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THE TROUBLE WITH FLUX AVERAGE

? The energy-transfer dependence of the cross section of the process

e+A→ e′ +X

at fixed beam energy and electron scattering angle displays a
complex landscape

? The contributions of the main reaction mechanisms—involving both
nuclear and nucleon structure—can be clearly identified
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? In neutrino interactions, e.g.

νµ +A→ µ− +X

the energy of the beam particle is spread over a broad distribution
? different reaction mechanisms contribute to the cross section at fixed

muon energy and emission angle
? This feature clearly emerges from the analysis of the available

electron-scattering data
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COMPARING e- AND νµ-CARBON 0π CROSS SECTIONS

. Electron scattering

. MiniBooNe CCQE cross section

I Theoretical calculations carried out using the same formalism
I Owing to flux average, reaction mechanisms other than single-nucleon

knock out contribute to the neutrino cross section

4 / 31



THE NEW PARADIGM

? To achieve a firm understanding of the measured neutrino-nucleus
cross sections we need to

I develop a comprehensive model of neutrino-nucleus
interactions, capable to pin down all relevant reaction
mechanisms within a consistent framework. This is the
basic requirement for a reliable neutrino energy
reconstruction, needed for the oscillation analysis

I exploit the available and forthcoming electron scattering
data to assess the accuracy of the model in each channel

I increase the data base of measured neutrino-nucleus
cross section, including both inclusive and semi-inclusive
data
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WHERE WE ARE

? Over the two decades since the first NuINT Workshop—that we
may characterise as the post-Fermi-gas age—a number of more
advanced models of neutrino-nucleus interactions have been
developed

? Several models have achieved the degree of maturity required to
compare their predictions to the data. However, models based
on different assumptions turn out to provide very similar result

? Accurate results have been also obtained from ab initio Monte
Carlo calculations. However, this technique is inherently non
relativistic, and its applicability is limited to light nuclear targets

? Arguably, the approach based on the factorisation ansatz and the
Green’s function formalism is emerging as a viable option for the
development of a unified description of neutrino-nucleus
interactions
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THE LEPTON-NUCLEUS X-SECTION

? Consider, for example, the cross section of the process

`+A→ `′ +X

at fixed beam energy
dσA ∝ LµνWµν

A

I Lµν is fully specified by the lepton kinematical variables
I The determination of the nuclear response tensor

Wµν
A =

∑
X

〈0|JµA
†|X〉〈X|JνA|0〉δ(4)(P0 + k − PX − k′)

involves

• the ground state of the target nucleus, |0〉
• all relevant hadronic final states, |X〉
• the nuclear current operator

JµA =
∑
i

jµi +
∑
j>i

jµij
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THE NON RELATIVISTIC REGIME

? In the low-energy regime quasi elastic scattering leading to final states
involving nucleons only, i.e.

|X〉 = |(A− 1)? p〉 , |(A− 2)? pp〉 . . .

is the dominant reaction mechanism

? At low to moderate momentum transfer, typically in the range
|q| <∼ 500 MeV, the non relativistic approximation can be employed to
carry out highly accurate ab initio calculations, based on realistic nuclear
Hamiltonians strongly constrained by phenomenology

H =
∑
i

pi
2

2m
+
∑
j>i

vij +
∑
k>j>i

Vijk ,

and consistent nuclear current operators JµA
? The non relativistic approach has been widely employed to describe the

electromagnetic and weak responses of isoscalar nuclei with A ≤ 12
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THE IMPULSE APPROXIMATION (IA) REGIME

? at large momentum transfer, the final state and the current operator can
no longer be described within the non relativistic approximation

? for λ ∼ 1/|q| � dNN ∼ 1.6 fm, the average nucleon-nucleon distance in
the target nucleus, nuclear scattering reduces to the incoherent sum of
scattering processes involving individual nucleons

Σ
i

2 2
q,ω q,ω

i
x

? Basic assumptions

. JµA(q) ≈
∑
i j
µ
i (q) : single-nucleon coupling

. |X〉 → |p〉 ⊗ |n(A−1),pn〉 : factorization of the final state

? As a zero-th order approximation, Final State Interactions (FSI) and
processes involving two-nucleon Meson-Exchange Currents (MEC) are
neglected (more on this later)

