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? The trouble with neutrino-nucleus interactions

? The factorisation ansatz
I Initial state
I Interaction vertex
I Final state

? Advanced implementations of factorisation

? Applications to electron- and neutrino-nucleus scattering

? Outlook
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THE TROUBLE WITH FLUX AVERAGE

? Flux average hampers the determination of the energy transfer to the
nuclear target, which is the main factor the reaction mechanism

? consider the process
e+ 12C→ e′ +X

I fixed beam energy Ee ∼ 1 GeV

I Beam energy 0.7 . Ee . 1 GeV
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OUTSTANDING ISSUES

I List of suggested issues for
discussion at the mini-workshop
in preparation for the white
paper “Theoretical tools for
neutrino scattering” (August
24-25, 2021)

I Using different models in
different kinematical regimes
unavoidably involves a degree of
inconsistency

I Factorisation provides a unified
framework, allowing to link
different kinematical regimes
using the same nuclear model
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THE LEPTON-NUCLEUS X-SECTION

? Consider, for example, the cross section of the process `+A→ `′ +X

at fixed beam energy
dσA ∝ LµνWµν

A

I Lµν is fully specified by the lepton kinematical variables
I The nuclear response tensor

Wµν
A =

∑
X

〈0|JµA
†|X〉〈X|JνA|0〉δ(4)(P0 + k − PX − k′)

involves

• the target ground state, |0〉, largely non relativistic

• hadronic final state, |X〉, carrying momentum q = k − k′ and
possibly involving hadrons other than nucleons

• the nuclear current operator, explicitly depending on q

JµA =
∑
i

jµi +
∑
j>i

jµij
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IMPULSE APPROXIMATION AND FACTORISATION

? for λ ∼ 1/|q| � dNN ∼ 1.6 fm, the average nucleon-nucleon distance in
the target nucleus, nuclear scattering reduces to the incoherent sum of
scattering processes involving individual nucleons

Σ
i

2 2
q,ω q,ω

i
x

? Basic assumptions

. JµA(q) ≈
∑
i j
µ
i (q) : single-nucleon coupling

. |X〉 → |p〉 ⊗ |n(A−1),pn〉 : factorisation of the final state

? Corrections arising from te occurrence of Final State Interactions (FSI)
and processes involving two-nucleon Meson-Exchange Currents (MEC)
can be consistently accounted for (more on this later)
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THE IA CROSS SECTION

? Factorisation allows to rewrite the nuclear transition matrix element as

〈X|JµA|0〉 →
∑
i

∫
d3k Mn(k)〈k+ q|jµi |k〉

I The nuclear amplitude Mn = 〈n|ak|0〉 is independent of
momentum transfer. It can be obtained from non relativistic
many-body theory

I The matrix element of the current between free-nucleon states can
be computed exactly using the fully relativistic expression

? Nuclear x-section

dσA =

∫
d3kdE dσN Ph(k, E)

? The lepton-nucleon cross section dσN can be obtained—at least in
principle—from proton and deuteron data, theoretical models or LQCD

? The spectral function Ph(k, E) describes the probability of removing a
nucleon of momentum k from the nuclear ground state, leaving the
residual system with excitation energy E
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ANALYTIC STRUCTURE OF THE SPECTRAL FUNCTION

? The spectral function, trivially related to the Green’s function

Ph(k, E) =
1

π
Gh(k, E) =

∑
n

|〈n|ak|0〉|2δ(E − E0 + En)

can be split into pole and continuum contributions
? Isospin-symmetric matter at equilibrium, NPA 505, 267 (1989)

CBF calculation for isospin-symmetric nuclear matter

Omar Benhar (INFN and “Sapienza”, Roma) NuSTEC Training, FNAL October 23, 2014 10 / 19
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REACTION MECHANISMS IN THE 0π CHANNEL

I Including the effect of interactions in the initial state

Wµν
A = k k + q

q

q

Gh(k,E) = = + + + . . .

