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[ What do we mean by reconstruction? ]

> N
p
Systems . = 2. v
identification % J (<) = E,-; ¥i X
4 > P AL < )
Posterior P -+ , :
inference X ‘:A[x> ;é X KII P()(I .al’"')
N - Z

DS reconstruction/ kzé(x)x I‘Q (K) - /\C}b[bl/x*[a

approximation

[Um'versal Approximation Theorem for RNN. )
“The flow field of any DS x = f(x), x(t) € RY, can be approximated arbitrarily
closely by a RNN of the general form z = —%Z +Wo(z) + h,z(t) € RY,

M = N, with ¢ a continuous monotonic nonlinear (sigmoid-type) function.”
\(Funahashi & Nakamura 1993; Kimura & Nakano 1998; Hanson & Raginsky 2020) /




[ What is a Recurrent Neural Network? ]

INPUT
Question =y

> === Answer
Y\ )i OUTPUT

Z; =¢d(Wzi_1+ h + @, e.g. $(z) = tanh(2)

external input



[ Nonlinear dynamical systems reconstruction J

[ dynamical system

A

Ci?l = a,(.’I,‘Q — .CUl)
5;32 = ml(b — 1173) — T2

.Cf33 = 192 — CI3




[ Nonlinear dynamical systems reconstruction J

[ dynamical system ] [ RNN ]

Ci?l = a,(.’I,‘Q — .CUl)

5;32 = Il(b—zg) — T2

.Cf33 = X192 — CI3 @—’

NS\
train U @s@

universal approximator
of dynamical systems

\(Hanson & Raginsky, zozy




[ Nonlinear dynamical systems reconstruction ]

[ dynamical system ]

Ci?l = a,(.’I,‘Q — .CUl)

5;32 = Il(b—zg) — T2

.Cf33 = 192 — CI3

train

universal approximator
of dynamical systems

\(Hanson & Raginsky, zozy

generate

[ simulated trajectory ]

zt = Az
+ W max(z;-1,0)+ h




[ Nonlinear dynamical systems reconstruction ]

[ dynamical system ]

Ci?l = CL(QS'Q — 33’1)

i?g = LL‘l(b— .’133) — T2

i?3 — T1X9 — CX3

Same geometrical and temporal
structure

[ simulated trajectory ]

zt = Az
+ W max(z;-1,0)+ h




[ How do we train Recurrent Neural Networks? ]

Givendata: X={x.},x, e RV, t=1..T
mOdEI: Zt — FQ(Zt_l, St), )’it — 99 (Zt)

f )

* Mean Squared Error (MSE) loss: 6" := argmin {Z | x, - gﬂ(zt)Hj
t=1
 Maximum Likelihood: 0" := arg méax{log p(X|0)}

 Bayesian inference: p(0,Z|X) = b(X16,2)p(8,2)

\ [p(6,Z,X)d0dZ /

(

\_

N
* Deterministic models: Gradient Descent (RTRL, BPTT), 2"¥-order methods

e Probabilistic models: EM, Variational Inference, MCMC

/9




[ How do we train Recurrent Neural Networks? ]

Givendata: X={x.},x, e RV, t=1..T
mOdEI: Zt — Fg(Zt_l, St), )’Zt — ge (Zt)

* Mean Squared Error (MSE) loss: 6" := argmin {Z | x, - gg(zt)Hz}
t=1
 Maximum Likelihood: 0" := arg méax{log p(X|0)}

* Bayesian inference: p(6,Z|X) = p(X|6,2)p (6, Z)

\ [p(6,Z,X)d0dZ /

-

\_

* Deterministic models: Gradient Descent (RTRL, BPTT), 2"9-order methods

e Probabilistic models: EM, Variational Inference, MCMC

~

40

e 5



[ “Vanishing/ exploding gradient problem” ]

[“Inputs": S ={s;} “Outputs”: Z = z,},t=1..T ]

RNN z, € RM Loss function
R T
z, =Wz, +h+Cs = Z: — Z¢||5
e =Wz, O | e=D, D> Nz -zl
e(w) W, .,=W_,—y» Ve(w,)

Ve(w)

n+

11



[ “Vanishing/ exploding gradient problem” ]

[”Inputs": S ={s;} “Outputs”: Z

(Z,},t = 1...T]

RNN z, € RM
z;, = ¢p(Wz;_, + h+ Cs;)

Loss function

R T
e= > >z —zll3
r=1 t=1

12



[ “Vanishing/ exploding gradient problem” ]