9 / 31



THE IA CROSS SECTION

? Factorisation allows to rewrite the nuclear transition amplitude as

〈X|JµA|0〉 →
∑
i

∫
d3k Mn(k)〈k + q|jµi |k〉

I The nuclear amplitude Mn = 〈n|ak|0〉 describes initial sate
properties, independent of momentum transfer. It can be obtained
from non relativistic nuclear many-body theory

I The matrix element of the current between free-nucleon states can
be computed exactly using the fully relativistic expression

? Nuclear x-section

dσA =

∫
d3kdE dσN P (k, E)

? The spectral function P (k, E) = Im G(k, E)/π describes the probability
of removing a nucleon of momentum k from the nuclear ground state,
leaving the residual system with excitation energy E

? The lepton-nucleon cross section dσN can be obtained—at least in
principle—from proton and deuteron data
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NUCLEAR SPECTRAL FUNCTION

? The analytic structure of the two-point Green’s function—dictated by
the Källèn-Lehman representations—is reflected by the spectral function

P (k, E) =
∑
h∈{F}

Zh|Mh(k)|2Fh(E − eh) + PB(k, E)

? According to the mean field approximation underlying the
independent-particle model

. Momentum dependence Mh(k)→ φh(k), the momentum-space
wave function of the single-particle state h

. Spectroscopic factors Zh → 1, normalisation of φh(k)

. Energy distribution Fh(E − eh)→ δ(E − eh)

. Smooth contribution PB(k, E)→ 0

? The spectral functions of several nuclei—including oxygen and
iron—have been obtained within the local density approximation
(LDA), combining electron scattering data and the results of theoretical
nuclear matter calculations
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THE (e, e′p) REACTION

I Consider the process

e+A→ e′ + p+ (A− 1)

in which both the outgoing electron
and the proton, carrying momentum
p′, are detected in coincidence, and
the recoiling nucleus can be left in a
any (bound or continuum) state |n〉
with energy En

e e!

p!

q,!

I In the absence of final state interactions (FSI)—which can be
taken into acount as corrections—the the measured missing
momentum and missing energy can be identified with the
momentum of the knocked out nucleon and the excitation
energy of the recoiling nucleus, En − E0

pm = p′ − q , Em = ω − Tp′ − TA−1 ≈ ω − Tp′
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SPECTRAL FUNCTION AND MOMENTUM DISTRIBUTION OF 16O

? n(k) =
∫
dE P (k,E)

? the shell model accounts for ∼ 80% of the strenght
? the remaining ∼ 20% , arising from NN correlations, is located

mainly at high momentum and large removal energy
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COMPARISON TO INCLUSIVE ELECTRON SCATTERING DATA

? elastic and inelastic processes consistently taken into account
? no adjustable parameters needed

]
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PINNING DOWN THE 1P1H CONTRIBUTION

? C(e, e′p) at Moderate Missing Energy: e+ 12C→ e′ + p+ 11B
∗

I Missing energy spectrum measured
at Saclay (Mougey et al, 1976)

QUASI-FREE (e, e’p) 473 

8% PG 180 M&J/” 

MISSIffi ENERGY (McV) 

Fig. 9. Missing energy spectra from “C(e, e’p), (a) 0 S P 5 36 MeV/c, (b) SO $ P 5 180 MeV/c and 
(c) 0 s P s 60 MeV/c for 20 5 E 5 60 MeV. 

3OG E< 50 MeV 

0 50 la, ls0 2co 250 300 
RECOIL MOMENTUM (M&/c) 

Fig. 10. Momentum ~s~ibution from “C(e, e’p); (a) I5 s E 4 21.5 MeV and (b) 30 5 E s 50 MeV. 
The solid and dashed lines represent DWIA and PWIA ~lcula~ons respectively, with nonfiction 

obtained by a fit to the data. 

shells of “C. The lp, shell, at a separation energy of 16 MeV (fig. 9), exhibits 
the expected I = 1 distribution having a zero at P = 0 and a single maximum at 
PW 100 MeVJc. The two lines occurring in S(E, P) at 18 and 21 MeV correspond 

I P - state momentum
distribution

? The measured spectroscopic factors are significantly lower than the
predictions of the independent particle model
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COMPARISON TO THE MEASURED CORRELATION STRENGTH

? The correlation strength in carbon has been investigated in JLab
Hall C by the E97-006 Collaboration
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Figure 6. Momentum distribution of the data
(circles) compared to the theory of refs. [3] (dots),
[4] (solid) and [24] (dashed). The lower integra-
tion limit is chosen as 40 MeV, the upper one to
exclude the ! resonance.