I Warning: the bare nucleon-nucleon interaction cannot be used for
perturbation theory in the basis of eigenstates of the non-interacting
system
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I Interactions couple the 1h states of the residual nucleon to 2h1p states,
in which one of the spectator nucleons is excited to the continuum. This
mechanism leads to the appearance of 2p2h final states. For a 12C target

|X〉 = |pp, 10B〉 , |np10C〉 . . .
I In addition, in the presence of correlations 2p2h states appear through

their coupling to the ground state

Wµν
A =

q

q

I These contributions exhibit a specific energy dependence
I Note: in interacting many body systems the excitation of 2p2h states

does not require a two-nucleon current
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CORRELATION EFFECTS ON THE QE CROSS SECTION

? Correlations move strength from the 1p1h sector—in which the
residual system bound state—to the 2p2h sector—in which one
spectator nucleon excited to the continuum—leading to a
quenching of the peak and to the appearance of a tail extending
to large energy loss
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ELECTRON SCATTERING BEYOND THE QE SECTOR

? elastic and inelastic (RES + DIS) processes consistently taken into
account (Bodek & Ritchie parametrisation)

? no adjustable parameters involved

I SLAC data
Day et al, PRL 43,1143 (1979)

I Extrapolation of SLAC data
Day et al, PRC 40, 1011 (1989)
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Q2 DISTRIBUTION AT FIXED NEUTRINO ENERGY

I E. Vagnoni, OB, and D. Meloni,
PRL 118, 142502 (2017)

I Nucleon structure functions:

I CCQE: BBBA vector form
factors + dipole fit of the
axial form factor

I RES: model of Lalakulich,
Paschos, and Sakuda

I DIS: parton distributions of
Glück, Reya, and Vogt
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I Note: Eν = 840 MeV is the
average energy of the T2K flux
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TOTAL ν-CARBON CROSS SECTION
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I σCCQE: NOMAD, PLB 660, 19 (2008), MiniBooNE, PRD 81, 092005 (2010)
I σTOT: NOMAD, EPJC 63, 555 (2009)
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FINAL STATE INTERACTIONS (FSI)

I The measured (e, e′p) x-sections provide overwhelming evidence of the
occurrence of significant FSI effects in the QE sector

q,ν q,ν

+
dσA =

∫
d3kdE dσN Ph(k, E)Pp(|k+ q|, ω − E)

I the particle-state spectral function Pp(|k+ q|, ω − E) describes the
propagation of the struck particle in the final state

I the IA is recovered replacing

Pp(|k+ q|, ω − E)→ δ(ω − E −
√
|k+ q|2 +m2)
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I effects of FSI on the inclusive cross section

? shift in energy transfer due to the mean field of the spectator
nucleons

? redistributions of the strength due to rescattering of the knocked
out nucleon

I high energy (eikonal) approximation

? the struck nucleon moves along a straight trajectory with constant
velocity

? the fast struck nucleon “sees” the spectator system as a collection
of fixed scattering centers

δ(ω − E −
√
|k+ q|2 +m2)→

√
T|k+q|δ(ω − E −

√
|k+ q|2 +m2)

+(1−
√
T|k+q|)f(ω − E −

√
|k+ q|2 +m2))

I the nuclear transparency T is measured by (e, e′p) experiments, and the
folding function f can be computed within nuclear many-body theory
using as input nucleon-nucleon scattering data

I complex pattern of significant medium effects
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GAUGING FSI: NUCLEAR TRANSPARENCY FROM (e, e′p)
I Nuclear transparency, measured by the ratio σexp/σIA. PRC 72, 054602

(2005)NUCLEAR TRANSPARENCY FROM QUASIELASTIC 12C(e, e′p) PHYSICAL REVIEW C 72, 054602 (2005)
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FIG. 4. Nuclear transparency TA for C, Fe, and Au as a function
of the proton kinetic energy Tp compared to the correlated Glauber
calculations (solid lines). The data indicated by circles are from the
NE18 experiment at SLAC [22], squares and diamonds are Jlab data
of Refs. [23] and [1] and from Bates [3] (triangle down). The result
indicated by stars is obtained with the correlated spectral function of
Ref. [8].