[(‘InPUtS”: S — {St} Noutputsn: "‘Z'-' — {Zt} , - 1 N T ]

RNN Z; € RM
z = p(Wz,_1 + h + Cs¢)

Loss function

R T
‘”Z z 1Z; — z.|15
r=1 t=1

Os o=,

Vi

1<e<T

13



Benchmark example: Addition problem

t, t, T
Sl 0.21 | 0.14 | 0.56 | 0.36 | 0.87 0.97 1 0.85|0.52]0.24 | 0.39 0.24 | 0.39
5 0 0 1 0 0 0 0 0 1 0 0 0
; 220_80 ]
T,
INPUT OUTPUT
GATE GATE :

!

!

—> —->e->0)—>e—>0)—

LSTM
cell

A

FORGET

GATE

Hochreiter & Schmidhuber (1997)

\_

iy = o (Wilx;s s b '] + b))

) =o(Wlx; b+ b))
si=/f1si_+itanh(Wilxs by sy ']+ by)
op = o(Wlx:s B yshy™ ']+ b))
hi = oitanh(si)

J




[ Our approach: Piecewise-Linear (PL) RNN ]

(zt = Az; 1+ Wmax(z;-1,0) + Csy + h + et)

/Iatent states z, € RM xl\

diag (auto-regression) A c RM*xM
connection wgt.s W c RMxM
input wgt.s C c RMxK
bias term h c RMx1
external inputs s, € RiEx1

\Ild Gaussian noise  &; ~ N (0, Z)/




[ Our approach: Piecewise-Linear (PL) RNN ]

(zt = Az; 1+ Wmax(z;-1,0) + Csy + h + et)

* Physiological 6! “RelU”
motivation T4
<2
0 — | | |
2 0 2 4

10

L5PYR

40 60 80 100

* Universal approximation properties still hold
(Koiran et al. 1994, Theo Comp Sci; Lu et al. 2017, NeurlPS; Storace et al. 2003, Intl/ J Circuit Theo Appl)

e PL structure allows for efficient inference/ training
(Durstewitz 2017, PLoS Comp Biol; Koppe et al. 2019, PLoS Comp Biol) 16



[ PLRNN is a PWL map: DS properties accessible ]

" : )
* Fixed points, cycles, and ' = (71— wy,..,)'h |
their stabilit k 1P &L
. y . Z*k — (I — H WQ(t*ki)) X [Z H WQ(L*k—i) + I] h
analytically accessible i1 j=2 =1
(Schmidt et al. 2021, ICLR) with Jacobians WQ(t) = A+ WDQ(t) /
 Important classes of bifurcations ' ]
relatively well described (in low dim)
(Monfared & Durstewitz 2020, Nonlinear Dynamics;
Monfared, Patra, Durstewitz, in prep)




[ PLRNN is a PWL map: DS properties accessible ]

/- Discrete-time PLRNN can be converted into mathematically\

(Monfared & Durstewitz 2020, /ICML)

equivalent continuous-time PLRNN

Zv1 = F(zy) , (=G0
zo = (0) , z; = F(zp) = {(A?)

4+ © discrete -
—cont.
- 2 B a
N
0

60

-2 | 1 | 1 |
30 35 40 45 50 55
- L O
04r o T "o
NN 021 __._O"“ ".Ib._‘ .
..... o '
O o [~ 4
_0 2 | | 1 .‘.“‘:
37 37.5 38 38.5
Time

ot}
AP

1.5

1

0.5

0

-0.5

-1

-1.5

Flow velocity

10 20

30 40 50




(

How can we solve issues in training
while keeping the model simple?

\

Z9

[ 20

[

Perfect line attractor retains
states indefinitely

(Schmidt et al. 2021, ICLR)

19



Manifold-attractors for long memory & slow time scales

Z9
\
N

\0

\0
/

Perfect line attractor retains Slightly ‘detuned’ line attractor
states indefinitely enables arbitrary time constants

(Schmidt et al. 2021, ICLR)

20



Manifold-attractors for long memory & slow time scales

[t‘I ’ t1 +n]

[tZ! t2+n]

.68

76

74

39

.66

1

1

1

€ [0,1] |.42|.02|.79].96 | 66| .04 .85[ .93
so.€{0,1} [olo|1[1]1|[o]o]o
|
I A =1

99,

]W12_1

- @)
inputs

sy. € {0,1} 1 Az, =10.01

hy, = —0.995

100

200

300

400

500

100

(Monfared & Durstewitz 2020, /ICML)

