE LOOP DISTRIBUTION

All observational consequences of string loops depend on n(t, `)d`, the number density of non self-intersecting loops
with length between ` and ` + d` at time t. In this section we calculate n(t, `) given (7), that is we take into account
the backreaction of the emitted particles on the loop distribution. As noted in the introduction, the existence of the
fixed scale `k or `c means that the loop distribution will no longer scale, that it will no longer be a function of the
dimensionless variable � ⌘ `/t.

A. Boltzmann equation and general solution

The loop distribution satisfies a Boltzmann equation which, taking into account the `-dependence of ˙̀ (that is the
flux of loops in `-space), is given by [30]
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d`

dt
a3n(t, `)

◆
= a3P (8)

where a(t) is the cosmic scale-factor, and the loop production function (LPF) P(t, `) is the rate at which loops of
length ` are formed at time t by being chopped of the infinite string network. On substituting (7) into Eq. (8) and
multiplying each side of the equation by J (`), one obtains
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g(t, `) = a3J (`)P(t, `), (9)

where

g(t, `) ⌘ �dJ (`)a3(t)n(t, `). (10)

In order to solve (9), we first change variables from (t, `) to

⌧ ⌘ �dt , ⇠ ⌘
Z

d`

J (`)
. (11)

Notice from (7) and (11) that for a loop formed at time t
i

with length `
i

, its length at time t satisfies

⇠(`) + �dt = ⇠(`
i

) + �dt
i

. (12)

In terms of these variables Eq. (9) reduces to a wave equation with a source term
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g(⌧, ⇠) = S(⌧, ⇠), (13)

where

S(⌧, ⇠) = a3(⌧)J (⇠)P(⌧, ⇠).

We now introduce the lightcone variables

2u ⌘ ⌧ � ⇠ , 2v ⌘ ⌧ + ⇠, (14)

so that the evolution equation simply becomes

@

@u

����
v

g(u, v) = S(u, v), (15)

which is straightforward to integrate. In the following we neglect any initial loop distribution at initial time tini (since
this is rapidly diluted by the expansion of the universe), so that the general solution of (15), and hence the original
Boltzmann equation Eq. (8), is

g(u, v) =

Z
u

�v

du0S(u0, v). (16)

Finally one can convert back to the original variables n(`, t) using (10) to find

n(t, `) =
1

�dJ (`)a3(t)

Z
u(t,`)

�v(t,`)
du0 a3

�
u0, v(t, `)

�
J (u0, v(t, `))P(u0, v(t, `)) (17)

where v(t, `) is obtained from Eqs. (11) and (14). Notice that J appears in two places: as an overall factor in the
denominator, as well as in the integrand.

rate at which  
loops loose 
energy 

`
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(t, `)

Taking into account flux of loops in   -space
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`

scale factor    loop production function (LPF)

= Rate at which loops of length l  
(assumed non-self-intersecting),  
are chopped off the infinite string network  
at time t, per unit volume]

– given      , with clever changes of variables this can be integrated, given some LPF.  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– Final step is to specify the LPF (different models) 



 Broad-brush picture:

Ringeval,  Adv.Astron. 2010 (2010),380507 

• loops are formed at all times, removing energy from the infinite  
  string network.  
• loops decay into GWs and possibly other radiation 
• Infinite strings reach an attractor “scaling solution”
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(contrary to naive expectation                 ) 
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⇢1 / a�2

=> infinite string network has same equation of state as the main background 
 cosmological fluid
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⇠ ap

t2
⇠ const
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⇢bkg ⇠ a�p, a = t2/p

Numerical simulations [Blanco-Pillado, Olum &Wachter; Ringeval&Bouchet&Sakellariadou; Allen+Shellard, Hindmarsh et al….]  
NG or field theory equations of motion in an expanding universe given a representative initial condition + 
intercommutation.  Radiation and matter era simulations. Limited in time and length scale. Smallest scale  
physical processes not included: grav radiation and backreaction, possible particle emission

Analytical modelling [Kibble, Martins&Shellard, Polchinski et al, Austin&Kibble&Copeland, ....]  
difficult because of non-linearities of problem, but not time limited and can probe different cosmological
Backgrounds.  Include grav radiation and attempts at gravitational back reaction 

 • Assume scaling of infinite string network: 
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P(`, t) = Ct�5f(`/t)
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t
=> determine the loop distribution, and different observables



• Stochastic GW background (superposition of GWs arriving at random times  
and from random directions, overlapping so much that individual waves not detectable)  

• Occasional sharp individual bursts (resolved GW signals) 

– kinks

[Vachaspati+Vilenkin,  
Damour+Vilenkin; Siemens et al]

Cosmic string loops oscillate periodically in time, emit-
ting gravitational waves with power [11] Pgw ¼ ΓdGμ2 and
decay in a lifetime l=γd, where Γd is a numerical factor
(Γd ∼ 50 [21]), l is the invariant loop length, and γd ¼
ΓdGμ is the gravitational-wave length scale measured in
units of time [22]. The high-frequency (fl ≫ 1, where f
denotes frequency) gravitational-wave spectrum of an
oscillating loop is dominated by bursts emitted by string
features called cusps and kinks [25–27]. Cusps [28] are
points on the string that briefly travel at the speed of light;
they are generic features for smooth loops. Kinks are
discontinuities in the tangent vector of the string that
propagate at the speed of light. They appear in pairs as
the result of collisions between two cosmic strings and are
chopped off when a loop forms; hence, a loop can contain
any integer number of kinks. Numerical simulations of
Nambu-Goto strings have shown that kinks accumulate
over the cosmological evolution [16–18], while the number
of cusps per loop is yet undetermined.
Cusps are short-lived and produce beamed gravitational

waves in the forward direction of the cusp, while left-
moving (right-moving) kinks propagate around the string,
creating gravitational waves with a fanlike emission (like a
lighthouse) in the directions generated by right-moving
(left-moving) waves. Additionally, the collision of two
kinks is expected to radiate gravitational waves isotropi-
cally. We report here searches for gravitational waves
produced by cusps, kinks, and kink-kink collisions using
O3 LIGO–Virgo data. In addition to distinct individual
bursts, the incoherent superposition of weaker gravita-
tional-wave bursts from cosmic strings produced over
the history of the Universe would create a stochastic
gravitational-wave background [27,30].
Cosmic strings emit gravitational waves with a wide

range of frequencies that can be searched by other means,
including the cosmic microwave background [31], Big
Bang nucleosynthesis [32], and pulsar timing arrays
[33–35]; see also, e.g., [36–38].
The gravitational-wave emission from cosmic string

loops is introduced in the next section. We consider two
simulation-based models [39,40] (labeled A and B) for
the loop distribution. We further develop a third model
(labeled C) that interpolates between the other two models.
We also derive the burst rates and the dimensionless energy
density in that section. Individual gravitational-wave bursts
are searched in O3 data with a dedicated analysis presented
in the “Burst search” section. The incoherent superposition
of bursts from cusps, kinks, and kink-kink collisions
produces a stationary and nearly Gaussian stochastic back-
ground of gravitational waves. We search O3 data for this
background, and the results, detailed in [41], are summa-
rized in the “Stochastic search” section. Both the burst and
stochastic background searches yield no detections.
Combining their sensitivities, we constrain two cosmic
string parameters in the “Constraints” section: the string

tension Gμ and the number of kinks per loop. We provide a
table listing the meanings of symbols used in this study in
the Supplemental Material [42].
Gravitational waves from cosmic string loops.—

Gravitational waves are produced by cusps, kinks, and
kink-kink collisions on cosmic string loops. The strain
waveforms are linearly polarized and have been calculated
in [25–27]. For a loop of lengthl at redshift z, they are power-
law functions in the frequency domain for the star in [44]

hiðl; z; fÞ ¼ Aiðl; zÞf−qi ; ð1Þ

where i ¼ fc; k; kkg identifies the cusp, kink, and kink-kink
collision cases. The power-law indices are qc ¼ 4=3,
qk ¼ 5=3, and qkk ¼ 2, and the amplitude Ai is [26]

Aiðl; zÞ ¼ g1;i
Gμl2−qi

ð1þ zÞqi−1rðzÞ
; ð2Þ

where rðzÞ is the comoving distance to the loop. We adopt
the cosmological model used in [44]; it is encoded in
three functions: φrðzÞ, φVðzÞ, and φtðzÞ (see Appendix A
of [44]). The proper distance, the proper volume ele-
ment, and the proper time are rðzÞ ¼ φrðzÞ=H0, dVðzÞ ¼
φVðzÞ=H3

0dz, and tðzÞ ¼ φtðzÞ=H0, respectively, where
H0 ¼ 67.9 km s−1Mpc−1 [45]. The prefactor g1;i is [46]
g1;c¼8=Γ2ð1=3Þ×ð2=3Þ2=3≈0.85, g1;k¼2

ffiffiffi
2

p
=π=Γð1=3Þ×

ð2=3Þ2=3≈0.29, and g1;kk ¼ 1=π2 ≈ 0.10, where Γ is the
Gamma function [47].
Cusps and kinks emit gravitational waves in highly

concentrated beams. Cusps are transient and produce a
beam along a single direction, while kinks propagate
around the loop, beaming over a fanlike range of directions.
The beam opening angle is

θm ¼ ½g2fð1þ zÞl&−1=3; ð3Þ

where g2 ¼
ffiffiffi
3

p
=4 [46]. To guarantee self-consistency

(validity of the waveform), we require that θm < 1 rad,
which is equivalent to setting a lower limit on the frequency
for a fixed loop length. For kink-kink collisions, the
gravitational-wave emission is isotropic [48].
The burst rate of type i per unit loop size and per unit

volume can be decomposed into four factors:

dRi

dldV
¼ 2

l
Ni × nðl; tÞ × Δi × ð1þ zÞ−1: ð4Þ

The first factor accounts for an average of Ni gravitational-
wave burst events of type i produced per loop oscillation
time periodicity l=2. The second factor stands for the
number of loops per unit loop size and per unit volume at
cosmic time t:
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Cosmic string loops oscillate periodically in time, emit-
ting gravitational waves with power [11] Pgw ¼ ΓdGμ2 and
decay in a lifetime l=γd, where Γd is a numerical factor
(Γd ∼ 50 [21]), l is the invariant loop length, and γd ¼
ΓdGμ is the gravitational-wave length scale measured in
units of time [22]. The high-frequency (fl ≫ 1, where f
denotes frequency) gravitational-wave spectrum of an
oscillating loop is dominated by bursts emitted by string
features called cusps and kinks [25–27]. Cusps [28] are
points on the string that briefly travel at the speed of light;
they are generic features for smooth loops. Kinks are
discontinuities in the tangent vector of the string that
propagate at the speed of light. They appear in pairs as
the result of collisions between two cosmic strings and are
chopped off when a loop forms; hence, a loop can contain
any integer number of kinks. Numerical simulations of
Nambu-Goto strings have shown that kinks accumulate
over the cosmological evolution [16–18], while the number
of cusps per loop is yet undetermined.
Cusps are short-lived and produce beamed gravitational

waves in the forward direction of the cusp, while left-
moving (right-moving) kinks propagate around the string,
creating gravitational waves with a fanlike emission (like a
lighthouse) in the directions generated by right-moving
(left-moving) waves. Additionally, the collision of two
kinks is expected to radiate gravitational waves isotropi-
cally. We report here searches for gravitational waves
produced by cusps, kinks, and kink-kink collisions using
O3 LIGO–Virgo data. In addition to distinct individual
bursts, the incoherent superposition of weaker gravita-
tional-wave bursts from cosmic strings produced over
the history of the Universe would create a stochastic
gravitational-wave background [27,30].
Cosmic strings emit gravitational waves with a wide

range of frequencies that can be searched by other means,
including the cosmic microwave background [31], Big
Bang nucleosynthesis [32], and pulsar timing arrays
[33–35]; see also, e.g., [36–38].
The gravitational-wave emission from cosmic string

loops is introduced in the next section. We consider two
simulation-based models [39,40] (labeled A and B) for
the loop distribution. We further develop a third model
(labeled C) that interpolates between the other two models.
We also derive the burst rates and the dimensionless energy
density in that section. Individual gravitational-wave bursts
are searched in O3 data with a dedicated analysis presented
in the “Burst search” section. The incoherent superposition
of bursts from cusps, kinks, and kink-kink collisions
produces a stationary and nearly Gaussian stochastic back-
ground of gravitational waves. We search O3 data for this
background, and the results, detailed in [41], are summa-
rized in the “Stochastic search” section. Both the burst and
stochastic background searches yield no detections.
Combining their sensitivities, we constrain two cosmic
string parameters in the “Constraints” section: the string

tension Gμ and the number of kinks per loop. We provide a
table listing the meanings of symbols used in this study in
the Supplemental Material [42].
Gravitational waves from cosmic string loops.—

Gravitational waves are produced by cusps, kinks, and
kink-kink collisions on cosmic string loops. The strain
waveforms are linearly polarized and have been calculated
in [25–27]. For a loop of lengthl at redshift z, they are power-
law functions in the frequency domain for the star in [44]

hiðl; z; fÞ ¼ Aiðl; zÞf−qi ; ð1Þ

where i ¼ fc; k; kkg identifies the cusp, kink, and kink-kink
collision cases. The power-law indices are qc ¼ 4=3,
qk ¼ 5=3, and qkk ¼ 2, and the amplitude Ai is [26]

Aiðl; zÞ ¼ g1;i
Gμl2−qi

ð1þ zÞqi−1rðzÞ
; ð2Þ

where rðzÞ is the comoving distance to the loop. We adopt
the cosmological model used in [44]; it is encoded in
three functions: φrðzÞ, φVðzÞ, and φtðzÞ (see Appendix A
of [44]). The proper distance, the proper volume ele-
ment, and the proper time are rðzÞ ¼ φrðzÞ=H0, dVðzÞ ¼
φVðzÞ=H3

0dz, and tðzÞ ¼ φtðzÞ=H0, respectively, where
H0 ¼ 67.9 km s−1Mpc−1 [45]. The prefactor g1;i is [46]
g1;c¼8=Γ2ð1=3Þ×ð2=3Þ2=3≈0.85, g1;k¼2

ffiffiffi
2

p
=π=Γð1=3Þ×

ð2=3Þ2=3≈0.29, and g1;kk ¼ 1=π2 ≈ 0.10, where Γ is the
Gamma function [47].
Cusps and kinks emit gravitational waves in highly

concentrated beams. Cusps are transient and produce a
beam along a single direction, while kinks propagate
around the loop, beaming over a fanlike range of directions.
The beam opening angle is

θm ¼ ½g2fð1þ zÞl&−1=3; ð3Þ

where g2 ¼
ffiffiffi
3

p
=4 [46]. To guarantee self-consistency

(validity of the waveform), we require that θm < 1 rad,
which is equivalent to setting a lower limit on the frequency
for a fixed loop length. For kink-kink collisions, the
gravitational-wave emission is isotropic [48].
The burst rate of type i per unit loop size and per unit

volume can be decomposed into four factors:
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dldV
¼ 2
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Ni × nðl; tÞ × Δi × ð1þ zÞ−1: ð4Þ