Experiment 0.61 ±0.06
Greens function theory [3] 0.46
CBF theory [2] 0.64
SCGF theory [4] 0.61

Table 1
Correlated strength (quoted in terms of the num-
ber of protons in 12C.)

shape of the spectral function for C, Al, and Fe
ist quite similar. For Au a larger contribution
from the broader resonance region is obvious and
the maximum of the spectral function is shifted
to higher Em. The correlated strength for Al, Fe
and Au is 1.05, 1.12 and 1.7 times the strength
for C normalized to the same number of pro-
tons. This increase cannot be solely explained
by rescattering but MEC’s have probably taken
into account. Another contribution may be com-
ing from the stronger tensor correlations in asym-
metric nuclear matter [26,27].
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CORRECTIONS TO THE IA: FINAL STATE INTERACTIONS (FSI)

I The measured (e, e′p) x-sections provide overwhelming evidence of the
occurrence of significant FSI effects

q,ν q,ν

+
dσA =

∫
d3kdE dσN P (k, E)Pp(|k + q|, ω − E)

I the particle-state spectral function Pp(|k + q|, ω − E) describes the
propagation of the struck particle in the final state

I the IA is recovered replacing

Pp(|k + q|, ω − E)→ δ(ω − E −
√
|k + q|2 +m2)
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I effects of FSI on the inclusive cross section

? shift in energy transfer due to the mean field of the spectator
nucleons

? redistributions of the strength due to the occurrence of rescattering
of the knocked out nucleon

I high energy (eikonal) approximation

? the struck nucleon moves along a straight trajectory with constant
velocity

? the fast struck nucleon “sees” the spectator system as a collection
of fixed scattering centers

δ(ω − E −
√
|k + q|2 +m2)→

√
T|k+q|δ(ω̃ − E −

√
|k + q|2 +m2)

+(1−
√
T|k+q|)f(ω̃ − E −

√
|k + q|2 +m2))

I the nuclear transparency T is measured by (e, e′p) experiments, and the
folding function f can be computed within nuclear many-body theory
using as input nucleon-nucleon scattering data

I complex pattern of significant medium effects
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GAUGING FSI: NUCLEAR TRANSPARENCY FROM (e, e′p)

I Nuclear transparency, measured by the ratio σexp/σIANUCLEAR TRANSPARENCY FROM QUASIELASTIC 12C(e, e′p) PHYSICAL REVIEW C 72, 054602 (2005)
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FIG. 4. Nuclear transparency TA for C, Fe, and Au as a function
of the proton kinetic energy Tp compared to the correlated Glauber
calculations (solid lines). The data indicated by circles are from the
NE18 experiment at SLAC [22], squares and diamonds are Jlab data
of Refs. [23] and [1] and from Bates [3] (triangle down). The result
indicated by stars is obtained with the correlated spectral function of
Ref. [8].

(circles) and Jlab [1,23] (squares and diamonds). The error
bars shown in the figure contain the statistical and systematic
uncertainty but not the model-dependent error. This applies
also to the data points of the previous works. Since the previous
experiments were analyzed using the same assumption and
ingredients the model-dependent error is the same for them,

while it is somewhat lower in the case of using the CBF spectral
function.