(circles) and Jlab [1,23] (squares and diamonds). The error
bars shown in the figure contain the statistical and systematic
uncertainty but not the model-dependent error. This applies
also to the data points of the previous works. Since the previous
experiments were analyzed using the same assumption and
ingredients the model-dependent error is the same for them,

while it is somewhat lower in the case of using the CBF spectral
function.

The solid lines drawn in Fig. 4 are the result of the theory
presented in this paper. For comparision also results from
previous experiments [1,22,23] for iron and gold are shown.
For all three nuclei and large proton kinetic energy (>1.5 GeV)
the theory describes the data well within the error bars. At
low energy there is remarkable agreement between theory
and the experimental results obtained using the CBF spectral
function. The two data points at the lowest Tp for 12C could
indicate a deviation from the prediction, but considering the
model-dependent error bar no firm conclusion can be drawn.
With the standard analysis the experimental results are ≈5%
too low but in agreement with previous analyses using the same
ingredients. On the other hand the data points for gold seem
to exceed the theory. For these analyses a correction factor
1/ϵSRC = 0.78 was used [22,23]. If one would have used the
CBF spectral function the results would be lowered by ≈7%
and thus closer to the theory.
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? e+ 12C→ e′ +X quasi elastic cross section computed within the IA
including FSI, PRD 91, 033005 (2015)
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MESON-EXCHANGE CURRENTS
MEC: Pion exchange
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MEC: �-isobar exchange
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The Rarita-Schwinger (RS) expression for the � propagator reads

S��(p, M�) =
/p + M�

k2 � M2
�

 
g�� � ����

3
� 2p�p�

3M2
�

� ��p� � ��p�

3M�

⌘

WARNING
If the condition p2

� > (mN + m⇡)2 the real resonance mass has to be
replaced by M� �! M� � i�(s)/2 where �(s) = (4f⇡N�)2

12⇡m2
⇡

k3p
s (mN + Ek).
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THE EXTENDED FACTORISATION ansatz
? Highly accurate and consistent calculations of processes

involving MEC can be carried out in the non relativistic regime
? Fully relativistic MEC used mainly within the Fermi gas model
? Using relativistic MEC and a realistic description of the nuclear

ground state requires the extension of the IA scheme to
two-nucleon emission amplitudes

I Rewrite the hadronic final state |n〉 in the factorized form

|n〉 → |p,p′〉 ⊗ |n(A−2)〉 = |n(A−2),p,p
′〉

〈X|jµij |0〉 →
∫
d3kd3k′Mn(k,k

′) 〈pp′|jµij |kk
′〉 δ(k+k′+q−p−p′)

The amplitude

Mn(k,k
′) = 〈n(A−2),k,k

′|0〉

is independent of q , and can be obtained from non relativistic
many-body theory
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PINNING DOWN FSI & MEC

I N. Rocco, OB, and A. Lovato, PRL 116, 192501 (2016)
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PRELIMINARY: FLUX-AVERAGED INCLUSIVE CROSS SETION

? Comparison with the inclusive flux=integrated νµ-Carbon CC cross
section measured by the T2K collabortion [PRD 98. 012004 (2018)].
Inelastic structure functions provided by T. Sato, No MEC, no FSI.
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SUMMARY & OUTLOOK

? Despite the complexity of flux average, a consistent description of the
neutrino-nucleus cross in both elastic and inelastic channels appears to
be possible within the approach based on factorisation.