The first factor accounts for an average of Ni gravitational-
wave burst events of type i produced per loop oscillation
time periodicity l=2. The second factor stands for the
number of loops per unit loop size and per unit volume at
cosmic time t:
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Cosmic string loops oscillate periodically in time, emit-
ting gravitational waves with power [11] Pgw ¼ ΓdGμ2 and
decay in a lifetime l=γd, where Γd is a numerical factor
(Γd ∼ 50 [21]), l is the invariant loop length, and γd ¼
ΓdGμ is the gravitational-wave length scale measured in
units of time [22]. The high-frequency (fl ≫ 1, where f
denotes frequency) gravitational-wave spectrum of an
oscillating loop is dominated by bursts emitted by string
features called cusps and kinks [25–27]. Cusps [28] are
points on the string that briefly travel at the speed of light;
they are generic features for smooth loops. Kinks are
discontinuities in the tangent vector of the string that
propagate at the speed of light. They appear in pairs as
the result of collisions between two cosmic strings and are
chopped off when a loop forms; hence, a loop can contain
any integer number of kinks. Numerical simulations of
Nambu-Goto strings have shown that kinks accumulate
over the cosmological evolution [16–18], while the number
of cusps per loop is yet undetermined.
Cusps are short-lived and produce beamed gravitational

waves in the forward direction of the cusp, while left-
moving (right-moving) kinks propagate around the string,
creating gravitational waves with a fanlike emission (like a
lighthouse) in the directions generated by right-moving
(left-moving) waves. Additionally, the collision of two
kinks is expected to radiate gravitational waves isotropi-
cally. We report here searches for gravitational waves
produced by cusps, kinks, and kink-kink collisions using
O3 LIGO–Virgo data. In addition to distinct individual
bursts, the incoherent superposition of weaker gravita-
tional-wave bursts from cosmic strings produced over
the history of the Universe would create a stochastic
gravitational-wave background [27,30].
Cosmic strings emit gravitational waves with a wide

range of frequencies that can be searched by other means,
including the cosmic microwave background [31], Big
Bang nucleosynthesis [32], and pulsar timing arrays
[33–35]; see also, e.g., [36–38].
The gravitational-wave emission from cosmic string

loops is introduced in the next section. We consider two
simulation-based models [39,40] (labeled A and B) for
the loop distribution. We further develop a third model
(labeled C) that interpolates between the other two models.
We also derive the burst rates and the dimensionless energy
density in that section. Individual gravitational-wave bursts
are searched in O3 data with a dedicated analysis presented
in the “Burst search” section. The incoherent superposition
of bursts from cusps, kinks, and kink-kink collisions
produces a stationary and nearly Gaussian stochastic back-
ground of gravitational waves. We search O3 data for this
background, and the results, detailed in [41], are summa-
rized in the “Stochastic search” section. Both the burst and
stochastic background searches yield no detections.
Combining their sensitivities, we constrain two cosmic
string parameters in the “Constraints” section: the string

tension Gμ and the number of kinks per loop. We provide a
table listing the meanings of symbols used in this study in
the Supplemental Material [42].
Gravitational waves from cosmic string loops.—

Gravitational waves are produced by cusps, kinks, and
kink-kink collisions on cosmic string loops. The strain
waveforms are linearly polarized and have been calculated
in [25–27]. For a loop of lengthl at redshift z, they are power-
law functions in the frequency domain for the star in [44]

hiðl; z; fÞ ¼ Aiðl; zÞf−qi ; ð1Þ

where i ¼ fc; k; kkg identifies the cusp, kink, and kink-kink
collision cases. The power-law indices are qc ¼ 4=3,
qk ¼ 5=3, and qkk ¼ 2, and the amplitude Ai is [26]

Aiðl; zÞ ¼ g1;i
Gμl2−qi

ð1þ zÞqi−1rðzÞ
; ð2Þ

where rðzÞ is the comoving distance to the loop. We adopt
the cosmological model used in [44]; it is encoded in
three functions: φrðzÞ, φVðzÞ, and φtðzÞ (see Appendix A
of [44]). The proper distance, the proper volume ele-
ment, and the proper time are rðzÞ ¼ φrðzÞ=H0, dVðzÞ ¼
φVðzÞ=H3

0dz, and tðzÞ ¼ φtðzÞ=H0, respectively, where
H0 ¼ 67.9 km s−1Mpc−1 [45]. The prefactor g1;i is [46]
g1;c¼8=Γ2ð1=3Þ×ð2=3Þ2=3≈0.85, g1;k¼2

ffiffiffi
2

p
=π=Γð1=3Þ×

ð2=3Þ2=3≈0.29, and g1;kk ¼ 1=π2 ≈ 0.10, where Γ is the
Gamma function [47].
Cusps and kinks emit gravitational waves in highly

concentrated beams. Cusps are transient and produce a
beam along a single direction, while kinks propagate
around the loop, beaming over a fanlike range of directions.
The beam opening angle is

θm ¼ ½g2fð1þ zÞl&−1=3; ð3Þ

where g2 ¼
ffiffiffi
3

p
=4 [46]. To guarantee self-consistency

(validity of the waveform), we require that θm < 1 rad,
which is equivalent to setting a lower limit on the frequency
for a fixed loop length. For kink-kink collisions, the
gravitational-wave emission is isotropic [48].
The burst rate of type i per unit loop size and per unit

volume can be decomposed into four factors:

dRi

dldV
¼ 2
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Ni × nðl; tÞ × Δi × ð1þ zÞ−1: ð4Þ

The first factor accounts for an average of Ni gravitational-
wave burst events of type i produced per loop oscillation
time periodicity l=2. The second factor stands for the
number of loops per unit loop size and per unit volume at
cosmic time t:
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Cosmic string loops oscillate periodically in time, emit-
ting gravitational waves with power [11] Pgw ¼ ΓdGμ2 and
decay in a lifetime l=γd, where Γd is a numerical factor
(Γd ∼ 50 [21]), l is the invariant loop length, and γd ¼
ΓdGμ is the gravitational-wave length scale measured in
units of time [22]. The high-frequency (fl ≫ 1, where f
denotes frequency) gravitational-wave spectrum of an
oscillating loop is dominated by bursts emitted by string
features called cusps and kinks [25–27]. Cusps [28] are
points on the string that briefly travel at the speed of light;
they are generic features for smooth loops. Kinks are
discontinuities in the tangent vector of the string that
propagate at the speed of light. They appear in pairs as
the result of collisions between two cosmic strings and are
chopped off when a loop forms; hence, a loop can contain
any integer number of kinks. Numerical simulations of
Nambu-Goto strings have shown that kinks accumulate
over the cosmological evolution [16–18], while the number
of cusps per loop is yet undetermined.
Cusps are short-lived and produce beamed gravitational

waves in the forward direction of the cusp, while left-
moving (right-moving) kinks propagate around the string,
creating gravitational waves with a fanlike emission (like a
lighthouse) in the directions generated by right-moving
(left-moving) waves. Additionally, the collision of two
kinks is expected to radiate gravitational waves isotropi-
cally. We report here searches for gravitational waves
produced by cusps, kinks, and kink-kink collisions using
O3 LIGO–Virgo data. In addition to distinct individual
bursts, the incoherent superposition of weaker gravita-
tional-wave bursts from cosmic strings produced over
the history of the Universe would create a stochastic
gravitational-wave background [27,30].
Cosmic strings emit gravitational waves with a wide

range of frequencies that can be searched by other means,
including the cosmic microwave background [31], Big
Bang nucleosynthesis [32], and pulsar timing arrays
[33–35]; see also, e.g., [36–38].
The gravitational-wave emission from cosmic string

loops is introduced in the next section. We consider two
simulation-based models [39,40] (labeled A and B) for
the loop distribution. We further develop a third model
(labeled C) that interpolates between the other two models.
We also derive the burst rates and the dimensionless energy
density in that section. Individual gravitational-wave bursts
are searched in O3 data with a dedicated analysis presented
in the “Burst search” section. The incoherent superposition
of bursts from cusps, kinks, and kink-kink collisions
produces a stationary and nearly Gaussian stochastic back-
ground of gravitational waves. We search O3 data for this
background, and the results, detailed in [41], are summa-
rized in the “Stochastic search” section. Both the burst and
stochastic background searches yield no detections.
Combining their sensitivities, we constrain two cosmic
string parameters in the “Constraints” section: the string

tension Gμ and the number of kinks per loop. We provide a
table listing the meanings of symbols used in this study in
the Supplemental Material [42].
Gravitational waves from cosmic string loops.—

Gravitational waves are produced by cusps, kinks, and
kink-kink collisions on cosmic string loops. The strain
waveforms are linearly polarized and have been calculated
in [25–27]. For a loop of lengthl at redshift z, they are power-
law functions in the frequency domain for the star in [44]

hiðl; z; fÞ ¼ Aiðl; zÞf−qi ; ð1Þ

where i ¼ fc; k; kkg identifies the cusp, kink, and kink-kink
collision cases. The power-law indices are qc ¼ 4=3,
qk ¼ 5=3, and qkk ¼ 2, and the amplitude Ai is [26]

Aiðl; zÞ ¼ g1;i
Gμl2−qi

ð1þ zÞqi−1rðzÞ
; ð2Þ

where rðzÞ is the comoving distance to the loop. We adopt
the cosmological model used in [44]; it is encoded in
three functions: φrðzÞ, φVðzÞ, and φtðzÞ (see Appendix A
of [44]). The proper distance, the proper volume ele-
ment, and the proper time are rðzÞ ¼ φrðzÞ=H0, dVðzÞ ¼
φVðzÞ=H3

0dz, and tðzÞ ¼ φtðzÞ=H0, respectively, where
H0 ¼ 67.9 km s−1Mpc−1 [45]. The prefactor g1;i is [46]
g1;c¼8=Γ2ð1=3Þ×ð2=3Þ2=3≈0.85, g1;k¼2

ffiffiffi
2

p
=π=Γð1=3Þ×

ð2=3Þ2=3≈0.29, and g1;kk ¼ 1=π2 ≈ 0.10, where Γ is the
Gamma function [47].
Cusps and kinks emit gravitational waves in highly

concentrated beams. Cusps are transient and produce a
beam along a single direction, while kinks propagate
around the loop, beaming over a fanlike range of directions.
The beam opening angle is

θm ¼ ½g2fð1þ zÞl&−1=3; ð3Þ

where g2 ¼
ffiffiffi
3

p
=4 [46]. To guarantee self-consistency

(validity of the waveform), we require that θm < 1 rad,
which is equivalent to setting a lower limit on the frequency
for a fixed loop length. For kink-kink collisions, the
gravitational-wave emission is isotropic [48].
The burst rate of type i per unit loop size and per unit

volume can be decomposed into four factors:
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The first factor accounts for an average of Ni gravitational-
wave burst events of type i produced per loop oscillation
time periodicity l=2. The second factor stands for the
number of loops per unit loop size and per unit volume at
cosmic time t:
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Cosmic string loops oscillate periodically in time, emit-
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decay in a lifetime l=γd, where Γd is a numerical factor
(Γd ∼ 50 [21]), l is the invariant loop length, and γd ¼
ΓdGμ is the gravitational-wave length scale measured in
units of time [22]. The high-frequency (fl ≫ 1, where f
denotes frequency) gravitational-wave spectrum of an
oscillating loop is dominated by bursts emitted by string
features called cusps and kinks [25–27]. Cusps [28] are
points on the string that briefly travel at the speed of light;
they are generic features for smooth loops. Kinks are
discontinuities in the tangent vector of the string that
propagate at the speed of light. They appear in pairs as
the result of collisions between two cosmic strings and are
chopped off when a loop forms; hence, a loop can contain
any integer number of kinks. Numerical simulations of
Nambu-Goto strings have shown that kinks accumulate
over the cosmological evolution [16–18], while the number
of cusps per loop is yet undetermined.
Cusps are short-lived and produce beamed gravitational

waves in the forward direction of the cusp, while left-
moving (right-moving) kinks propagate around the string,
creating gravitational waves with a fanlike emission (like a
lighthouse) in the directions generated by right-moving
(left-moving) waves. Additionally, the collision of two
kinks is expected to radiate gravitational waves isotropi-
cally. We report here searches for gravitational waves
produced by cusps, kinks, and kink-kink collisions using
O3 LIGO–Virgo data. In addition to distinct individual
bursts, the incoherent superposition of weaker gravita-
tional-wave bursts from cosmic strings produced over
the history of the Universe would create a stochastic
gravitational-wave background [27,30].
Cosmic strings emit gravitational waves with a wide

range of frequencies that can be searched by other means,
including the cosmic microwave background [31], Big
Bang nucleosynthesis [32], and pulsar timing arrays
[33–35]; see also, e.g., [36–38].
The gravitational-wave emission from cosmic string

loops is introduced in the next section. We consider two
simulation-based models [39,40] (labeled A and B) for
the loop distribution. We further develop a third model
(labeled C) that interpolates between the other two models.
We also derive the burst rates and the dimensionless energy
density in that section. Individual gravitational-wave bursts
are searched in O3 data with a dedicated analysis presented
in the “Burst search” section. The incoherent superposition
of bursts from cusps, kinks, and kink-kink collisions
produces a stationary and nearly Gaussian stochastic back-
ground of gravitational waves. We search O3 data for this
background, and the results, detailed in [41], are summa-
rized in the “Stochastic search” section. Both the burst and
stochastic background searches yield no detections.
Combining their sensitivities, we constrain two cosmic
string parameters in the “Constraints” section: the string

tension Gμ and the number of kinks per loop. We provide a
table listing the meanings of symbols used in this study in
the Supplemental Material [42].
Gravitational waves from cosmic string loops.—

Gravitational waves are produced by cusps, kinks, and
kink-kink collisions on cosmic string loops. The strain
waveforms are linearly polarized and have been calculated
in [25–27]. For a loop of lengthl at redshift z, they are power-
law functions in the frequency domain for the star in [44]

hiðl; z; fÞ ¼ Aiðl; zÞf−qi ; ð1Þ

where i ¼ fc; k; kkg identifies the cusp, kink, and kink-kink
collision cases. The power-law indices are qc ¼ 4=3,
qk ¼ 5=3, and qkk ¼ 2, and the amplitude Ai is [26]

Aiðl; zÞ ¼ g1;i
Gμl2−qi

ð1þ zÞqi−1rðzÞ
; ð2Þ

where rðzÞ is the comoving distance to the loop. We adopt
the cosmological model used in [44]; it is encoded in
three functions: φrðzÞ, φVðzÞ, and φtðzÞ (see Appendix A
of [44]). The proper distance, the proper volume ele-
ment, and the proper time are rðzÞ ¼ φrðzÞ=H0, dVðzÞ ¼
φVðzÞ=H3

0dz, and tðzÞ ¼ φtðzÞ=H0, respectively, where
H0 ¼ 67.9 km s−1Mpc−1 [45]. The prefactor g1;i is [46]
g1;c¼8=Γ2ð1=3Þ×ð2=3Þ2=3≈0.85, g1;k¼2
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=π=Γð1=3Þ×

ð2=3Þ2=3≈0.29, and g1;kk ¼ 1=π2 ≈ 0.10, where Γ is the
Gamma function [47].
Cusps and kinks emit gravitational waves in highly

concentrated beams. Cusps are transient and produce a
beam along a single direction, while kinks propagate
around the loop, beaming over a fanlike range of directions.
The beam opening angle is

θm ¼ ½g2fð1þ zÞl&−1=3; ð3Þ

where g2 ¼
ffiffiffi
3

p
=4 [46]. To guarantee self-consistency

(validity of the waveform), we require that θm < 1 rad,
which is equivalent to setting a lower limit on the frequency
for a fixed loop length. For kink-kink collisions, the
gravitational-wave emission is isotropic [48].
The burst rate of type i per unit loop size and per unit

volume can be decomposed into four factors:
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The first factor accounts for an average of Ni gravitational-
wave burst events of type i produced per loop oscillation
time periodicity l=2. The second factor stands for the
number of loops per unit loop size and per unit volume at
cosmic time t:
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– kink-kink collisions – cusps

Signature in terms of gravitational waves (GW)
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– Regarding GWs, two types of signals that can be searched for at different frequencies  
(LIGO, LISA, PTA,etc): 
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˙̀(`)

1) GW emission is the dominant decay mode:   ⇤̇ = ��Gµ

Constraints from LIGO-Virgo O3 run: SGWB and search for individual GW bursts
for different models (i.e. different loop production functions).

