
Basics of Beam Dynamics 
i Ci l A l tin Circular Accelerators

Part 1

Based on P G Bryant and B HolzerBased on P.G.Bryant  and  B.Holzer

CERN  Accel. School-2008

as well as

L.Rinolfi  -- CERN Accel.School-2000







Example of RACETRACK Lattice
Electrostatic Antiproton Recycling Ring  (AD-REC)
QUASAR Design for AD MUSASHI experimentQUASAR Design for AD MUSASHI experiment

Is it not similar to Ring with magnetic elements ?
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Fixed-Energy Ring

circumference = 7.2 m

quad triplet
antiproton

quad singlet

antiproton
injection

90º deflector90  deflector
y-corrector x-corrector(250 mm radius)



AD-RECYCLER Ring Layout
neutrals

Ring parameters

Ions                                 pbars

T t i HTest ions                          H–

Energy Range                 3 keV (?)

Type                               electrostatic

Beam intensity               5•105 ions

Circumference               5.9348 m

Straight sections 2

Straight section length 1300 mm

Ring acceptance            80  mm•mr

Vacuum                          10-11 torr

Ion rotaton frequency 128  to 37 kHz

Ion rotation period 7.8 to 27 s

Operation timeOperation time
500 000 turns 4 – 14 s

3 keV pbars
from  MUSASHI  trap







p MeV/c = 300 BR T, m

E2 = Wo
2 + p2c2 

p=m c
Q.1. Please derive these formula

p=mo c

pc = Wo =Wo + T

mv2/R = e/c v  B







Q 2 Pl d i thi f lQ.2. Please derive this formula





P/P  0

Q.3. Please derive this formula





Q.4. Please derive this formula



Q.5. For K> 0 motion is what: stable ? / unstable ?



Quadrupole shape

Q 6 Please draw field and gradientQ.6. Please draw field and gradient
vs radius  for Quadrupole



Equation
with periodic
coeficient

SOLUTION 



Stable motion

> 0

General soluton might be 
written in MATRIX FORM

Q. Please write equation for UNSTABLE motion





TRANSFER MATRIX 
Coordinate and velocity of ion in point 2 
might be expressed as LINEAR combination g p
of  Coordinate and velocity of ion  in point 1

X2 = m11 X1 + m12 X12 11 1 12 1

X2 = m21 X1 + m22 X1 Q- PLease derive Matrix of Drift
where L is drift lengthwhere L is drift length



X2 = 1 * X1 + L* X1X2  1  X1 + L  X1

X2 =  0* X1 +  1* X1



Linear transfer Matrixes

Q.7. Could somebody 
derive these matrixes ?











Q.8. Please draw shape 
of field in classic cyclotron
to provide weak focusing











Q.8. PLease derive formula



Magnetic rigidity 

pcMeV = 300 BR Tm

pc = Wo = Wo + T

Wo – rest energy

Q.8. PLease derive formula



PROMPT







Cylindrical 
Electro
Static
Deflector
(ESD)



Linearized equation of transverse motion 
in electrostatic deflecting elements

DIPOLE Magnet  
Plane of bend



SAME TRANSFER 
MATRIXES AS FOR 
MAGNET !MAGNET !

C li d i l ESDCylindrical ESD



Arbitrary  shape of ESD

Electric field INDEX 

nE =  (R/ER) dER/dR  1 + R/

K (3 2) / R2Kx = (3 nE  2) / R2

Ky = (nE  1) / R2

ELDEFL focusing            sector magnet
condition
1< nE< 3                      0 < nM < 1

ESD type cylindrical spherical Hyperbolic Anti-
spherical

  =   = R  = R/2  = R  =   = R  = - R/2  = - R

nE 1 2 1 0

kX 2/R2 1/R2 4/R2 3/R2

k 0 1/R2 2/R2 1/R2kY 0 1/R2 2/R2 1/R2

focus in X
drift in Y

Equal focus 
fx= fy

Focus  X
Defocus  Y

Focus  X
Defocus Y

Q ?. Can You derive coefficients for TOROIDAL ESD ?



Equation of  transverse motion  in ESD 
with CYLINDRICAL shape electrodes

Equation of  transverse motion  in ESD 
with SPHERICAL shape electrodes
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Linear approximationLinear approximation Linear approximationLinear approximation

Q. Please write LINEAR equation
of transverse motion in ESD-CYL

01
2  x

R
x

eqof transverse motion in  ESD CYL
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R
y

eq

eq

IN the Linear approximation Cylindrical deflector In the linear approximation spherical deflector 
focuses  beam in both directions 

with the same force

IN the Linear approximation Cylindrical deflector 
focuses beam in radial direction with DOUBLE 
strength wrt Sperichal electrode and it is DRIFT
In axial direction



Example of ESD with plates of  SPHERICAL Shape



OPERA / MAD-X simulations  of ELISA Ring with ESD 
plates of  SPHERICAL and CYLINDRICAL Shape

(O.Gorda, A.Papash)

Figure 1. Model of ring used in OPERA3D. 
Dimensions and distances between elements 
similar to original ELISA design [2]. 
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Figure 5 Radial acceptance of ring with 160 ESD_CYL.
(a) middle of long straight section, azimuth =0,
(b) middle of ESD-160, azimuth =90.

Figure 3. Ring geometry was split in multiple sectors
and parts to provide correct distribution of electric
field. Shown is region with quads, 10 parallel plate
deflector and 154 cylindrical electrodes
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Figure 4. Dynamic aperture of ring with 160 electrostatic
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Figure 5 Radial acceptance of ring with 160 ESD-CYL 
deflectors of cylindrical shape. OPERA simulations:
a) middle of long straight section, azimuth =0,
b) middle of ESD-160, azimuth =90.

(a) middle of long straight section, azimuth =0, 
(b) middle of ESD-160, azimuth =90.



ES Focusing













P i i l f STRONG F iPrinciple of STRONG Focusing

PERIODIC STRUCTUREPERIODIC STRUCTURE
Ring Lattice consists of N equal cells.

Each Cell consists of Focusing / defocusing 
elements and bends 

(magnetic or electrostatic...)

Focusing - defocusing elements alternate

Q. What is the difference of Strong focusing 
from Weak focusing ?



Weak focusing must provide focusingWeak focusing must provide focusing 

in both direction simultaneouslyin both direction simultaneously

While strong focusing  -

it is alternating of focusing /defocusing elements



Hill equatrion
Motion with PERIODICMotion with PERIODIC 
FORCE
KY (s+L) = KY (s)
























