? Most theoretical models employed of neutrino-nucleus interactions
involve some level of factorisation. However, to fully exploit its
potential, this scheme must be implemented using spectral functions
providing an accurate description of the initial state. Valuable new
information will be provided by electron scattering experiments, e.g. the
measurement of the 40

18Ar(e, e′p) cross section performed in Jlab Hall A

? A better understanding of the interaction vertices, involving vector and
axial form factors, and structure functions in the resonance production
and DIS regions, is needed.

? The present development of the treatment of FSI, while being adequate
to describe inclusive processes need to be improved to describe
exclusive processes, and pin down the relevant reaction mechanisms.

? Long-range effects and the breakdown of factorisation at low
momentum transfer need to be carefully investigated
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Backup slides
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TWO-NUCLEON SPECTRAL FUNCTION

? Calculations have been carried out for uniform isospin-symmetric
nuclear matter

P (k1,k2, E) =
∑
n

|Mn(k1, k2)|2δ(E + E0 − En)

n(k1,k2) =

∫
dE P (k1,k2, E)

? Relative momentum distribution

n(Q) = 4π|Q|2
∫
d3q n

(
Q

2
+ q,

Q

2
− q

)

q = k1 + k2 , Q =
k1 − k2

2
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LONG-RANGE CORRELATIONS

? At low momentum transfer the space resolusion of the neutrino
becomes much larger than the average NN separation distance
(∼ 1.5 fm), and the interaction involves many nucleons

← λ ∼ q−1 →

d

? Write the nuclear final state as
a superposition of 1p1h states
(RPA scheme)

|n〉 =
N∑

i=1

Ci |pihi)

+ + + . . .
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TAMM-DANCOFF (RING) APPROXIMATION

? Propagation of the particle-hole pair produced at the interaction
vertex gives rise to a collective excitation. Replace

|ph〉 → |n〉 =
N∑

i=1

Ci |pihi)

? The energy of the state |n〉 and the coefficients Ci are obtained
diagonalizing the hamiltonian matrix

Hij = (E0 + epi
− ehi

)δij + (hipi|Veff |hjpj)

ek =
k2

2m
+
∑

k′

〈kk′|Veff |kk′〉a

? The appearance of an eigenvalue, ωn, lying outside the
particle-hole continuum signals the excitation of a collective
mode
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BEYOND FACTORISATION: LONG-RANGE CORRELATIONS

I |q|-evolution of the density-response of isospin-symmetric nuclear
matter, PLB 680, 305 (2009)

|q| ≈ 480 MeV

|q| ≈ 300 MeV

|q| ≈ 60 MeV

308 O. Benhar, N. Farina / Physics Letters B 680 (2009) 305–309

The FG ph states, while being eigenstates of the HF Hamiltonian

HHF =
∑

k

ek, (12)

with ek given by Eq. (10), are not eigenstates of the full nuclear
Hamiltonian. As a consequence, there is a residual interaction V res
that can induce transitions between different ph states, as long as
their total momentum, q, spin and isospin are conserved.

We have included the effects of these transitions, using the
Tamm Dancoff (TD) approximation, which amounts to expanding
the final state in the basis of one 1p1h states according to [27]

| f ) = |q, T S M) =
∑

i

cT S M
i |pihi, T S M), (13)

where pi = hi +q, S and T denote the total spin and isospin of the
particle–hole pair and M is the spin projection along the quantiza-
tion axis.

At fixed q, the excitation energy of the state | f ), ω f , as well as
the coefficients cT SM

i , are determined solving the eigenvalue equa-
tion

H| f ) = (HHF + V res)| f ) = (E0 + ω f )| f ), (14)

where E0 is the ground state energy. Within our approach this
amounts to diagonalizing a Nh × Nh matrix whose elements are

H T S M
ij = (E0 + epi − ehi )δi j + (hi pi, T S M|V eff|h j p j, T S M). (15)

In TD approximation, the response can be written as

S(q,ω) =
∑

T S M

Nh∑

n=1

∣∣∣∣∣

Nh∑

i=1

(
cT S M

n
)

i(hi pi, T S M|O eff(q)|0)

∣∣∣∣∣

2

× δ
(
ω − ωT S M

n
)
, (16)

where (cT SM
n )i denotes the i-th component of the eigenvector be-

longing to the eigenvalue ωT SM
n .