500

>x=42 Zr =Syt + S1¢,

)

21



[ Manifold-Attractor regularization

(zt = Az; 1+ Wmax(z;_1,0) + Csy + h + a—:t)

( )
reg Mreg M reg
h2
reg — TA ‘l_ T™W '|' Th
=1 9=1
. JZl J
00 0 0 O (0Q 0 0 0 0 0\
0 0O 0 0 O 0~0 O 0 O
0 O 0 0 O 0 0 0
0 00 x 0 O X x X 0 x X X
0 00 0 x O X X X x 0 x X
\0 0 0 0 O ><) \x X X X X U/ \X/
A W h

(Schmidt et al. 2021, ICLR)



[ Manifold-Attractor regularization

(zt = Az; 1+ Wmax(z;_1,0) + Csy + h + a—:t)

(" )
reg Mreg M reg
2
L = 44 E S TW E E W ;+h E h;
=1 9=1
\_ k! Y,
00 0 0 O (0Q 0 0 0 0 0\
regularized 0 0 0 0 O 0 0 0 O Mieg
0 O 0 0 O 0 0 O
) 0 0 0 x 0 O X x X 0 x X X
non-regularized 000 0 x O X X X X 0 X X
\0 0 0 0 0 x) \x X X x x 0/ \ % /
A W h

(Schmidt et al. 2021, ICLR)



Pcurrect

Supervised: Classical ML benchmarks

0.8 F

0.6 f

0.4

0.2 f

[ Sequential MNIST task

[ Addition task ] [ Multiplication task ]
0.8} 0.8
I . © 0.6
- T T 1 ¢
Bottom line
—— - -tew—eees RNN with simple, tractable
20 30 5070 150 250400 .
T matical structure
—%F—RNN

rmance en par
NN etc.

—F—iRNN (Le et al., 2015)
—#— oRNN (Vorontsov et al., 201

(Schmidt et al. 2021, ICLR)
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[ Unsupervised dynamical systems reconstruction J

(
N

Bursting neuron model

h

K

| L]
[ R

0 0.15 0.3 0.45 0.6
time (s)

0.15 03 045 0.6
time (s)

015 03 045 0.6
time (s)

N
Simulated electrocardiogram (ECG) )

/

(Schmidt et al. 2021, ICLR)

4l
9 l
AUV
_2 L ! . ! 4
0 2 4 6 )
time (s)

25



[ Unsupervised dynamical systems reconstruction J

N\ N
Bursting neuron model JEN Simulated electrocardiogram (ECG) )

true
generated

1 ] 1
[ 3] = o= = b2

ES1
(] |I— =] Ll () [#%)
w

L " " -2 " " " .
0 015 03 045 06 0 015 03 045 06 - 0
\ time (s) time (s) / \

(Schmidt et al. 2021, ICLR)




[ Unsupervised dynamical systems reconstruction J

\
Bursting neuron model Simulated electrocardiogram (ECG) )
1 : : . .
2
= true
0 generated
-9 X ,
0 0.15 0‘% 0.45 0.6
& S
2 2
= regularized g
E non-regularized 2
g 5
= =
-2

0 015 0.3 0.45 0.6
\ time (s) / \

(Schmidt et al. 2021, ICLR)




[ Theoretical insights: Link between dynamics & loss gradients ]

ﬂ%ewrite \ “p
Zy = F(Zt—l) — AZt_l + W maX(O, Zt—l) + h Do = ( 8 (1) ) sy = ( 1 0 )
=:(A+WDgq-1))Z—1 + h

=:|WQ(t—1)Zt—1 + hl

where Do) = diag(do)), dow) = (di.d2, -+ . dur) Da: = ( 0 o ) Ph :( ) o )
0 0

\with A (Zmt) == dpy, = 1 iff 2 > 0 andOeIse/

Fixed point z* = F(z")
k-cycle {z*1,..,z"%} = {z"1, F(z*!), ..., F*(z*1)},
Z'T = (F( F(z*’”))) = Fk(z)for1<r<k

~

\ /Illzs




[ Theoretical insights: Link between dynamics & loss gradients ]

/zQ = F(21) = Woa 21+ h, \

z3 = F?(21) = F(23) = Wo2y Wo) 21 + (Wae) +I)h.