2) Decay of loops into both GWs and Particles:  
Observable effects on both SGWB and diffuse gamma-ray background

3) Current carrying strings: vortons as dark matter?

4) Conclusions, and comments on beyond standard cosmology

Plan

[Constraints on Cosmic Strings Using Data from the Third Advanced LIGO–Virgo Observing Run,  
by LIGO, Virgo+Kagra collaborations,  Phys.Rev.Lett. 126 (2021) 24, 241102, arXiV: 2101.12248 ]

[Particle emission and gravitational radiation from cosmic strings: observational constraints ,  
P.Auclair, D.A.S, T.Vachaspati, Phys.Rev.D 101 (2020) 8, 083511, arXiv 1911.12066 ]

[Irreducible cosmic production of relic vortons,  
P.Auclair, P.Peter, C.Ringeval, DAS, JCAP 03 (2021) 098, arXiv: 2010.04620 ]
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Stochastic search from Third Advanced LIGO–Virgo Observing Run

 • GW emission is the dominant decay mode:  

• Set              while leaving      as free parameter, with                         
(leading to            consistently with simulations) 
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⇤̇ = ��Gµ

loop

kink

cusp

Figure 1: Cartoon showing the geometry of a kink and a cusp which are singular structures
formed on loops. The arrows denote the tangent vectors of the string segments.

after a loop gets created, at time ti with a length ↵ ti, its length l(t̃) shrinks through
emission of GW with a rate �Gµ

l(t̃) = ↵ti � �Gµ(t̃� ti). (11)

Consequently, the string lifetime due to decay into GW is given by

⌧GW =
↵ ti
�Gµ

. (12)

The superposition of the GW emitted from all the loops formed since the creation of the
long-string network generates a Stochastic GW Background. Also, cusp formations can
emit high-frequency, short-lasting GW bursts [36, 37, 119, 120, 122]. If the rate of such
events is lower than their frequency, they might be subtracted from the SGWB.

Goldstone boson radiation (global strings): For global strings, the massless Gold-
stone particle production is the main decay channel. The radiation power has been
estimated [65]

PGold = �Gold ⌘
2, (13)

where ⌘ is the scalar field VEV and �Gold ⇡ 65 [26, 123]. We see that the GW emission
power in Eq. (7) is suppressed by a factor Gµ with respect to the Goldstone emission
power in Eq. (13). Therefore, for global strings, the loops decay into Goldtone bosons
after a few oscillations before having the time to emit much GW [65, 124]. However,
as shown in App. F, the SGWB from global string is detectable for large values of the
string scale, ⌘ & 1014 GeV. Other recent studies of GW spectrum from global strings in
standard and non-standard cosmology include [25, 26, 125]. A well-motivated example
of global string is the axion string coming from the breaking of a U(1) Peccei-Quinn
symmetry [123, 126–128]. Ref. [25] shows the detectability of the GW from the axionic
network of QCD axion Dark Matter (DM), after introducing an early-matter era which
dilutes the axion DM abundance and increases the corresponding Peccei-Quinn scale ⌘.

Massive particle radiation: When the string curvature size is larger than the string
thickness, one expects the quantum field nature of the CS, like the possibility to radiate
massive particles, to give negligible e↵ects and one may instead consider the CS as an in-
finitely thin 1-dimensional classical object with tension µ: the Nambu-Goto (NG) string.

11
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Nkk ⇠ N2
k/4 average number of burst events/loop oscillation period 
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`/2

• Search for both bursts and the SGWB [sum of the incoherent superposition of many bursts from 
cusps, kinks and kink-kink collisions (removing infrequent bursts)]

nðl; tÞ ¼ d2N
dldV

ðl; tÞ: ð5Þ

The third factor, Δi, reflects that only a fraction of burst
events can be effectively detected due to the beamed
emission of gravitational waves with respect to the 4π
solid angle. The gravitational-wave emission within a
cone for cusps, a fanlike range of directions for kinks,
and all directions for kink-kink collisions can be conven-
iently absorbed into a single beaming fraction expression:
Δi ¼ ðθm=2Þ3ð2−qiÞ. Finally, the last factor shows that the
burst emission rate is redshifted by ð1þ zÞ−1.
The burst rate at redshift z is then obtained by integrating

over all loop sizes:

dRi

dz
¼ φVðzÞ

H3
0ð1þ zÞ

Z
lmax

lmin

dl
2Ni

l
nðl; tÞΔi: ð6Þ

Introducing the dimensionless loop size parameter γ ≡ l=t,
Eq. (6) reads

dRi

dz
ðz; fÞ ¼ ϕVðzÞ

H3
0ð1þ zÞ

Z
γmaxðzÞ

γminðz;fÞ
dγ

2Ni

γ
nðγ; zÞΔiðγ; z; fÞ:

ð7Þ

The upper bound of the integral γmaxðzÞ is derived by
requiring the loop size to be smaller than the horizon size,
i.e., γmax ¼ 2 and 3 for radiation and matter dominated
universes, respectively [44]. The lower bound γmin corre-
sponds to the fundamental frequency of a loop, i.e., 2=l,
leading to γminðz; fÞ ¼ 2=½fð1þ zÞφtðzÞ=H0&.
We consider two analytical models, labeledA [39] andB

[40], to describe the distribution of cosmic string loops
nðγ; zÞ in a scaling regime within a Friedmann-Lemaître-
Robertson-Walker metric. These models were respectively
dubbedM ¼ 2 andM ¼ 3 in [44]. In modelA, the number
of long-lived non-self-intersecting loops of invariant length
l per unit volume per unit time formed at cosmic time t is
directly inferred from Nambu-Goto simulations of cosmic
string networks in the radiation and matter eras. ModelB is
based on a different Nambu-Goto string simulation [49]. In
this model, the distribution of non-self-intersecting scaling
loops is the extracted quantity. Within model B, loops are
formed at all sizes following a power law specified by a
parameter taking different values in the radiation and matter
eras, while the scaling loop distribution is cut off on small
scales by the gravitational backreaction scale. There is a
qualitative difference between these two models since in
the latter, tiny loops are produced in a much larger amount
than in the former. In addition, we will use a new model,
based on [50] and labeled C, that extends and encompasses
both modelsA andB. Like modelB, modelC assumes that
the scaling loop distribution is a power law but leaves its
slope unspecified. Given the wide parameter space opened
by model C, we will select two samples: models C-1

and C-2. Model C-1 (respectively, C-2) reproduces quali-
tatively the loop production function of model A (B) in the
radiation era and the loop production of model B (A) in the
matter era. We expect the addition of these two models to
showcase intermediate situations in between the two
simulation-inferred models A and B. The loop distribution
functions nðγ; zÞ for the three models are given in the
Supplemental Material [42].
For models A, B, and C, the contributions from cusps,

kinks, and kink-kink collisions to the gravitational-wave
emission must be considered all together. Indeed, the
dimensionless decay constant Γd of a cosmic string, driving
the loop size evolution, can be decomposed into three
contributions:

Γd ≡
Pgw

Gμ2
¼

X

i

Pgw;i

Gμ2

¼ Nc
3π2g21;c

ð2δÞ1=3g2=32

þ Nk
3π2g21;k

ð2δÞ2=3g1=32

þ Nkk2π2g21;kk; ð8Þ

where δ ¼ max½1; 1=ð2g2Þ& since the gravitational-wave
frequency cannot be smaller than the fundamental fre-
quency of the loop 2=l, while the condition θm < 1 for
cusps and kinks imposes f > 1=ðlg2Þ. Parameters Nc, Nk
are, respectively, the average number of cusps and kinks per
oscillation. The number of kink-kink collisions per oscil-
lation Nkk is Nkk ≈ N2

k=4 for large Nk. While this equation
is only an approximation when Nk is order unity, the kink-
kink contribution is very small in this case and the error
would hardly affect our results. On the other hand, it is
clear that the kink-kink collision quickly dominates the
gravitational-wave production when the number of kinks
increases, as was also shown in [51]. Here we fixNc to be 1
and comment later on the effects of increasingNc. The only
free parameter is Nk; we consider Nk ¼ 1;…; 200, with the
upper limit motivated by numerical simulations of string
loops that favor Γd ∼ 50 [21].
The incoherent superposition of bursts from loops with

all possible sizes through the history of the Universe
produces a stochastic gravitational wave background
(SGWB) [52]; its normalized energy density is defined as

ΩGWðfÞ ¼
f
ρc

dρGW
df

; ð9Þ

where ρc ¼ 3H2
0c

2=ð8πGÞ. The spectrum of the SGWB
is [53]

ΩGWðfÞ ¼
4π2

3H2
0

f3
X

i

Z
dz

Z
dlh2i ×

d2Ri

dzdl
: ð10Þ

The integration range is restricted by two requirements.
First, the size of a loop is limited to a fraction of the Hubble
radius, or equivalently of the cosmic time l < αtðzÞ.
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strain from cusps/kinks/kk collisions.

burst rate/redshift/length
[Damour and Vilenkin, Siemens et al…]

• Flat LCDM
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� =
PGW

Gµ2
' �c + �k + �kk

[Blanco-Pillado et al, Allen et al]
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II. THE LOOP DISTRIBUTION

All observational consequences of string loops depend on n(t, `)d`, the number density of non self-intersecting loops
with length between ` and ` + d` at time t. In this section we calculate n(t, `) given (7), that is we take into account
the backreaction of the emitted particles on the loop distribution. As noted in the introduction, the existence of the
fixed scale `k or `c means that the loop distribution will no longer scale, that it will no longer be a function of the
dimensionless variable � ⌘ `/t.

A. Boltzmann equation and general solution

The loop distribution satisfies a Boltzmann equation which, taking into account the `-dependence of ˙̀ (that is the
flux of loops in `-space), is given by [30]

@

@t

����
`

�
a3n(t, `)

�
+

@

@`

����
t

✓
d`

dt
a3n(t, `)

◆
= a3P (8)

where a(t) is the cosmic scale-factor, and the loop production function (LPF) P(t, `) is the rate at which loops of
length ` are formed at time t by being chopped of the infinite string network. On substituting (7) into Eq. (8) and
multiplying each side of the equation by J (`), one obtains

1

�d

@

@t

����
`

g(t, `) � J (`)
@

@`

����
t

g(t, `) = a3J (`)P(t, `), (9)

where

g(t, `) ⌘ �dJ (`)a3(t)n(t, `). (10)

In order to solve (9), we first change variables from (t, `) to

⌧ ⌘ �dt , ⇠ ⌘
Z

d`

J (`)
. (11)

Notice from (7) and (11) that for a loop formed at time t
i

with length `
i

, its length at time t satisfies

⇠(`) + �dt = ⇠(`
i

) + �dt
i

. (12)

In terms of these variables Eq. (9) reduces to a wave equation with a source term

@

@⌧

����
⇠

g(⌧, ⇠) � @

@⇠

����
⌧

g(⌧, ⇠) = S(⌧, ⇠), (13)

where

S(⌧, ⇠) = a3(⌧)J (⇠)P(⌧, ⇠).

We now introduce the lightcone variables

2u ⌘ ⌧ � ⇠ , 2v ⌘ ⌧ + ⇠, (14)

so that the evolution equation simply becomes

@

@u

����
v

g(u, v) = S(u, v), (15)

which is straightforward to integrate. In the following we neglect any initial loop distribution at initial time tini (since
this is rapidly diluted by the expansion of the universe), so that the general solution of (15), and hence the original
Boltzmann equation Eq. (8), is

g(u, v) =

Z
u

�v

du0S(u0, v). (16)

Finally one can convert back to the original variables n(`, t) using (10) to find

n(t, `) =
1

�dJ (`)a3(t)

Z
u(t,`)

�v(t,`)
du0 a3

�
u0, v(t, `)

�
J (u0, v(t, `))P(u0, v(t, `)) (17)

where v(t, `) is obtained from Eqs. (11) and (14). Notice that J appears in two places: as an overall factor in the
denominator, as well as in the integrand.
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(t, `)

 • different semi-analytical loop-production function models

 
 
Model A:

The number of cosmic string loops (ℓ, )

Model for the population of loops

( )

P(ℓ, )
ℓ = −Γ µ

∂
∂

( )
+

∂
∂ℓ

[
ℓ

]
= ( )P(ℓ, )

P

P(ℓ, ) = δ

(
ℓ − α

)

P(ℓ, ) =

(
ℓ
) χ−

[Blanco-Pillado, Olum and Shlaer, 2014]
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n(`, t) = t�4n(�) where � = `/t

e.g. in radiation era

Straightforward to solve the Boltzmann equation. In a given era the loop distribution scales
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nr(�) =
0.18

(� + �Gµ)5/2
⇥(0.1� �)

Model B:  
     

[Polchinski, Rocha et al]

The number of cosmic string loops (ℓ, )

Model for the population of loops

( )

P(ℓ, )
ℓ = −Γ µ

∂
∂

( )
+

∂
∂ℓ

[
ℓ

]
= ( )P(ℓ, )

P

P(ℓ, ) = δ

(
ℓ − α

)

P(ℓ, ) =

(
ℓ
) χ−

Solution of Boltzmann equation calibrated to simulations of Ringeval et al on large scales 

[Lorentz, Ringeval + Sakellariadou, 2010]

Cosmic string loop production functions

P =

(
ℓ
) χ−

γ ≡ ℓ
> γ
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�c = `c/t ' 10(Gµ)1+2� ⌧ �Gµ

Models C: interpolates between A and B  
                (aims to help understand features to which burst + stochastic searches are sensitive)

[Auclair et al, Auclair  
 2019,2020]



Models A and B :  
– similar loop distributions on large scales,  
– differences small scales where model B has many more loops.  
Expect these contribute to SGWB at high frequencies.

[Auclair et al, Auclair  
 2019,2020]
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– Using burst waveforms from cusps, kinks and kink-kink collisions,  
carried out a matched-filter search in O3 data 
 
– resulting candidates filtered to retain only those detected in more than one detector within a time  
window accounting for the difference in the gravitational-wave arrival time between detectors.  
 