The solid lines drawn in Fig. 4 are the result of the theory
presented in this paper. For comparision also results from
previous experiments [1,22,23] for iron and gold are shown.
For all three nuclei and large proton kinetic energy (>1.5 GeV)
the theory describes the data well within the error bars. At
low energy there is remarkable agreement between theory
and the experimental results obtained using the CBF spectral
function. The two data points at the lowest Tp for 12C could
indicate a deviation from the prediction, but considering the
model-dependent error bar no firm conclusion can be drawn.
With the standard analysis the experimental results are ≈5%
too low but in agreement with previous analyses using the same
ingredients. On the other hand the data points for gold seem
to exceed the theory. For these analyses a correction factor
1/ϵSRC = 0.78 was used [22,23]. If one would have used the
CBF spectral function the results would be lowered by ≈7%
and thus closer to the theory.
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? e+ 12C→ e′ +X quasi elastic cross section computed within the IA
including FSI. The predictions of the Relativistic Fermi Gas Model
(RFGM) are also shown for comparison.
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CORRECTIONS TO THE IA: MESON-EXCHANGE CURRENTS
MEC: Pion exchange
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MEC: �-isobar exchange
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The Rarita-Schwinger (RS) expression for the � propagator reads

S��(p, M�) =
/p + M�

k2 � M2
�

 
g�� � ����

3
� 2p�p�

3M2
�

� ��p� � ��p�

3M�

⌘

WARNING
If the condition p2

� > (mN + m⇡)2 the real resonance mass has to be
replaced by M� �! M� � i�(s)/2 where �(s) = (4f⇡N�)2

12⇡m2
⇡

k3p
s (mN + Ek).
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THE EXTENDED FACTORISATION ansatz
? Highly accurate and consistent calculations of processes

involving MEC can be carried out in the non relativistic regime
? Fully relativistic MEC used mainly within the Fermi gas model
? Using relativistic MEC and a realistic description of the nuclear

ground state requires the extension of the IA scheme to
two-nucleon emission amplitudes

I Rewrite the hadronic final state |n〉 in the factorized form

|n〉 → |p,p′〉 ⊗ |n(A−2)〉 = |n(A−2),p,p
′〉

〈X|jµij |0〉 →
∫
d3kd3k′Mn(k,k′) 〈pp′|jµij |kk

′〉 δ(k+k′+q−p−p′)

The amplitude

Mn(k,k′) = 〈n(A−2),k,k
′|0〉

is independent of q , and can be obtained from non relativistic
many-body theory
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TWO-NUCLEON SPECTRAL FUNCTION

? Calculations have been carried out for uniform isospin-symmetric
nuclear matter

P (k1,k2, E) =
∑
n

|Mn(k1, k2)|2δ(E + E0 − En)

n(k1,k2) =

∫
dE P (k1,k2, E)

? Relative momentum distribution

n(Q) = 4π|Q|2
∫
d3q n

(
Q

2
+ q,

Q

2
− q

)

q = k1 + k2 , Q =
k1 − k2

2
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PINNING DOWN FSI & MEC
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APPLICATION TO NEUTRINO INTERACTIONS

? Comparison with the inclusive flux=integrated νµ-Carbon CC cross
section measured by the T2K collabortion [PRD 98. 012004 (2018)].
Inelastic structure functions provided by T. Sato, No MEC, no FSI.
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MORE ON FSI: THE HIGH-ENERGY APPROXIMATION

? At high energy, the propagation of the knocked out nucleon
can be described within the eikonal approximation assuming
that the spectator particles be frozen, that is, behave as fixed
scattering centres

HA = HA−1 + T1 +

A∑
j=2

v1j = HA−1 + T1 +HFSI

? A-particle evolution operator within the frozen-spectators
approximation

e−iHAt = e−i(HA−1+T1+HFSI )t → e−iHA−1te−i(T1+HFSI )t

? In eikonal approximation

〈x′1|e−i(T1+HFSI )t|x1〉 = 〈x′1|e−iT1t|x1〉 Ωp(x1, t)
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? Propagation of the knocked out particle driven by

Ωp(x, t) =
1

ρA(x)
〈0| 1
A

A∑
i=1

Pz
∏
j 6=i

[1− Γp(xi + vt− xj)]δ
(3)(x− xi)|0〉

Γp(x) = θ(z)γp(x⊥) , γp(x⊥) = − i
2

∫
d2k⊥
(2π)2

fp(k⊥)eix⊥·x⊥

where fp(k⊥) is the measured NN scattering amplitude, corrected to
take into account medium effects