zr = F1 7 21) = F(zr_1) = Woir_1) War_a) - - Woq) 21
+ (Wor—1) War—2) - Wa
+Wor-1yWar—2)---Wai)+ -+ Worr_1) +I)h

-1 7

T—1 j—1
K = H Wamr—i k1 + {Z HWQ(T—E') +I]h /
i1 i—2| i=1

(Schmidt et al. 2021, ICLR) 29




[ Theoretical insights: Link between dynamics & loss gradients ]

(" R
75| T-1 j—1
dynamics zr= ] Wa@—i 21 + {Z [T Waa-iy + I} h
i=1 j=2 i=1
\. J
g I
oL 0Ly 0z .. 0z
{ “ . P = P : P —,  with 5 — = L Dag-1) 2-1
gradients” Wmk =5 0%t OWmk Wik
(loss tensors) =2 /51 2 Oz
2
\. + H Wa- %)) Lim,ky Dage—j)2t—j + H Wa-i ow
71=2 =1 i—1 mkj
T ”
(Theorem. PLRNN dynamics A i 8zf, ‘ ?;f
converges to fixed point or k-cycle 5 il
- Norms of loss “gradients” (IEER R NEEEE S SP- 2RSS ‘3%
Qtensors) bounded from above ) LR E SR g Y,
N ol 20

(Schmidt et al. 2021, ICLR)



[ Theoretical insights: Link between dynamics & loss gradients ]

r w
T—1 T—1 7—1
dynamics zr= ] Wa@—i 21 + {Z [T wWar-s —i—I}h
=1 =2 =1
. 8 " y
OL 0L, Oz 0z )
@ «“ . ” 0 :Z ) : o ‘ ) with 5 L= 1(m,k)DQ(t—1)zt—l
gradients Wmk =5 0%t OWmk Wik
(loss tensors) t=2 ,j-1 t—2 52
g + Hwﬂ(t %))1(?% gy Da—j) - J"‘Hwﬂ(t %) S .
G 1=1 1=1 mj
4 9 )
(Theorem PLRNN + MAR. Non- regul\ 5 0 8 8 g 8 | P > |5 )
rized subsystem convergesto FPork- | [o 00y 0 0 0 |l HH W ||
“« . ” — . Q(k
cycle > Norms of loss “gradients SO B |$ t<k<T TEO2R) ||
Kbounded from above and below Y \0 0 0 0 0 x) \2 Diow > 0 y
4 31

(Schmidt et al. 2021, ICLR)



|

What about chaotic systems?

g

Definition. We call a (deterministic) DS chaotic if
e long-term behavior is aperiodic (irregular)
e Max. Lyapunov exponent > 0 (nearby trajectories diverge expon. fast)

\

J

-

\_

Logistic map
X = OX, (1 o xr)

x, €[0,1], @ €[0,4]

l 2

—

= 0.5¢

X

0

. LA | |
i

Divergence of trajectories

!

A

Vil

|

|

|

h

V

A

|

NfVM

|

/

|

V'

|

|

V

!

VN

20

40

60

80

-

\_

100
! _/
Lorenz system h
Ci?l = a,(.’I,‘Q — .CUl)
5;32 = ml(b — 1173) — T2
.Cf33 — 192 — CI3
37




Example: Lorenz-63 system

-

\_

~

&;31 = CL(:EQ — 331)

Lfiz — Cu"l(b— 333) — I9

$'3 — X122 — CI3

O A T

11“ it H’HM J*WM it M i 1'11‘

T

Wit

o

",.
%
|
1

.||"\ ! Il \l

0 1000

(Bereska, Brenner et al., in prep)

2000 3000

4000 5000

time steps

— ftrue
—— generated

33



[ Example: Lorenz-96 system (spatio-temporal chaos) ]

r “
dd? = (vj41 —T_9)v; 1 —x; +F,1=1...N
g y
APAAMNAN
by " mw\ﬁ@ : \\

\f

/‘ /
/\f. | (\M\’K\J\'

['.l 2L'I 4

time steps

(Bereska, Brenner et al., in prep)

0 0,20 40

dlmensmns

0

5000 10000 15000 20000 25000 30000 35000 40000

frequency [Hz]

34



Example: Neural population model (“structured chaos”)

a )
dh | I
 — _h+ J¢é(h)
o +Jo(h) + —={vT ¢
\ (:)(h) — t&ﬂh(h(f)) / I(DLLa:éjacuoisoBrinoﬁ)olinsky 2018,
— f{rue
—— generated

0 500 1000 1500 2000 2500 3000 3500 4000

frequency [Hz]