– procedure to discriminate true cosmic string signals from noise : no events seen!  
(The ten loudest events originate from a well-known category of transient noise affecting all detectors that  
are broadband and very short-duration noise events of unknown instrumental origin)

– burst rate depends on loop distribution and on number of kinks => non-observation gives constraint on  

The left panel of Fig. 2 presents the cumulative dis-
tribution of coincident O3 burst events as a function of
the likelihood ratio Λ for the cusp, kink, and kink-kink
collision searches. To estimate the background noise
associated with each search, time shifts are applied to each
detector strain data such that no real gravitational-wave
event can be found in coincidence. For this study, we use
300 time shifts, totaling Tbkg ¼ 225 years of data contain-
ing only noise coincident events, the distribution of which
is represented in the left panel of Fig. 2 with a "1σ shaded
band. The candidate events, obtained with no time shift, are
all compatible with the noise distribution within "2σ. The
cusp, kink, and kink-kink collision waveforms are very
similar, resulting in the loudest events being the same for
the three searches. The ten loudest events were carefully
scrutinized. They all originate from a well-known category
of transient noise affecting all detectors that are broadband
and very short-duration noise events of unknown instru-
mental origin [60,61].
From the nondetection result, we measure our search

sensitivity to cosmic string signals by performing the burst
search analysis over O3 data with injections of simulated
cusp, kink, and kink-kink collision waveforms. The ampli-
tudes of injected signals comfortably cover the range where
none to almost all the signals are detected. Other param-
eters (sky location, polarization angle, high-frequency
cutoff) are randomly distributed. To recover injected
signals, we use the loudest-event method described in [62],

where the detection threshold is set to the level of the
highest-ranked event found in the search: log10ðΛÞ ≃ 15.0,
15.1, and 15.1 for cusps, kinks, and kink-kink collisions,
respectively. The resulting efficiencies εiðAiÞ as a
function of the signal amplitude are presented in the
right panel of Fig. 2. Cusp events directed at Earth with
Ac > 2 × 10−20 s−1=3 would have produced a result
more significant than any of the ones obtained by our
search with ∼90% confidence. In terms of loop proper
lengths, this corresponds, for example, to loops larger than
1.7 × 106ðGμ=10−10Þ−3=2 light years at redshift 100. The
expected detection burst rate is calculated from the detec-
tion efficiency

Ri ¼
Z

dRi

dAi
ðAi; f%;Gμ; NkÞεiðAiÞdAi: ð11Þ

The detectable burst rate dRi=dAi is obtained from Eq. (7),
which can be expressed in terms of amplitude using Eq. (2)
and calculated for the lowest value of the high-frequency
cutoff f% that can be most abundantly observed (see the
Supplemental Material [42] for details).
We assume that the occurrence of a detectable burst

of gravitational waves follows a Poisson distribution with
mean given by the estimated detection rate. For a set of
parameters ðGμ; NkÞ, models that predict a detection
rate larger than 2.996=Tobs are excluded at 95%, i.e., we
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FIG. 2. Left panel: cumulative distribution of cosmic string burst candidate events produced by cusps (top), kinks (middle), and kink-
kink collisions (bottom). The expected distributions from background noise are represented by "1σ shaded areas. Right panel: the
detection efficiency is measured using simulated signals as a function of the signal amplitude for cusps, kinks, and kink-kink collisions.
Note that the horizontal axis measures different amplitude quantities Ai for the three types of signals, parameterized by the waveform
frequency power law qi.
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Burst search

The left panel of Fig. 2 presents the cumulative dis-
tribution of coincident O3 burst events as a function of
the likelihood ratio Λ for the cusp, kink, and kink-kink
collision searches. To estimate the background noise
associated with each search, time shifts are applied to each
detector strain data such that no real gravitational-wave
event can be found in coincidence. For this study, we use
300 time shifts, totaling Tbkg ¼ 225 years of data contain-
ing only noise coincident events, the distribution of which
is represented in the left panel of Fig. 2 with a "1σ shaded
band. The candidate events, obtained with no time shift, are
all compatible with the noise distribution within "2σ. The
cusp, kink, and kink-kink collision waveforms are very
similar, resulting in the loudest events being the same for
the three searches. The ten loudest events were carefully
scrutinized. They all originate from a well-known category
of transient noise affecting all detectors that are broadband
and very short-duration noise events of unknown instru-
mental origin [60,61].
From the nondetection result, we measure our search

sensitivity to cosmic string signals by performing the burst
search analysis over O3 data with injections of simulated
cusp, kink, and kink-kink collision waveforms. The ampli-
tudes of injected signals comfortably cover the range where
none to almost all the signals are detected. Other param-
eters (sky location, polarization angle, high-frequency
cutoff) are randomly distributed. To recover injected
signals, we use the loudest-event method described in [62],

where the detection threshold is set to the level of the
highest-ranked event found in the search: log10ðΛÞ ≃ 15.0,
15.1, and 15.1 for cusps, kinks, and kink-kink collisions,
respectively. The resulting efficiencies εiðAiÞ as a
function of the signal amplitude are presented in the
right panel of Fig. 2. Cusp events directed at Earth with
Ac > 2 × 10−20 s−1=3 would have produced a result
more significant than any of the ones obtained by our
search with ∼90% confidence. In terms of loop proper
lengths, this corresponds, for example, to loops larger than
1.7 × 106ðGμ=10−10Þ−3=2 light years at redshift 100. The
expected detection burst rate is calculated from the detec-
tion efficiency

Ri ¼
Z

dRi

dAi
ðAi; f%;Gμ; NkÞεiðAiÞdAi: ð11Þ

The detectable burst rate dRi=dAi is obtained from Eq. (7),
which can be expressed in terms of amplitude using Eq. (2)
and calculated for the lowest value of the high-frequency
cutoff f% that can be most abundantly observed (see the
Supplemental Material [42] for details).
We assume that the occurrence of a detectable burst

of gravitational waves follows a Poisson distribution with
mean given by the estimated detection rate. For a set of
parameters ðGμ; NkÞ, models that predict a detection
rate larger than 2.996=Tobs are excluded at 95%, i.e., we
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FIG. 2. Left panel: cumulative distribution of cosmic string burst candidate events produced by cusps (top), kinks (middle), and kink-
kink collisions (bottom). The expected distributions from background noise are represented by "1σ shaded areas. Right panel: the
detection efficiency is measured using simulated signals as a function of the signal amplitude for cusps, kinks, and kink-kink collisions.
Note that the horizontal axis measures different amplitude quantities Ai for the three types of signals, parameterized by the waveform
frequency power law qi.
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background distribution of  
bursts from glitches

Cosmic string burst search  
efficiency

Signature in terms of gravitational waves (GW)

t

h

Ω (ln ) =
ρ

ρ
ln



Second, the frequency has to be larger than the low-
frequency cutoff flð1þ zÞ > δ. In Fig. 1, we show
examples of gravitational-wave spectra calculated with
Eq. (10). The two plots at the top are derived from models
A and B with Nk ≫ 1. The dominant contribution comes
from kink-kink collisions. The lower plots show gravita-
tional-wave spectra taking Nk ¼ 1 (left) and Nk ¼ 100
(right) and are derived from model C with a given set of
parameters (see the Supplemental Material [42]), i.e.,
χrad ¼ 0.45, χmat ¼ 0.295, crad ¼ 0.15, and cmat ¼ 0.019;
the subscripts refer to matter and radiation eras, respec-
tively. When Nk is large, the dominant contribution
depends on the frequency band, which is a unique feature
in this model. In this study, we ignore the suppression of the
gravitational waves from cusps due to the primordial black
hole production as pointed out in [54]. Including such an
effect leads to lower spectrum amplitudes for smallNk, thus
reducing the sensitivity to cosmic string signals. In Fig. 1,
we also show the 2σ power-law integrated (PI) curves [55]
indicating the integrated sensitivity of the O3 search [41],
along with projections for two years of the Advanced

LIGO–Virgo network at design sensitivity, and the envi-
sioned upgrade of Advanced LIGO, Aþ [56], sensitivity
after two years, assuming a 50% duty cycle.
Burst search.—The O3 dataset is analyzed with a

dedicated burst search algorithm previously used to pro-
duce LIGO–Virgo results [44,57,58]. The burst analysis
pipeline, as well as its O3 configuration, is described in the
Supplemental Material [42]. The search can be summarized
into three analysis steps. First, we carry out a matched-filter
search using the cosmic string waveform in Eq. (1). Then,
resulting candidates are filtered to retain only those
detected in more than one detector within a time window
accounting for the difference in the gravitational-wave
arrival time between detectors. Finally, double- and tri-
ple-coincident events are ranked using an approximated
likelihood ratio ΛðxÞ, where x is a set of parameters used
to discriminate true cosmic string signals from noise [59].
The burst search is performed separately for cusps, kinks,
and kink-kink collision waveforms, integrating Tobs ¼
273.5 days of data when at least two detectors are operating
simultaneously.

FIG. 1. Predictions of the gravitational-wave energy density spectra using different models for the loop distribution function nðγ; zÞ
and for two values of the number of kinks per loop oscillation Nk: 1 and 100. The string tension Gμ is fixed to 10−8. Top left: model A,
Nk ¼ 100. Top right: model B, Nk ¼ 100. Bottom left: model C-1, Nk ¼ 1. Bottom right: model C-1, Nk ¼ 100. For model C-1, we
use the following model parameters (see the Supplemental Material [42]): χrad ¼ 0.45, χmat ¼ 0.295, crad ¼ 0.15, cmat ¼ 0.019; the
subscripts refer to the radiation and matter eras, respectively. We also show the energy density spectra of the three different components
and 2-σ power-law integrated (PI) curves [55] for the O3 isotropic stochastic search [41], and projections for the Hanford, Livingston,
and Virgo network at design sensitivity, and the Aþ detectors [56].
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Models A, B, C1 
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Gµ = 10�8

Model C1 = LPF of model B in matter era, of model A in radiation era



Bounds on integrated 
GW energy density  
generated before  
BBN, and before  
photon decoupling

• Relative to O1&O2 analysis (Nk=1), constraints on Gmu stronger by ~2 orders of magnitude for model A,  
and by ~1 for model B

C1=LPF of model B in matter era,  
of model A in radiation era

C2=LPF of model A in matter era,  
of model B in radiation era

Exclusion plots



– Recent results high resolution field theory simulation of Abelian-Higgs loops with kinks  
(in BPS limit) [Matsunami et al, PRL 122 , 201301 (2019)]

2) Gravitational radiation and particle radiation.

Particle emission and gravitational radiation from cosmic strings: observational

constraints

Pierre Auclair,1, ⇤ Danièle A. Steer,1, † and Tanmay Vachaspati2, ‡

1AstroParticule & Cosmologie, UMR 7164-CNRS,
Université Denis Diderot-Paris 7, CEA, Observatoire de Paris,

10 rue Alice Domon et Léonie Duquet, F-75205 Paris Cedex 13, France
2Physics Department, Arizona State University, Tempe, AZ 85287, USA

We account for particle emission and gravitational radiation from cosmic string loops to determine
their e↵ect on the loop distribution and observational signatures of strings. The e↵ect of particle
emission is that the number density of loops no longer scales. This results in a high frequency cuto↵
on the stochastic gravitational wave background, but we show that the expected cuto↵ is outside the
range of current and planned detectors. Particle emission from string loops also produces a di↵use
gamma ray background that is sensitive to the presence of kinks and cusps on the loops. However,
both for kinks and cusps, and with mild assumptions about particle physics interactions, current
di↵use gamma-ray background observations do not constrain Gµ.

I. INTRODUCTION

Most often the dynamics of local cosmic strings formed in a phase transition in the early universe (see [1–3] for
reviews) is described by the Nambu-Goto (NG) action. This approximation is valid when the microscopic width of
the string

w ⇠ µ�1/2 ⇠ 1/⌘ (1)

(with µ the string tension and ⌘ the energy scale of the phase transition), is very small relative to its characteristic
macroscopic size ` — a situation which is well satisfied in the early universe. Closed loops of NG strings loose energy
slowly by radiating gravitational waves, and as a result NG string networks contain numerous loops whose decay
generate a stochastic gravitational wave background (SGWB) ranging over a wide range of frequencies [1]. Depending
on the details of the particular cosmic string model, the corresponding constraints on the dimensionless string tension
Gµ from the SGWB are Gµ <⇠ 10�7 at LIGO-Virgo frequencies [4], Gµ <⇠ 10�11 at Pulsar frequencies [5], whereas at
LISA frequencies one expects to reach Gµ <⇠ 10�17 [6].

On the other hand, at a more fundamental level, cosmic strings are topological solutions of field theories. Their
dynamics can therefore also be studied by solving the field theory equations of motions. In studies of large scale
field theory string networks [7–10], loops are observed to decay directly into particles and gauge boson radiation on
a short time scale of order of the loop length. Hence, field theory string network simulations predict very di↵erent
observational consequences — in particular no SGWB from loops.

Since field theory and Nambu-Goto strings in principle describe the same physics, and hence lead to the same
observational consequences, this is an unhappy situation. Based on high resolution field theory simulations, a possible
answer to this long-standing conundrum was proposed in [11]. In particular, for a loop of length ` containing kinks, a
new characteristic length scale `0 = `k was identified, and it was shown that if ` >⇠ `k gravitational wave emission is
the dominant decay mode, whereas for smaller loops ` <⇠ `k particle radiation is the primary channel for energy loss.
That is,

d`

dt
=

(
��d, ` � `k
��d

`

k

`

, ` ⌧ `k,
(2)

where

�d ⌘ �Gµ

⇤
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(�d ⌘ �Gµ)
<latexit sha1_base64="Cs9I0p3jtIOCxpz7JEC2z3P86TA=">AAACDnicbVDLSsNAFJ34rPUVdelmsBTqpiRRtMuCi7qsYB/QhDCZTtuhM0mcmRRK6Be48VfcuFDErWt3/o2TNqBWD1w4nHMv994TxIxKZVmfxsrq2vrGZmGruL2zu7dvHhy2ZZQITFo4YpHoBkgSRkPSUlQx0o0FQTxgpBOMrzK/MyFC0ii8VdOYeBwNQzqgGCkt+WYZVtwh4hz5qSs47M+gS+4SOoFuI1NhA7o8OfXNklW9cGq2Y0Gras3xTeyclECOpm9+uP0IJ5yECjMkZc+2YuWlSCiKGZkV3USSGOExGpKepiHiRHrp/J0ZLGulDweR0BUqOFd/TqSISznlge7kSI3kspeJ/3m9RA1qXkrDOFEkxItFg4RBFcEsG9ingmDFppogLKi+FeIREggrnWBRh2Avv/yXtJ2qfVZ1bs5L9VoeRwEcgxNQATa4BHVwDZqgBTC4B4/gGbwYD8aT8Wq8LVpXjHzmCPyC8f4FHmOa2g==</latexit>

GW dominant decay mode

Particle production primary decay channel

• Standard NG strings, 

2

with � ⇠ 50 the standard constant describing gravitational radiation from cosmic string loops [12–15]. Notice that
Nambu Goto strings correspond to `k ! 0; and if particle radiation is dominant for all loops, `k ! 1. In practise `k
is neither of these two limiting values, and in [11] was estimated (for a given class of loops with kinks) to be given by
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finite, fixed, value of `k or `c. A first immediate consequence of the presence of the fixed scale is that the distribution
of loops n(`, t), with n(`, t)d` the number density of loops with length between ` and ` + d` at time t, will no longer
be scaling. That is, contrary to the situation for NG strings, the loop distribution will depend explicitly on t as well
as the dimensionless variable � = `/t. We determine this non-scaling loop distribution n(�, t) in section II, taking
into account exactly (and for the first time) the backreaction of particle emission on the loop distribution.