The diagonalization has been performed using a basis of Nh ∼
3000 ph states for each spin–isospin channel. The appearance of an
eigenvalue lying outside the particle hole continuum, correspond-
ing to a collective excitation reminiscent of the plasmon mode of
the electron gas, is clearly visible in panel (A) of Fig. 3, showing the
TD response at |q| = 0.3 fm−1 for the case of Fermi transitions. For
comparison, the result of the correlated HF approximation is also
displayed. Note that the sharp peak arises from the contributions
of particle–hole pairs with S = 1, T = 0.

In order to identify the kinematical regime in which long range
correlations are important, we have studied the TD response in
the region 0.3 ! |q| ! 3.0 fm−1. The results show that at |q| "
1.2 fm−1 the peak corresponding to the collective mode in the
S = 1, T = 0 channel is still visible, although less prominent. How-
ever, it disappears if the exchange contribution to the matrix ele-
ment of the effective interaction appearing in the rhs of Eq. (15) is
neglected.

The transition to the regime in which short-range correlations
dominate is illustrated in panels (B) and (C) of Fig. 3, showing
the comparison between TD and HF responses at |q| = 1.5 and
2.4 fm−1, respectively.

At |q| = 1.5 fm−1 the peak no longer sticks out, but the effect
of the mixing of ph states with S = 1 and T = 0 is still detectable,
resulting in a significant enhancement of the strength at large ω.
At |q| = 2.4 fm−1 the role of long range correlations turns out to
be negligible, and the TD and correlated HF responses come very
close to one another. The calculation of the response associated
with Gamow–Teller transitions shows a similar pattern.

Fig. 3. Nuclear matter response calculated within the TD (squares) and correlated
HF (diamonds) approximations, for the case of Fermi transitions. Panels (A), (B) and
(C) correspond to |q| = 0.3, 1.5 and 2.4 fm−1, respectively.

5. Conclusions

The CBF formalism employed in our work is ideally suited to
construct an effective interaction starting from a realistic NN po-
tential. The resulting effective interaction, which has been shown
to provide a quite reasonable account of the equation of state of
cold nuclear matter [16], allows for a consistent description of the
weak response in the regions of both low and high momentum
transfer, where different interaction effects are important.

The results of our calculations, obtained including 1p1h final
states, suggest that in addition to the HF mean field, which moves
the kinematical limit of the transitions to 1p1h states well be-
yond the FG value, correlation effects play a major role, and must
be taken into account. While at |q| " 0.5 fm−1 long-range cor-
relations, leading to the appearance of a collective mode outside
the particle–hole continuum, dominate, at |q| # 2.0 fm−1 the most
prominent effect is the quenching due to short-range correlations.

In principle, the uncertainty associated with the truncation of
the space of final states at the 1p1h level can be estimated study-
ing the static structure function S(q) and the sum rules of the
responses [28]. We have verified that the S(q) goes linearly to zero
for vanishing |q|, as required by particle number conservation.

A more quantitative understanding of the role of two particle-
two hole (2p2h) final states can be gained comparing the response
resulting from the approach discussed in the present Letter and
that obtained using the spectral function formalism, applicable in
the impulse approximation regime [24]. The results of Ref. [24]
suggest that the main effect of 2p2h states, which are explicitely
taken into account in the spectral function, is the appearance of a
tail extending to large energy transfer.

As pointed out in Section 2, the differences between our work
and that of Ref. [8] arise from the definitions of both the ef-
fective interaction and the effective operators. Three- and many-
nucleon forces, taken into account in our approach, play a marginal
role at nuclear matter equilibrium density, their inclusion lead-
ing to changes that never exceed 15% in the Fermi TD response
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