T T T T T T T T T
0 30 100 150 200 250 300 350 400

L] '5 Ol
time steps dimensions

(Bereska, Brenner et al., in prep)
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[ Probabilistic framework:

Multi-modal PLRNN ]

Latent DS (RNN) ~ Modality-specific

observation models

Experimental
observations

External . . .MSUA
stimuli/ MSUA £ - Y
- p(x |2) B 4 .
inputs => = D_ . Tlme . Ca2+
4 = — I:>:{§§ l I I I imaging
=> p(x—" | 2) S 8
e
=> p(xbehavl ) => fc_;g Behavior
— = Trials . . e .
2 B Expectation Maximization
> - e
[ Inference: p@® |x) ' Variational Inference (SVAE)
R — __RNN ?tate space xM5UA |z, ~Poisson(A; = gg(z,))
z |
i xg |z, ... Zt—r"’N(ﬂgx); ng))
ﬂgx) = fg(ﬂ)(zt Zi_z)
L 5
) = fP (2 o 2e0)

pu,’ =Az, ; + Wmax|0,z,_,] + h + Cs;

xbehavior |z  Catgorical(rm, = f(n) (z,))
36



[ Application: Inferring PLRNN from human fMRI J

- ‘ process model
z, =Az,_, +W¢(z,,)+h+Cu, +g,
g, ~N(O,X)

$

fMRI observation model

X, |z, ~ N(B[hrf *z__ ]+ Mr,,T)

(Koppe et al. 2019, PLoS Comp Biol)



Application: Inferring PLRNN from human fMRI

— frue
4 T T T T T 0.4_
o discrete PLRNN —cont. PLRNN data mmPLRNN
@® 2+
5 %; W 8 g
m 2"
_4 1 1 1 1 1
0 200 400 600 800 1000 ).01
Time (s) 0 50

Frequency

(Koppe et al. 2019, PLoS Comp Biol; Monfared & Durstewitz 2021, ICML; Bommer, Kramer et al., in prep.)
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[ Reconstructed state spaces from fMRI

Wait!

010 INternal representation
of PLRNN

22 ’ Z

(data: Bahner et al. 2015; Koppe et al. 2019, PLoS Comp Biol)

contr delay

test

WM delay

train

contr

39



[ Nonlinear phenomena from fMRI data

200 400

————————————————————————————

AR

2 400

Chaotic attractor

(Koppe et al. 2019,
PLoS Comp Biol)
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Multi-modal integration improves DS reconstruction

1.0

i 0.6

MS

0.21

0.0

0.44

mmPLRNN
uniPLRNN

6

8 10 12 14
n—steps

Power
)

Pe,., (Z) T L LY
)7 SR
C‘é > Do, (Q | Z) Ll".
_’ — frue
04 mmPLRNN

uniPLRNN

50
Frequency

Cross-modal prediction
(“decoding thoughts”)

Predicted

CMT CDRT CRT Instr

Z = E(Z|X)

— C = Mode(C|Z)

el 0.3 0.18 0.12 0.16

Rest

0.12 0.1 0.09
-0.14 0.12 jeievs 0.16 0.12
-0.09 0.09 0.21 0.31 0.27

- 0.1 0.08 0.13 0.31 neEcyg

Rest Instr CRTCDRTCMT
True

(Bommer, Kramer et al., submitted)

0.4

-0.3

-0.2

-0.1
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[ Wrap-up ]

dynamical system

RNN ( simulated trajectory )
.f:, =a(rs —11) F,g ZL ” SL) 2 = Az, f \
&2 = zy(b— 73) — T2 + W max(z,_,,0)+ h
&Iy = Ty — CIy @—-

z"
__®/

Tractable PLRNN for reconstructing
DS from time series

train

{

\_

U [generate)

L \ = _ universal approximator
MMW of dynamical systems
LURA _ _ (Hanson & Raginsky, 2020) Modality-specific Experimental
\ -/ \ / External Latent DS (RNN) observation models , observatlons R
( \ ?r::;]:,;.] =,> p(x”’"""|z) =>§ »'u M“ \kk»jtracking
efe ° ° - 975 il
Probabilistic and multimodal 4 NErE ¢g;c;=!|||._ e
framework for PLRNNs o ] = LY s
\_ Yy, =S 5 Time

I ‘ Useful technique to get

insight into (malfunctioning)

) kbram dynamics )

github.com/DurstewitzLab 42
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