We then study the consequence of the non-scaling distribution of non-self intersecting loops on the stochastic GW
background, determining the fraction of the critical density in GWs per logarithmic interval of frequency,
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where H0 is the Hubble parameter, and the d⇢
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/df factor is the energy density in gravitational waves per unit
frequency f observed today (at t = t0). A scaling distribution of NG loops gives a spectrum which is flat at high
frequencies [1]; we will show below that a consequence of the non-scaling of the loop distribution is the introduction
of a characteristic frequency f⇤, with ⌦(f > f⇤) ! 0. The precise value of f⇤ depends on `k or `c, as well as Gµ. For
cusps and kinks with `c and `k given respectively by Eqs. (2) and (4), the characteristic frequency f⇤ is outside the
LIGO and LISA band provided Gµ >⇠ 10�17, and so in this case the new cuto↵ will only be relevant for very light
strings but for which the amplitude of the signal is below the observational thresholds of planned gravitational wave
detectors.

In section V we turn to particle physics signatures. At lower string tensions Gµ, the gravitational signatures of
strings weaken, while the particle physics ones are expected to increase. Following [18], we focus on so-called “top
down” models for production of ultra-high energy cosmic rays in which heavy particles, namely the quanta of massive
gauge and Higgs field of the underlying (local) field theory trapped inside the string, decay to give ultra-high energy
protons and gamma rays. We focus on the di↵use gamma ray flux which at GeV scales is constrained by Fermi-
Lat [19]. However, taking into account backreaction of the emitted particles on the loop distribution we find that
current gamma ray observations do not lead to significant constraints. (Early studies on the production of cosmic
rays assumed NG strings and particle emission rates that were based on dynamics without taking backreaction into
account. See Refs. [20–24] and [18] for a review. Other work has focused on strings with condensates, e.g. [25–27], or
strings coupled to other fields such as Kaluza-Klein or dilaton fields [28, 29].)

This paper is organised as follows. In section II we determine the e↵ect of an `-dependent energy loss
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on the loop distribution n(`, t). The function J (`) will initially be left arbitrary. Specific cases corresponding to
(i) NG loops with J = 1; (ii) loops with kinks, see Eq. (2), and (iii) loops with cusps, see Eq. (4) are studied in
subsections III A-III C. Given the loop distribution, we then use it to calculate the SGWB in section IV, and the
predicted di↵use gamma ray flux in V. We conclude in section VI by discussing the resulting experimental constraints
on Gµ.
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on the loop distribution n(`, t). The function J (`) will initially be left arbitrary. Specific cases corresponding to
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10 rue Alice Domon et Léonie Duquet, F-75205 Paris Cedex 13, France
2Physics Department, Arizona State University, Tempe, AZ 85287, USA

We account for particle emission and gravitational radiation from cosmic string loops to determine
their e↵ect on the loop distribution and observational signatures of strings. The e↵ect of particle
emission is that the number density of loops no longer scales. This results in a high frequency cuto↵
on the stochastic gravitational wave background, but we show that the expected cuto↵ is outside the
range of current and planned detectors. Particle emission from string loops also produces a di↵use
gamma ray background that is sensitive to the presence of kinks and cusps on the loops. However,
both for kinks and cusps, and with mild assumptions about particle physics interactions, current
di↵use gamma-ray background observations do not constrain Gµ.

I. INTRODUCTION

Most often the dynamics of local cosmic strings formed in a phase transition in the early universe (see [1–3] for
reviews) is described by the Nambu-Goto (NG) action. This approximation is valid when the microscopic width of
the string

w ⇠ µ�1/2 ⇠ 1/⌘ (1)

(with µ the string tension and ⌘ the energy scale of the phase transition), is very small relative to its characteristic
macroscopic size ` — a situation which is well satisfied in the early universe. Closed loops of NG strings loose energy
slowly by radiating gravitational waves, and as a result NG string networks contain numerous loops whose decay
generate a stochastic gravitational wave background (SGWB) ranging over a wide range of frequencies [1]. Depending
on the details of the particular cosmic string model, the corresponding constraints on the dimensionless string tension
Gµ from the SGWB are Gµ <⇠ 10�7 at LIGO-Virgo frequencies [4], Gµ <⇠ 10�11 at Pulsar frequencies [5], whereas at
LISA frequencies one expects to reach Gµ <⇠ 10�17 [6].

On the other hand, at a more fundamental level, cosmic strings are topological solutions of field theories. Their
dynamics can therefore also be studied by solving the field theory equations of motions. In studies of large scale
field theory string networks [7–10], loops are observed to decay directly into particles and gauge boson radiation on
a short time scale of order of the loop length. Hence, field theory string network simulations predict very di↵erent
observational consequences — in particular no SGWB from loops.

Since field theory and Nambu-Goto strings in principle describe the same physics, and hence lead to the same
observational consequences, this is an unhappy situation. Based on high resolution field theory simulations, a possible
answer to this long-standing conundrum was proposed in [11]. In particular, for a loop of length ` containing kinks, a
new characteristic length scale `0 = `k was identified, and it was shown that if ` >⇠ `k gravitational wave emission is
the dominant decay mode, whereas for smaller loops ` <⇠ `k particle radiation is the primary channel for energy loss.
That is,
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with � ⇠ 50 the standard constant describing gravitational radiation from cosmic string loops [12–15]. Notice that
Nambu Goto strings correspond to `k ! 0; and if particle radiation is dominant for all loops, `k ! 1. In practise `k
is neither of these two limiting values, and in [11] was estimated (for a given class of loops with kinks) to be given by
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where w is the width of the string, Eq. (1), and the constant �k ⇠ O(1).
If a loop contains cusps, then one expects the above to be modified to [16, 17]

d`

dt
=

(
��d, ` � `c

��d

q
`

c

`

, ` ⌧ `c
(4)

where

`c ⇠ �c
w

(�Gµ)2
(5)

with �c ⇠ O(1).
The aim of this paper is to determine the observational e↵ects — and corresponding constraints on Gµ — of a

finite, fixed, value of `k or `c. A first immediate consequence of the presence of the fixed scale is that the distribution
of loops n(`, t), with n(`, t)d` the number density of loops with length between ` and ` + d` at time t, will no longer
be scaling. That is, contrary to the situation for NG strings, the loop distribution will depend explicitly on t as well
as the dimensionless variable � = `/t. We determine this non-scaling loop distribution n(�, t) in section II, taking
into account exactly (and for the first time) the backreaction of particle emission on the loop distribution.

We then study the consequence of the non-scaling distribution of non-self intersecting loops on the stochastic GW
background, determining the fraction of the critical density in GWs per logarithmic interval of frequency,

⌦gw(t0, f) =
8⇡G

3H0
2 f

d⇢gw

df
(t0, f) , (6)

where H0 is the Hubble parameter, and the d⇢
gw

/df factor is the energy density in gravitational waves per unit
frequency f observed today (at t = t0). A scaling distribution of NG loops gives a spectrum which is flat at high
frequencies [1]; we will show below that a consequence of the non-scaling of the loop distribution is the introduction
of a characteristic frequency f⇤, with ⌦(f > f⇤) ! 0. The precise value of f⇤ depends on `k or `c, as well as Gµ. For
cusps and kinks with `c and `k given respectively by Eqs. (2) and (4), the characteristic frequency f⇤ is outside the
LIGO and LISA band provided Gµ >⇠ 10�17, and so in this case the new cuto↵ will only be relevant for very light
strings but for which the amplitude of the signal is below the observational thresholds of planned gravitational wave
detectors.

In section V we turn to particle physics signatures. At lower string tensions Gµ, the gravitational signatures of
strings weaken, while the particle physics ones are expected to increase. Following [18], we focus on so-called “top
down” models for production of ultra-high energy cosmic rays in which heavy particles, namely the quanta of massive
gauge and Higgs field of the underlying (local) field theory trapped inside the string, decay to give ultra-high energy
protons and gamma rays. We focus on the di↵use gamma ray flux which at GeV scales is constrained by Fermi-
Lat [19]. However, taking into account backreaction of the emitted particles on the loop distribution we find that
current gamma ray observations do not lead to significant constraints. (Early studies on the production of cosmic
rays assumed NG strings and particle emission rates that were based on dynamics without taking backreaction into
account. See Refs. [20–24] and [18] for a review. Other work has focused on strings with condensates, e.g. [25–27], or
strings coupled to other fields such as Kaluza-Klein or dilaton fields [28, 29].)

This paper is organised as follows. In section II we determine the e↵ect of an `-dependent energy loss

d`

dt
= ��dJ (`), (7)

on the loop distribution n(`, t). The function J (`) will initially be left arbitrary. Specific cases corresponding to
(i) NG loops with J = 1; (ii) loops with kinks, see Eq. (2), and (iii) loops with cusps, see Eq. (4) are studied in
subsections III A-III C. Given the loop distribution, we then use it to calculate the SGWB in section IV, and the
predicted di↵use gamma ray flux in V. We conclude in section VI by discussing the resulting experimental constraints
on Gµ.

Non-scaling loop distribution!
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Pierre Auclair,1, ⇤ Danièle A. Steer,1, † and Tanmay Vachaspati2, ‡

1AstroParticule & Cosmologie, UMR 7164-CNRS,
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We account for particle emission and gravitational radiation from cosmic string loops to determine
their e↵ect on the loop distribution and observational signatures of strings. The e↵ect of particle
emission is that the number density of loops no longer scales. This results in a high frequency cuto↵
on the stochastic gravitational wave background, but we show that the expected cuto↵ is outside the
range of current and planned detectors. Particle emission from string loops also produces a di↵use
gamma ray background that is sensitive to the presence of kinks and cusps on the loops. However,
both for kinks and cusps, and with mild assumptions about particle physics interactions, current
di↵use gamma-ray background observations do not constrain Gµ.

I. INTRODUCTION

Most often the dynamics of local cosmic strings formed in a phase transition in the early universe (see [1–3] for
reviews) is described by the Nambu-Goto (NG) action. This approximation is valid when the microscopic width of
the string

w ⇠ µ�1/2 ⇠ 1/⌘ (1)

(with µ the string tension and ⌘ the energy scale of the phase transition), is very small relative to its characteristic
macroscopic size ` — a situation which is well satisfied in the early universe. Closed loops of NG strings loose energy
slowly by radiating gravitational waves, and as a result NG string networks contain numerous loops whose decay
generate a stochastic gravitational wave background (SGWB) ranging over a wide range of frequencies [1]. Depending
on the details of the particular cosmic string model, the corresponding constraints on the dimensionless string tension
Gµ from the SGWB are Gµ <⇠ 10�7 at LIGO-Virgo frequencies [4], Gµ <⇠ 10�11 at Pulsar frequencies [5], whereas at
LISA frequencies one expects to reach Gµ <⇠ 10�17 [6].

On the other hand, at a more fundamental level, cosmic strings are topological solutions of field theories. Their
dynamics can therefore also be studied by solving the field theory equations of motions. In studies of large scale
field theory string networks [7–10], loops are observed to decay directly into particles and gauge boson radiation on
a short time scale of order of the loop length. Hence, field theory string network simulations predict very di↵erent
observational consequences — in particular no SGWB from loops.

Since field theory and Nambu-Goto strings in principle describe the same physics, and hence lead to the same
observational consequences, this is an unhappy situation. Based on high resolution field theory simulations, a possible
answer to this long-standing conundrum was proposed in [11]. In particular, for a loop of length ` containing kinks, a
new characteristic length scale `0 = `k was identified, and it was shown that if ` >⇠ `k gravitational wave emission is
the dominant decay mode, whereas for smaller loops ` <⇠ `k particle radiation is the primary channel for energy loss.
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with � ⇠ 50 the standard constant describing gravitational radiation from cosmic string loops [12–15]. Notice that
Nambu Goto strings correspond to `k ! 0; and if particle radiation is dominant for all loops, `k ! 1. In practise `k
is neither of these two limiting values, and in [11] was estimated (for a given class of loops with kinks) to be given by
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where w is the width of the string, Eq. (1), and the constant �k ⇠ O(1).
If a loop contains cusps, then one expects the above to be modified to [16, 17]
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The aim of this paper is to determine the observational e↵ects — and corresponding constraints on Gµ — of a

finite, fixed, value of `k or `c. A first immediate consequence of the presence of the fixed scale is that the distribution
of loops n(`, t), with n(`, t)d` the number density of loops with length between ` and ` + d` at time t, will no longer
be scaling. That is, contrary to the situation for NG strings, the loop distribution will depend explicitly on t as well
as the dimensionless variable � = `/t. We determine this non-scaling loop distribution n(�, t) in section II, taking
into account exactly (and for the first time) the backreaction of particle emission on the loop distribution.

We then study the consequence of the non-scaling distribution of non-self intersecting loops on the stochastic GW
background, determining the fraction of the critical density in GWs per logarithmic interval of frequency,
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where H0 is the Hubble parameter, and the d⇢
gw

/df factor is the energy density in gravitational waves per unit
frequency f observed today (at t = t0). A scaling distribution of NG loops gives a spectrum which is flat at high
frequencies [1]; we will show below that a consequence of the non-scaling of the loop distribution is the introduction
of a characteristic frequency f⇤, with ⌦(f > f⇤) ! 0. The precise value of f⇤ depends on `k or `c, as well as Gµ. For
cusps and kinks with `c and `k given respectively by Eqs. (2) and (4), the characteristic frequency f⇤ is outside the
LIGO and LISA band provided Gµ >⇠ 10�17, and so in this case the new cuto↵ will only be relevant for very light
strings but for which the amplitude of the signal is below the observational thresholds of planned gravitational wave
detectors.

In section V we turn to particle physics signatures. At lower string tensions Gµ, the gravitational signatures of
strings weaken, while the particle physics ones are expected to increase. Following [18], we focus on so-called “top
down” models for production of ultra-high energy cosmic rays in which heavy particles, namely the quanta of massive
gauge and Higgs field of the underlying (local) field theory trapped inside the string, decay to give ultra-high energy
protons and gamma rays. We focus on the di↵use gamma ray flux which at GeV scales is constrained by Fermi-
Lat [19]. However, taking into account backreaction of the emitted particles on the loop distribution we find that
current gamma ray observations do not lead to significant constraints. (Early studies on the production of cosmic
rays assumed NG strings and particle emission rates that were based on dynamics without taking backreaction into
account. See Refs. [20–24] and [18] for a review. Other work has focused on strings with condensates, e.g. [25–27], or
strings coupled to other fields such as Kaluza-Klein or dilaton fields [28, 29].)

This paper is organised as follows. In section II we determine the e↵ect of an `-dependent energy loss
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dt
= ��dJ (`), (7)

on the loop distribution n(`, t). The function J (`) will initially be left arbitrary. Specific cases corresponding to
(i) NG loops with J = 1; (ii) loops with kinks, see Eq. (2), and (iii) loops with cusps, see Eq. (4) are studied in
subsections III A-III C. Given the loop distribution, we then use it to calculate the SGWB in section IV, and the
predicted di↵use gamma ray flux in V. We conclude in section VI by discussing the resulting experimental constraints
on Gµ.
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with � ⇠ 50 the standard constant describing gravitational radiation from cosmic string loops [12–15]. Notice that
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d`

dt
=

(
��d, ` � `c

��d

q
`

c

`

, ` ⌧ `c
(4)

where

`c ⇠ �c
w

(�Gµ)2
(5)

with �c ⇠ O(1).
The aim of this paper is to determine the observational e↵ects — and corresponding constraints on Gµ — of a

finite, fixed, value of `k or `c. A first immediate consequence of the presence of the fixed scale is that the distribution
of loops n(`, t), with n(`, t)d` the number density of loops with length between ` and ` + d` at time t, will no longer
be scaling. That is, contrary to the situation for NG strings, the loop distribution will depend explicitly on t as well
as the dimensionless variable � = `/t. We determine this non-scaling loop distribution n(�, t) in section II, taking
into account exactly (and for the first time) the backreaction of particle emission on the loop distribution.

We then study the consequence of the non-scaling distribution of non-self intersecting loops on the stochastic GW
background, determining the fraction of the critical density in GWs per logarithmic interval of frequency,

⌦gw(t0, f) =
8⇡G

3H0
2 f

d⇢gw

df
(t0, f) , (6)

where H0 is the Hubble parameter, and the d⇢
gw

/df factor is the energy density in gravitational waves per unit
frequency f observed today (at t = t0). A scaling distribution of NG loops gives a spectrum which is flat at high
frequencies [1]; we will show below that a consequence of the non-scaling of the loop distribution is the introduction
of a characteristic frequency f⇤, with ⌦(f > f⇤) ! 0. The precise value of f⇤ depends on `k or `c, as well as Gµ. For
cusps and kinks with `c and `k given respectively by Eqs. (2) and (4), the characteristic frequency f⇤ is outside the
LIGO and LISA band provided Gµ >⇠ 10�17, and so in this case the new cuto↵ will only be relevant for very light
strings but for which the amplitude of the signal is below the observational thresholds of planned gravitational wave
detectors.

In section V we turn to particle physics signatures. At lower string tensions Gµ, the gravitational signatures of
strings weaken, while the particle physics ones are expected to increase. Following [18], we focus on so-called “top
down” models for production of ultra-high energy cosmic rays in which heavy particles, namely the quanta of massive
gauge and Higgs field of the underlying (local) field theory trapped inside the string, decay to give ultra-high energy
protons and gamma rays. We focus on the di↵use gamma ray flux which at GeV scales is constrained by Fermi-
Lat [19]. However, taking into account backreaction of the emitted particles on the loop distribution we find that
current gamma ray observations do not lead to significant constraints. (Early studies on the production of cosmic
rays assumed NG strings and particle emission rates that were based on dynamics without taking backreaction into
account. See Refs. [20–24] and [18] for a review. Other work has focused on strings with condensates, e.g. [25–27], or
strings coupled to other fields such as Kaluza-Klein or dilaton fields [28, 29].)

This paper is organised as follows. In section II we determine the e↵ect of an `-dependent energy loss

d`

dt
= ��dJ (`), (7)

on the loop distribution n(`, t). The function J (`) will initially be left arbitrary. Specific cases corresponding to
(i) NG loops with J = 1; (ii) loops with kinks, see Eq. (2), and (iii) loops with cusps, see Eq. (4) are studied in
subsections III A-III C. Given the loop distribution, we then use it to calculate the SGWB in section IV, and the
predicted di↵use gamma ray flux in V. We conclude in section VI by discussing the resulting experimental constraints
on Gµ.

– More generally, can solve the Boltzmann equation for
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ℓ
= −Γ µJ (ℓ)
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FIG. 2: Loop number density N = t4n for kinks [LH panel] and cusps [RH panel], for Gµ = 10�17. Thus zk ⇠ 1012 and
zc ⇠ 104. From bottom to top, the curves show snapshots of the loop distribution at redshifts z = 1013, 1011, 109, 107, 105, and
the black curve is the scaling loop distribution at z ! 0. The loop distributions are supressed for z � zk or z � zc.

IV. THE STOCHASTIC GRAVITATIONAL WAVE BACKGROUND

The stochastic GW background ⌦gw(t0, f) given in (6) is obtained by adding up the GW emission from all the
loops throughout the whole history of the Universe which have contributed to frequency f . Following the approach
developed in [1, 15, 42]

⌦gw(ln f) =
8⇡G2µ2f

3H0
2

1X

j=1

C
j

(f)P
j

, (42)

where

C
j

(f) =
2j

f2

Z
z

friction

0

dz

H(z)(1 + z)6
n

✓
2j

(1 + z)f
, t(z)

◆
, (43)

and zfriction is the redshift below which friction e↵ects on the string dynamics become negligible [1]

zfriction ' zeq (4.4 ⇥ 1016)

✓
Gµ

10�11

◆
. (44)

The C
j

depend on the loop distribution n(`, t) through n (2j/((1 + z)f), t(z)), whilst the P
j

are the “average loop
gravitational wave power-spectrum”, namely the power emitted in gravitational waves in the jth harmonic of the
loop. By definition of �, these must be normalised to

� =
1X

j=1

P
j

.

For loops with kinks, P
j

/ j�5/3, whereas for loops with cusps P
j

/ j�4/3 [1, 12, 43].
As explained above, the e↵ect of �k and �c on the loop distribution is particularly important at large redshifts

z > (z
c

, z
k

), and hence in the radiation era. Therefore we expect the e↵ect of particle radiation to be visible in the
high-frequency part of the spectrum. This is indeed observed in Fig. 3, where the LH panel is for kinks with `k given
in Eq. (3) and P

j

/ j�5/3; whereas the RH panel is for cusps with `c given in Eq. (5) and P
j

/ j�4/3. As a result
of the non-scaling loop distribution, the spectrum is no longer flat at high frequencies and, as expected, the e↵ect is
more significant for cusps than for kinks since z

c

< z
k

.
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FIG. 3: SBGW including the backreaction of particle emission on the loop distribution. LH panel: kinks on loops, RH panel:
cusps on loop. The spectra are cuto↵ at high frequency, as indicated by the black vertical lines. Gµ ranges from 10�17 (lower
curve), through 10�15, 10�13,10�11, 10�9 and 10�7 (upper curve). Also plotted are the power-law integrated sensitivity curves
from SKA (pink dashed) [44], LISA (yellow dashed) [45], adv-LIGO (grey dashed) [46] and Einstein Telescope (blue dashed)
[47, 48].

We can estimate the frequency above which the spectrum decays as follows. In the radiation era

H(z) = (1 + z)2
p

⌦RH0 (45)

t(z) =
1

2(1 + z)2
1p

⌦RH0
(46)

At high frequency, the lowest harmonic j = 1 is expected to dominate [1], so we set P
j

= ��
j,1. Then using (45) and

(46), Eq. (42) simplifies to

⌦gw(ln f) = 24 16⇡(�Gµ)2

3�

H0

f
⌦3/2

R

Z
z

friction

z

eq

dz N
✓

2

(1 + z)f
, t(z)

◆

/ H0

f

"Z
zc,k

z

eq

dz N
✓

2

(1 + z)f
, t(z)

◆
+

Z
z

friction

zc,k

dz N
✓

2

(1 + z)f
, t(z)

◆#
.

' H0

f

Z
zc,k

z

eq

dz N
✓

2

(1 + z)f
, t(z)

◆
. (47)

Here, in going from the second to the third equality, we have used the fact that (i) for Gµ >⇠ 10�18, which is relevant
range for current and future GW detectors, zeq < (z

c

, z
k

) ⌧ zfriction (see Eqs. (38), (41) and (44)), and (ii) that the
loop distribution above z(c,k) is subdominant, see e.g. discussion above equation (37) in section III B. Using Eq.(46)
as well as the approximation for the loop distribution for z < z

k

given in Eq. (36), it follows that for kinks

[⌦gw(ln f)]
k

/
Z

xk

x

eq

"
1 +

✓
`kxf2

8H0
p

⌦R

◆2
#�1/2

(�d + x)�5/2 dx (48)

where we have changed variable from z to

x =
4

f
(1 + z)H0

p
⌦R

so that

xeq =
4

f
(1 + zeq)H0

p
⌦R , x

k

=
4

f
(1 + z

k

)H0

p
⌦R .
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FIG. 3: SBGW including the backreaction of particle emission on the loop distribution. LH panel: kinks on loops, RH panel:
cusps on loop. The spectra are cuto↵ at high frequency, as indicated by the black vertical lines. Gµ ranges from 10�17 (lower
curve), through 10�15, 10�13,10�11, 10�9 and 10�7 (upper curve). Also plotted are the power-law integrated sensitivity curves
from SKA (pink dashed) [44], LISA (yellow dashed) [45], adv-LIGO (grey dashed) [46] and Einstein Telescope (blue dashed)
[47, 48].

We can estimate the frequency above which the spectrum decays as follows. In the radiation era

H(z) = (1 + z)2
p

⌦RH0 (45)

t(z) =
1

2(1 + z)2
1p

⌦RH0
(46)

At high frequency, the lowest harmonic j = 1 is expected to dominate [1], so we set P
j

= ��
j,1. Then using (45) and

(46), Eq. (42) simplifies to

⌦gw(ln f) = 24 16⇡(�Gµ)2

3�

H0

f
⌦3/2

R

Z
z

friction

z

eq

dz N
✓

2

(1 + z)f
, t(z)

◆

/ H0

f

"Z
zc,k

z

eq

dz N
✓

2

(1 + z)f
, t(z)

◆
+

Z
z

friction

zc,k

dz N
✓

2

(1 + z)f
, t(z)

◆#
.

' H0

f

Z
zc,k

z

eq

dz N
✓

2

(1 + z)f
, t(z)

◆
. (47)

Here, in going from the second to the third equality, we have used the fact that (i) for Gµ >⇠ 10�18, which is relevant
range for current and future GW detectors, zeq < (z

c

, z
k

) ⌧ zfriction (see Eqs. (38), (41) and (44)), and (ii) that the
loop distribution above z(c,k) is subdominant, see e.g. discussion above equation (37) in section III B. Using Eq.(46)
as well as the approximation for the loop distribution for z < z

k

given in Eq. (36), it follows that for kinks

[⌦gw(ln f)]
k

/
Z

xk

x

eq

"
1 +

✓
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8H0
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where we have changed variable from z to

x =
4

f
(1 + z)H0

p
⌦R

so that

xeq =
4

f
(1 + zeq)H0

p
⌦R , x

k

=
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(1 + z

k
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p
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• loops radiate also into particles. For kinks

• Assume emitted particles decay into standard model Higgs particles, of which a fraction         
cascade down into gamma-rays, can calculate contribution from strings to the diffuse gamma-ray 
background:

11

In order to understand the frequency dependence of ⌦gw, let us initially focus on the standard NG case, namely
`
k

= 0. (Here, the same change of variable starting from the first line of Eq. (47) again yields Eq. (48) but with upper
bound replaced by xfriction = 4(1 + zfriction)H0

p
⌦R/f). Then Eq. (48) gives

[⌦gw(ln f)]
NG

/ 1
⇣

f

eq

f

+ 1
⌘3/2

� 1
⇣

f

friction

f

+ 1
⌘3/2

,

where

feq =
4H0

p
⌦R(1 + zeq)

�d
⇠ 10�18

Gµ
s�1 , ffriction =

4H0
p

⌦R(1 + zfriction)

�d
⇠ 1010s�1,

and where in the last equality we have used Eq. (44). At frequencies f for which ffriction � f � feq it follows that
[⌦gw(ln f)]

NG

! constant meaning that the spectrum is flat, which is the well known result for NG strings [1].
For `k 6= 0, the argument is altered because of the frequency dependence of the term in square brackets in Eq. (48).

A further characteristic frequency now enters: this is can be obtained by combining the typical scales of the two terms
in Eq. (48). Namely, on one hand, from the first term (in square brackets) we have `kf

2 ⇠ 8H0
p

⌦Rx�1; and on the
other hand from the second (standard NG) term we have x ⇠ �d. Combining these yields the characteristic frequency

f
k

⇠
✓

8H0
p

⌦R

`k�d

◆1/2

. (49)

For f
k

> f > f
eq

the spectrum is still flat, as in the NG case. However, for f > f
k

it decays since the first term in

square brackets in Eq. (48) dominates. With `k given in Eq. (3), f
k

/ (Gµ)1/4��1/2
k , and this behaviour is clearly

shown in Fig. 3 where f
k

is shown with a vertical black line for each value of Gµ and we have assumed �k = 1.
For cusps the analysis proceeds identically with

f
c

=

✓
8H0

p
⌦R

`c�d

◆1/2

. (50)

Now, on using `c defined in Eq. (5), we have f
c

/ (Gµ)3/4��1/2
c . The spectrum of SGWB in this case is shown in the

RH panel of Fig. 3 where f
c

is shown with a vertical black line for each value of Gµ and we have taken �c = 1.
As the figure shows, with �c = 1 and in the range of Gµ of interest for GW detectors, the decay of ⌦GW for f > f

c

is outside the observational window of the LIGO, LISA (and future ET) detectors. In order to have f
c

⇠ fLIGO, one
would require large values of �c which are not expected.

V. EMISSION OF PARTICLES

The loops we consider radiate not only GW but also particles. Indeed, for loops with kinks, from Eq. (2)

˙̀
���
particle

= ��d
`k
`

(51)

The emitted particles are heavy and in the dark particle physics sector corresponding to the fields that make up the
string. We assume that there is some interaction of the dark sector with the standard model sector. Then the emitted
particle radiation will eventually decay, and a significant fraction of the energy fe↵ ⇠ 1 will cascade down into �-rays.
Hence the string network will be constrained by the Di↵use Gamma-Ray bound measured at GeV scales by Fermi-Lat
[19]. This bound is

!obs
DGRB

<⇠ 5.8 ⇥ 10�7 eVcm�3, (52)

where !DGRB is the total electromagnetic energy injected since the universe became transparent to GeV � rays at
t
�

' 1015s, see e.g. [25].
The rate per unit volume at which string loops lose energy into particles can be obtained by integrating (51) over

the loop distribution n(`, t) = t�4N (�, t), namely
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= 0. (Here, the same change of variable starting from the first line of Eq. (47) again yields Eq. (48) but with upper
bound replaced by xfriction = 4(1 + zfriction)H0

p
⌦R/f). Then Eq. (48) gives

[⌦gw(ln f)]
NG

/ 1
⇣

f

eq

f

+ 1
⌘3/2

� 1
⇣

f

friction

f

+ 1
⌘3/2

,

where

feq =
4H0

p
⌦R(1 + zeq)

�d
⇠ 10�18

Gµ
s�1 , ffriction =

4H0
p

⌦R(1 + zfriction)

�d
⇠ 1010s�1,
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! constant meaning that the spectrum is flat, which is the well known result for NG strings [1].
For `k 6= 0, the argument is altered because of the frequency dependence of the term in square brackets in Eq. (48).

A further characteristic frequency now enters: this is can be obtained by combining the typical scales of the two terms
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Now, on using `c defined in Eq. (5), we have f
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V. EMISSION OF PARTICLES
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The emitted particles are heavy and in the dark particle physics sector corresponding to the fields that make up the
string. We assume that there is some interaction of the dark sector with the standard model sector. Then the emitted
particle radiation will eventually decay, and a significant fraction of the energy fe↵ ⇠ 1 will cascade down into �-rays.
Hence the string network will be constrained by the Di↵use Gamma-Ray bound measured at GeV scales by Fermi-Lat
[19]. This bound is
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where !DGRB is the total electromagnetic energy injected since the universe became transparent to GeV � rays at
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' 1015s, see e.g. [25].
The rate per unit volume at which string loops lose energy into particles can be obtained by integrating (51) over
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In order to understand the frequency dependence of ⌦gw, let us initially focus on the standard NG case, namely
`
k

= 0. (Here, the same change of variable starting from the first line of Eq. (47) again yields Eq. (48) but with upper
bound replaced by xfriction = 4(1 + zfriction)H0
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and where in the last equality we have used Eq. (44). At frequencies f for which ffriction � f � feq it follows that
[⌦gw(ln f)]
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! constant meaning that the spectrum is flat, which is the well known result for NG strings [1].
For `k 6= 0, the argument is altered because of the frequency dependence of the term in square brackets in Eq. (48).

A further characteristic frequency now enters: this is can be obtained by combining the typical scales of the two terms
in Eq. (48). Namely, on one hand, from the first term (in square brackets) we have `kf
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the spectrum is still flat, as in the NG case. However, for f > f
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it decays since the first term in

square brackets in Eq. (48) dominates. With `k given in Eq. (3), f
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k , and this behaviour is clearly

shown in Fig. 3 where f
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is shown with a vertical black line for each value of Gµ and we have assumed �k = 1.
For cusps the analysis proceeds identically with
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Now, on using `c defined in Eq. (5), we have f
c

/ (Gµ)3/4��1/2
c . The spectrum of SGWB in this case is shown in the

RH panel of Fig. 3 where f
c

is shown with a vertical black line for each value of Gµ and we have taken �c = 1.
As the figure shows, with �c = 1 and in the range of Gµ of interest for GW detectors, the decay of ⌦GW for f > f

c

is outside the observational window of the LIGO, LISA (and future ET) detectors. In order to have f
c

⇠ fLIGO, one
would require large values of �c which are not expected.

V. EMISSION OF PARTICLES

The loops we consider radiate not only GW but also particles. Indeed, for loops with kinks, from Eq. (2)
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(51)

The emitted particles are heavy and in the dark particle physics sector corresponding to the fields that make up the
string. We assume that there is some interaction of the dark sector with the standard model sector. Then the emitted
particle radiation will eventually decay, and a significant fraction of the energy fe↵ ⇠ 1 will cascade down into �-rays.
Hence the string network will be constrained by the Di↵use Gamma-Ray bound measured at GeV scales by Fermi-Lat
[19]. This bound is
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DGRB

<⇠ 5.8 ⇥ 10�7 eVcm�3, (52)

where !DGRB is the total electromagnetic energy injected since the universe became transparent to GeV � rays at
t
�

' 1015s, see e.g. [25].
The rate per unit volume at which string loops lose energy into particles can be obtained by integrating (51) over
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3) Current carrying strings: vortons as dark matter?

• If other fields couple to the Higgs forming the string, then they can condense in the string core, and 
subsequently propagate along the string : current carrying strings [Witten]

[Auclair et al, 2010.04620]
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• Loops radiate GWs and may stabilise into centrifugally supported  
configurations, vortons, at scale 
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Irreducible cosmic production of relic vortons

Vortons

ℓ ( )

J (ℓ, ) = Θ[ℓ− ℓ ( )]

⃗

⃗

• N = conserved charge

2 Boltzmann approach

2.1 Assumptions

Our main assumption is that the loop production mechanism remains similar to the Nambu–
Goto case even though the strings are now current-carrying. This can be motivated from
the macroscopic covariant formalism of Carter [54, 68] as the existence of a current can be
viewed as modifying the Nambu–Goto relation U = T (where T is the string tension) into
a more general equation of state U(T ). Provided the currents are not too strong, one has
U ≃ T [55, 69] and the string dynamics remain similar to the Nambu–Goto one. Let us
notice that some cosmic superstring models clearly violate this assumption, as for instance
those developing Y -junctions [47, 70–72].

Current-carrying loops are assumed to be created with two conserved quantum and
topological numbers N and Z associated with the existence of a conserved current flowing
along the string [73]. Following Ref. [66], we assume Z ≃ N with

N |prod ≃
√

ℓ

λ
. (2.1)

Here ℓ is the physical length of a loop at formation and λ the typical wavelength of the
carrier field fluctuations, which is considered to be constant (originating from microphysics,
it can be assumed to be of the order of the Compton wavelength of the condensed particle).
This expression should be valid provided λ remains much smaller than the mean interstring
distance. In this paper, we will make no assumptions on the explicit shape of the loop
production function and simply call it P(ℓ, t). As a well-motivated simple example, one can
pick that of Refs. [35–37] for small loops, adding a Dirac distribution centered at the mean
inter-string distance for the Kibble loops.

2.2 Evolution in phase space

Denoting by n(ℓ, N, t) the number density distribution of cosmic string loops of size ℓ, and
conserved quantum number N at cosmic time t, we can write

d

dt

(

a3J ∂2n

∂ℓ∂N

)

= a3JP(ℓ, t)δ

(

N −
√

ℓ

λ

)

, (2.2)

where P(ℓ, t) is the loop production function discussed above, which is a collision term from
the Boltzmann point of view, a3 accounts for space-time expansion while J (ℓ, t) encodes
any additional phase space distortion. The Dirac distribution ensures that all loops freshly
formed carry the expected quantum numbers provided by Eq. (2.1). Due to gravitational
radiation, a current-carrying loop of size ℓ(t) shrinks at a constant rate until it eventually
becomes a vorton, i.e. a state centrifugally supported by its current. Its fate depends on the
microscopic model under scrutiny. For the sake of generality, we are assuming that vortons
can decay by an unspecified mechanism at a constant rate γv, the completely stable situation
corresponding to γv → 0. As a result, we model the evolution of ℓ(t) for a loop of conserved
number N by

dℓ

dt
= −γdΘ(ℓ− ℓv)− γvΘ(ℓv − ℓ) , (2.3)

where Θ(x) denotes the Heaviside function. The gravitational wave emission rate, γd, is
assumed to be the same as for Nambu-Goto strings

γd ≃ ΓG
N
U, (2.4)
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tunnelling if the size of the loop is comparable with the Compton wavelength of the current
carrier, λ. Hence a vorton can only be stable if the current flowing along the string loop can
prevent its collapse and if its proper length is much larger than λ.

Although the values of N and Z are initially randomly distributed, it is expected that
the majority of closed loops are of nearly chiral [21, 37, 43, 44] type with almost identical
quantum numbers [42]. Besides, the loop rotation velocity vvort =

√

T /µ ≃ 1 is roughly
approximated by that of light and

|Z| ≈ N. (2.4)

In the rest of the paper, we focus on such nearly chiral vortons. Using of the central limit
theorem, we estimate that the value of N at the formation of a loop is given by

N⋆ =

√

ℓ⋆
λ
. (2.5)

In (2.5) and in the rest of this paper, a subscript ⋆ on a quantity denotes the value it had at
the time of formation of the corresponding loop. Since the charge N is conserved, we can, in
what follows, omit the index ⋆ and simply write N⋆ = N .

To estimate the size of the vortons ℓ0, we first have to note that they have been shown
to approach circularity [25]. Moreover, large vortons would also tend to circularize through
either gravitational or gauge field radiation, on time scales much smaller than the Hubble
time. It thus seems reasonable to consider mostly circular loops, therefore described by one
parameter only, namely their radius r0 = ℓ0/2π. Vortons are also characterised by their
angular momentum quantum number J = NZ ≈ N2. Equivalently, it is also given in terms
of the energy per unit length and tension by [19] J = 2πr20

√
T µ, i.e. J2 = µT ℓ40/(4π

2).
Hence for chiral vortons with R ≫ 1

ℓ0 =

√

2π

µ
N =

√

2πℓ⋆
λµ

≈

√

ℓ⋆
λµ

, (2.6)

provided ℓ0 > λ. The length ℓ0(N) being itself a function of the charge N , this is equivalent
to imposing that N > R. Therefore, R gives also the minimal possible charge of a vorton.

Following the same procedure as in [32], we model the physics of the vortons using an
arbitrary function J which describes how the current-carrying loops lose energy

dℓ

dt
= −ΓGµJ (ℓ, N), (2.7)

dN

dt
= 0, (2.8)

in which Γ ≈ 50 is a numerical factor for the emission of gravitational waves (GW) [45]. In
order to model string networks with vortons, we impose the following properties on J :

• J (ℓ ≫ ℓ0, N) ≈ 1, meaning that on scales much larger than the vorton size, the effect
of the current is mostly negligible so that the dynamics of the current-carrying string
is well approximated by that of a Nambu-Goto string; gravitational wave radiation is
the dominant energy-loss mechanism and we neglect other such mechanisms.

• J (ℓ ≪ ℓ0, N) ≈ 0 if ℓ0 > λ, meaning that the angular momentum carried by the
current prevents the loop from shrinking, provided the loop is large enough to prevent
quantum tunnelling.
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ℓ ( )

J (ℓ, ) = Θ[ℓ− ℓ ( )]
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⃗
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Figure 1: At time tini and temperature Tini a network of strings forms with an initial
distribution. At the later time tcur the strings become current-carrying, and vortons can
form. At all times, loop can be produced from long strings and larger loops with a given
loop production function.

We will consider a smooth form of J , regulated by a parameter σ, in particular

J (ℓ, N) =
1

2

{

1 + tanh

[

ℓ− ℓ0(N)

σ

]}

. (2.9)

We call vortons all the loops with sizes ℓ ≤ ℓ0(N) and N > R. In the limit σ → 0, J (ℓ, N)
reduces to Θ[ℓ− ℓ0(N)], and the vortons accumulate around ℓ0(N).

Let us mention that our approach, and results, differ from the vorton abundances derived
in Refs. [20, 21]. These latter references were concerned with the extreme limit in which the
current carrier condensation and string forming times are similar (R ≃ 1 in our notation).
For this reason, they were not concerned with the emission of gravitational waves. Indeed,
in the limit R → 1, strong currents have been shown to dampen the loop oscillations and
this allows for a population of vortons to be rapidly created (soon after the string forming
phase transition). The vortons considered in Refs. [20, 21] are of this kind only. Let us
recall that the current-carrier particles are trapped on the string worldsheet by means of a
binding potential. As such, when there are strong currents, there is always the possibility
that they tunnel out [36]. Such an instability could drastically affect the current, and hence
the mechanism by which the vortons considered in Refs. [20, 21] are formed. On the contrary,
the vortons we are considering here carry weak currents and our results are only valid in the
domains for which R > 1. The damping mechanism by which the weak current-carrying
loops become vortons is the emission of gravitational waves (as in Ref. [11]).

Having recalled the basic properties of vortons and their dynamics, we now turn to the
expected distributions of loops of various kinds, including those ending up as vortons.

3 Distribution of loops and vortons

In the following sections, we extend a statistical method originally based on the Boltzmann
equation [2, 28, 46, 47] to study current carrying strings. Our aim is to find the number
density of vortons, marginalized over their charge N , with length ℓ at time t > tcur, given
some initial loop distribution at time tini and some assumptions about the loop production
function (see figure 1).

3.1 Continuity equation for the flow of loops in phase space

Let d2N (ℓ, t,N)/dℓdN be the number density of loops with length ℓ and charge N at time t.
In an expanding universe with scale factor a(t), and taking into account the fact that loops
lose length at a rate which depends on their length as expressed through equation (2.7), the
continuity equation for the number density of loops is given by [32, 46]

∂

∂t

[

a3
d2N
dℓdN

(ℓ, t,N)

]

− ΓGµ
∂

∂ℓ

[

a3J (ℓ, N)
d2N
dℓdN

(ℓ, t,N)

]

= a3P(ℓ, t,N). (3.1)
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The solution of the continuity equation (3.1) is therefore given by equation (3.9). On
the right-hand-side, we recognise two terms. The first are the loops left over from the pre-
existing loop distribution at the time of condensation, t = tcur. The second term contains
those loops which are produced from the string network at time t > tcur. As we will see in
more detail in section 4, each of these distributions contain three kinds of loops [11]:

1. Doomed loops: these loops have an initial size which is too small to support a current,
and hence they decay through gravitational radiation never becoming vortons. They
are characterised by quantum numbers N < R.

2. Proto-vortons: these are loops which are initially large enough to be stabilised by a
current (thus N > R), but have not yet reached the vorton size ℓ0.

3. Vortons: these are all those proto-vortons which have decayed by gravitational radiation
to become vortons. Hence vortons haveN > R, and in the limit σ → 0, they accumulate
with length ℓ0(N).

Our aim in the following is to extract these different distributions. Each will contain
two contributions: those formed from the initial distribution i.e. coming from the first term in
equation (3.9), and those produced at later times from being chopped off the string network,
i.e. coming from the second term in equation (3.9). In the case of vortons, we call these two
families “relaxed vortons” and “produced vortons”, respectively. In section 5, we will use
these to determine their relic density and put constraints on Gµ and R.

3.2 The loop distribution at condensation

A first step is to specify the loop distribution at tcur. The strings are assumed to form at a
temperature Tini corresponding to a time tini in the early Universe. At all times tini < t < tcur,
that is before condensation, they behave as standard Nambu-Goto strings, see figure 1. Hence
the loop distribution is the canonical one, i.e. contains a population of loops formed at tini
and another population of scaling loops created from the long strings and larger loops [48].

The main simplifying assumption of our work is to assume a Dirac distribution for the
loop production function, namely

P(ℓ, t) = Ct−5δ

(

ℓ

t
− α

)

, (3.11)

with C = 1 and α = 0.1 as to match the Kibble, or one scale, model [1]. Hence all the
produced loops that are chopped off the network are assumed to be of the same size, given
by the fraction α of t, which is, up to a constant of order unity, the horizon size. This
assumption allows us to analytically solve for the produced vorton distribution later on.
However, we stress that more realistic loop production functions, such as the Polchinski-
Rocha one [2, 47, 49–51], produce smaller loops while matching in amplitude with the Dirac
LPF for ℓ/t = α [29, 48]. Therefore, when gravitational wave emission from loops is accounted
for (which is the case here), the resulting scaling loop distributions end up being quite similar
over the length scales ℓ > ΓGµt. They may, however, differ significantly on smaller length
scales, namely for γct < ℓ < ΓGµt, where γc stands for the length scale at which gravitational
backreaction damps the LPF [2]. For Nambu-Goto strings, this length scale is expected to
verify γc ≪ ΓGµ [52, 53]. Therefore, our results derived here from a Dirac LPF should
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Assume Vachaspati-Vilenkin  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provide a robust lower bound for all the others LPF, and may also be directly applicable to
the Polchinski-Rocha ones but only in the limit in which γc ≃ ΓGµ.

Under these assumptions, the resulting distribution of cosmic string loops at time tcur
is given by [48]

dN
dℓ

(ℓ, tcur) = C t−3/2
cur

(α + ΓGµ)3/2

(ℓ+ ΓGµtcur)5/2
Θ(αtcur − ℓ)Θ [ℓ+ ΓGµtcur − tini(α+ ΓGµ)]

+ Cini

(

tini
ℓ

)5/2

t−4
iniΘ [(α+ ΓGµ)tini − ℓ− ΓGµtcur] .

(3.12)

The first term is the scaling loop distribution associated with the Dirac LPF of equa-
tion (3.11). The second term is the initial distribution of loops at tini associated with the
random walk model of Vachaspati-Vilenkin [54]. Assuming the random walk to be correlated
over a length scale ℓcorr, one has [54]

Cini ≃ 0.4

(

tini
ℓcorr

)3/2

. (3.13)

A natural value for ℓcorr is obtained by assuming that it is given by the thermal process
forming the strings, namely ℓcorr = 1/Tini. We will, however, discuss various other possible
choices in section 5.

At the time of condensation tcur, the loops acquire quantum numbers N , and we assume
again a Dirac distribution for the generated charge:

d2N
dℓdN

(ℓ, tcur, N) =
dN
dℓ

(ℓ, tcur) δ

(

N −
√

ℓ

λ

)

. (3.14)

This is in agreement with Refs. [11, 28] and motivated by the fact that, if a thermal process
of temperature Tcur = 1/λ is at work during current condensation, the conserved number
N laid down along the string should be given by a stochastic process of root mean squared
value close to

√

ℓ/λ.
String formation at tini and current condensation at tcur are assumed to occur in the

radiation era. In the following we will use as model parameters Gµ and R. The current
condensation redshift can be determined using entropy conservation:

1 + zcur =

(

qcur
q0

)1/3 Tcur

Tcmb
, (3.15)

where qcur = q(zcur), and q0 = q(z = 0), denotes the number of entropic relativistic degrees
of freedom at the time of current condensation, and today, respectively. In the following, we
consider Tcur to be given by

Tcur =
1

λ
=

√
µ

R
, (3.16)

and we take Tcmb = 2.725K. In order to solve equation (3.15) for zcur, we have used the
tabulated values of q(z) associated with the thermal history in the Standard Model and
computed in Ref. [55]. Still from entropy conservation, the redshift associated with the
formation of the string network (at the temperature Tini) is given by

1 + zini =

(

qini
q0

)1/3 Tini

Tcmb
, (3.17)
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where we have used equation (3.10). As a result, the J terms cancel, and we obtain

dN
dN

∣

∣

∣

∣

vort,rel

= 2λNΘ(N −R)

[

a (tcur)

a(t)

]3 dN
dℓ

(

λN2, tcur
)

Θ
{

ℓcur[ℓ0(N), t,N ] − λN2
}

. (4.7)

In the limit σ → 0, the size of a vorton is ℓ = ℓ0(N) = N/
√
µ, and equation (3.10) simplifies

to
ℓcur[ℓ0(N), t,N ] = ΓGµ(t− tcur) + ℓ0(N). (4.8)

Finally, using dN/dℓ =
√
µ dN/dN , the vorton distribution generated from the initial loop

distribution at tcur is given by

dN
dℓ

∣

∣

∣

∣

vort,rel

(ℓ, t) = 2λµℓ

[

a3 (tcur)

a3(t)

]

dN
dℓ

(

λµℓ2, tcur
)

Θ
[

ΓGµ(t− tcur) + ℓ− λµℓ2
]

Θ(ℓ− λ).

(4.9)
This distribution scales like matter (modulo the time-dependence in the Θ-functions). This
term was already derived in Ref. [28], and our results agree though the approach is different.

We now turn to the vorton population sourced by loops chopped off from the network,
namely from the second term in equation (3.9).

4.2 Production term

After the condensation, all the strings and loops carry a current, which implies that all new
loops formed from the network will inherit the charge density carried by their mother strings.
As a result, the charged loop production function is still given by equation (3.11), modulated
by the charge density distribution, i.e.

P(ℓ, t,N) = Ct−5δ

(

ℓ

t
− α

)

δ

(

N −
√

ℓ

λ

)

Θ(t− tcur). (4.10)

Substituting into the last term of equation (3.9) (see [32] for more details) gives the number
density

d2N
dℓdN

(ℓ, t,N) =
C

J (ℓ, N)

[

a(t⋆)

a(t)

]3

t−4
⋆

J (αt⋆, N)

α+ ΓGµJ (αt⋆, N)
δ

(

N −
√

αt⋆
λ

)

Θ(t⋆ − tcur).

(4.11)
where t⋆(ℓ, t,N) is the time of loop formation, obtained by solving

ΓGµt⋆ + ξ(αt⋆, N) = ΓGµt+ ξ(ℓ, N), (4.12)

which again follows from the fact that 2v = ΓGµt + ξ(ℓ, N) is a conserved quantity during
the lifetime of the loops. The definition in equation (4.3) then gives

dN
dN

∣

∣

∣

∣

vort,prod

= Θ (N − λ
√
µ)

×
∫ ℓ0(N)

−∞

dℓ
C

J (ℓ, N)

[

a(t⋆)

a(t)

]3

t−4
⋆

J (αt⋆, N)

α+ ΓGµJ (αt⋆, N)
δ

(

N −
√

αt⋆
λ

)

Θ(t⋆ − tcur).

(4.13)
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The solution of the continuity equation (3.1) is therefore given by equation (3.9). On
the right-hand-side, we recognise two terms. The first are the loops left over from the pre-
existing loop distribution at the time of condensation, t = tcur. The second term contains
those loops which are produced from the string network at time t > tcur. As we will see in
more detail in section 4, each of these distributions contain three kinds of loops [11]:

1. Doomed loops: these loops have an initial size which is too small to support a current,
and hence they decay through gravitational radiation never becoming vortons. They
are characterised by quantum numbers N < R.

2. Proto-vortons: these are loops which are initially large enough to be stabilised by a
current (thus N > R), but have not yet reached the vorton size ℓ0.

3. Vortons: these are all those proto-vortons which have decayed by gravitational radiation
to become vortons. Hence vortons haveN > R, and in the limit σ → 0, they accumulate
with length ℓ0(N).

Our aim in the following is to extract these different distributions. Each will contain
two contributions: those formed from the initial distribution i.e. coming from the first term in
equation (3.9), and those produced at later times from being chopped off the string network,
i.e. coming from the second term in equation (3.9). In the case of vortons, we call these two
families “relaxed vortons” and “produced vortons”, respectively. In section 5, we will use
these to determine their relic density and put constraints on Gµ and R.

3.2 The loop distribution at condensation

A first step is to specify the loop distribution at tcur. The strings are assumed to form at a
temperature Tini corresponding to a time tini in the early Universe. At all times tini < t < tcur,
that is before condensation, they behave as standard Nambu-Goto strings, see figure 1. Hence
the loop distribution is the canonical one, i.e. contains a population of loops formed at tini
and another population of scaling loops created from the long strings and larger loops [48].

The main simplifying assumption of our work is to assume a Dirac distribution for the
loop production function, namely

P(ℓ, t) = Ct−5δ

(

ℓ

t
− α

)

, (3.11)

with C = 1 and α = 0.1 as to match the Kibble, or one scale, model [1]. Hence all the
produced loops that are chopped off the network are assumed to be of the same size, given
by the fraction α of t, which is, up to a constant of order unity, the horizon size. This
assumption allows us to analytically solve for the produced vorton distribution later on.
However, we stress that more realistic loop production functions, such as the Polchinski-
Rocha one [2, 47, 49–51], produce smaller loops while matching in amplitude with the Dirac
LPF for ℓ/t = α [29, 48]. Therefore, when gravitational wave emission from loops is accounted
for (which is the case here), the resulting scaling loop distributions end up being quite similar
over the length scales ℓ > ΓGµt. They may, however, differ significantly on smaller length
scales, namely for γct < ℓ < ΓGµt, where γc stands for the length scale at which gravitational
backreaction damps the LPF [2]. For Nambu-Goto strings, this length scale is expected to
verify γc ≪ ΓGµ [52, 53]. Therefore, our results derived here from a Dirac LPF should

– 7 –



• Density parameter of relic vortons today

• Thus determine vortons formed from initial conditions as well as (for first time) those from loops 
chopped off infinite string network. 
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• On cosmological scales, these appear as point particles having different quantized charges and angular 
momenta, and can behave as dark matter.

10−10 10−8 10−6 10−4 10−2 100

1/R

10−30

10−27

10−24

10−21

10−18

10−15

10−12

10−9

10−6

G
µ

ℓcorr = 1/
√
µ

10−39

10−31

10−23

10−15

10−7

101

109

1017

1025

Ω
t
o
t

Figure 5: The total relic abundance of all vortons starting from a Vachaspati-Vilenkin initial
loop distribution, with an initial thermal correlation length ℓcorr = 1/

√
µ, and a one-scale

loop production function with α = 0.1. The green line corresponds to the range of values
[0.2, 0.4]. The different populations contribution is represented in figure 4.

Despite the fact that Vachaspati-Vilenkin initial conditions are quite motivated from
the point of view of a thermal process, loops could be created from other processes [58, 59].
Therefore, instead of assuming ℓcorr = 1/

√
µ, one could use the Kibble argument [1, 10] and

take ℓcorr = dh(tini), where dh(tini) = 2tini denotes the distance to the would-be particle
horizon at the string forming time. Doing so leads to the same overall relic abundance of
vortons as in section 5.1 where we were assuming Cini = 0. There are simply not enough
loops initially, compared to the one produced later on, to significantly change the final density
parameter.

In order to quantitatively study the dependence of Ωtot with respect to the loop distri-
bution at tini, we have represented in figure 6 the values of Ωtot = 0.3 in the plane (Gµ, 1/R)
for various choices of ℓcorr. They range from the thermal value ℓcorr = 1/

√
µ to the causal

one ℓcorr = dh(tini), and even above, a situation that could appear if loops have been formed
during cosmic inflation [60]. Everything on the right of the lines represented in this figure
would lead to an overclosure of the Universe, while everything on the left is compatible with
current measurements. The hatched region in this figure shows the robust bound discussed
earlier, where there are only irreducible relaxed vortons and produced vortons.

In all our analysis and equations, we have left the parameter α arbitrary, fixing only
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the vortons abundance. The explicit dependence in α can be read off from equations (5.4)
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Figure 4: The upper left-hand panel shows the density parameter of relaxed vortons com-
ing only from loops present at the string-forming phase transition, when starting from a
Vachaspati-Vilenkin distribution at t = tini. This is the population derived in Ref. [11], that
we recover by setting C = 0 in our equations. The upper right-hand panel shows the numer-
ically evaluated density parameter of the irreducible relaxed vortons Ωmin

rel (to be compared
to our analytic estimation in the left panel of figure 3). The lower left-hand panel shows
the density parameter Ωrel (today) from the population of all relaxed vortons (the sum of
the upper left and right panels). Thermal history effects are visible on the upper boundary
towards the minimum possible values of 1/R and Gµ. The lower right-hand panel shows the
density parameter Ωprod today of produced vortons derived numerically, and is indistinguish-
able from our analytic estimation of equation (5.12) (see right-hand panel of figure 3). The
thick green line corresponds to all density parameter values in the range [0.2, 0.4].
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Figure 6: The total relic abundance of all vortons starting from a Vachaspati-Vilenkin initial
loop distribution with various correlation length ℓcorr ranging from the thermal one 1/

√
µ

to the Kibble one dh(tini). Each curve represents the value Ωtot = 0.3. Domains right of
this curve lead to vortons overclosing the Universe, domains on the left are compatible with
current cosmological constraints. The upper hatched region corresponds to the irreducible
relaxed and produced vortons not affected by the initial conditions.

and (5.12).

5.3 Other observables

A network of cosmic strings can let imprints in various cosmological observables, such as the
stochastic background of gravitational waves and the Cosmic Microwave Background (CMB).
In the present case, the stabilisation of vortons is expected to prevent a part of the energy to
be converted into gravitational waves. We have therefore estimated the gravitational wave
power spectrum generated from proto-vortons and doomed loops only. Their loop number
densities are explicited in the appendix B. Due to the very small size of the vortons, the lack
of energy in terms of gravitational waves ends up being negligible and the predictions for the
stochastic background of gravitational waves remain unchanged compared to Nambu-Goto
strings with a one-scale loop production function [51]. For the one-scale LPF, the current
Laser Interferometer Gravitational-Wave Observatory (LIGO) bound on the string tension is
Gµ < O

(

10−11
)

[5, 61, 62] but depends on some assumptions on the string microstructure.
Concerning the CMB, detectable distortions induced by cosmic strings are mostly due to the
long strings in scaling such that they are not sensitive to the loop distribution and provide
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• Interesting open questions: e.g. gravitational backreaction and PBH formation from loop collapse

Conclusions

• Presented latest LIGO-Virgo O3 constraints on NG strings for different models, with Nk as a new  
free parameter, highlighting the assumptions and unknowns

• Cosmic strings beyond the standard NG picture: particle particle emission, currents

Fully general relativistic dynamical simulations of Abelian Higgs cosmic strings using 3+1D numerical relativity  
(GRChombo) [Helfer, Aurrekoetxea & Lim, 1808.06678]. See also next talk!  

 • Effects of modified cosmology [Many authors, including Gouttenoire, Servant & Simakachorn, 1912.02569]



⇢
total

a

Inflation

Cosmic-string network formation

Inflation

Intermediate

r

a

d

i

a

t

i

o

n

⇢
inf

= E4
inf

s

t

a

n

d

a

r

d

a
start

eNe,1a
start

eNe,2a
start

r

a

d

.

Figure 14: Evolution of the total energy density assuming the presence of an intermediate
inflationary era characterised by the energy density ⇢inf, for two di↵erent durations (number of
efolds), Ne,1 and Ne,2.

H�1, L

a
astart

H�1
(E

inf

)

formation of

R

a

d

i
a

t
i
o

n

s
c
a

l
i
n

g

Radiation

stretching

stretching

Inflation

L ⇠ a

eNeastart

re-entering

a(Tre) / e2Neastart

H
�1

⇠
a
2

L
⇠
a
2

Radiation

scaling

LH = 1

cosmic-string network

Figure 15: After its formation, before inflation, the network enters the scaling regime with
L ⇠ a2 due to loop formation. During the Ne e-folds of inflation, the network correlation length
gets stretched out of the horizon by the rapid expansion and loop formation stops, thus L ⇠ a.
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8.2 The stretching regime and its impact on the spectrum

Fig. 16 shows how the fast expansion during inflation suppresses the GW spectrum for fre-
quencies above a turning-point frequency f� which depends on the number of e-folds. The
larger the number of e-folds, the lower f�. Indeed, during inflation, the loop-production
e�ciency Ce↵ / ⇠�3 is severely suppressed, c.f. Fig. 16, by the stretching of the cor-
relation length ⇠ beyond the Hubble horizon, and loop production freezes [24]. After
the end of inflation, one must wait for the correlation length to re-enter the horizon in
order to reach the scaling regime again. The duration of the transient regime receives
an enhancement factor expNe. As a result, the turning-point frequency f� receives a

36

e.g. due to a highly supercooled first order  
phase transition.
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Figure 16: Top: GW spectra from cosmic strings assuming either the scaling or the VOS
network, evolved in the presence of a non-standard intermediate inflation era. Inflation directly
a↵ects the VOS parameters by stretching the strings beyond the horizon. The transition between
the f�1/3 scaling after the turning point, to the f�1 scaling at even larger frequencies, is an
artefact due to total number of modes k being fixed to 2⇥104, see Fig. 17 for an extrapolation of
the f�1/3 behavior to arbitrary large frequencies and App. B.6 for more details. Bottom: The
loop-production is suppressed and only becomes significant again when the correlation length re-
enters the horizon. Limitations due to particle production, c.f. Sec. 3.4, are shown with dotted
lines.
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Impact of changing cosmological evolution [Gouttenoire, Servant & Simakachorn, 1912.02569]