? Final State

〈x1, . . . , xA|F〉 = 〈x2, . . . , xA|n〉 ⊗ Ω(x1, t)
1√
V

eip·x1

? The leading contribution to Ω(x1, t) corresponds to the IA, in which FSI
are neglected

27 / 31



? the NN scattering amplitude is written in terms of three parameters,
extracted from fits to the data: σ (total x-section), β (slope), and α (ratio
between real and imaginary part of )

? medium modifications of NN scattering are significant, and must be
taken into account
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? the averaged scattering operator

Ω̄(z) =
1

A

∫
d3xρA(x1) Ω(x1, z)δ(z − z1)

is strongly affected by correlation effects
? to see this, consider that the probablity of NN rescattering depends

upon the joint probability of finding the the struck particle at position
x1 and a spectator at position x2

ρ(2)(x1,x2) = ρA(x1)ρA(x2) g(x1,x2)

? FSI are strongly suppressed at
|x1 − x2| . 1 fm

Basic elements of the folding approximation (continued)

Bottom line: the probablity of NN rescattering depends upon the joint
probability of finding the the struck particle at position and a spectator
at position :

As @ fm, FSI are strongly suppressed

SRC07 - JLab, October 26, 2007. – p.9/13
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SUMMARY & OUTLOOK

? In spite of the complexity arising from the flux average, a consistent
description of the neutrino-nucleus cross section—in both elastic and
inelastic channels—appears to be possible within the approach based
on factorisation.

? Initial state physics and the weak interaction vertices are largely under
control

? The present development of the treatment of FSI, while being adequate
to describe inclusive processes, in which only the charged final-state
lepton is detected, need to be improved to describe exclusive processes
and pin down the relevant reaction mechanisms

? The formalism based on the eikonal propagator of the primary final
state nucleon, supplemented by an accurate cascade simulation taking
into account rescattering against the spectators, is potentially capable to
provide a reliable description of the occurrence of multinucleon final
states

? Long-range effects and the breakdown of factorisation at low
momentum transfer need to be carefully investigated
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THE POTENTIAL IMPACT OF NINJA

? The availability of an accurate model of the oxygen ground
state—including the spectral function and the ground-state
wave function obtained from Monte Carlo calculations—will
be essential to generate initial and final state variables relevant
to NINJA events

? A systematic study of the measured multitrack events will
provide unprecedented access to information needed to test
the theoretical calculations of FSI effects
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Backup slides

32 / 31



ELASTIC SCATTERING: e+ A→ e′ + A, λ� RA ∼ A1/3

(
dσ

dΩ

)
eA

=

(
dσ

dΩ

)
Mott

|F (q)|2 ,

I The Mott x-section described the electromagnetic interaction of a
relativistic electron with a point target
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FzG. 10. The angular distribution of scattered electrons from a
beryllium foil, 50-mils thick, at 125 Mev. The experimental curve
has been corrected empirically for the broadening observed in the
elastic curves at larger scattering angles. (See Fig. 6.) The dashed
curve is the corrected curve. A theoretical curve based on the
erst Born approximation for an exponential charge distribution
is shown. Also shown is the point charge calculation of Feshbach.
Arbitrary normalization of all curves is made at 35'.

Thus, multiple scattering corrections in the target foil
are unnecessary for the accuracy involved in this work.
The multiple scattering in the aluminum windows is
of the order of 0.4' and can be neglected since it is 4
times as small as the rms scattering angle in the gold
foil. The beryllium 50-mil foil has an rms scattering
angle of 0.6' which is negligible also.
The errors resulting from double (large-angle) scat-

tering are estimated to be 0.15 percent at 90' for two
mjls of gold at 125 Mev and 0.01 percent at 150' under
the same conditions. For 50 mils of Be at 125 Mev the
errors are 1.5 percent at 150' and 0.04 percent at 90'.
Hence, all double scattering corrections are ignored
since they are very small effects.
The geometrical corrections for the aperture can be

estimated from the effective aperture which is approxi-
mately 0.8 square inch at twelve inches. A calculation
similar to that of I yman et al. leads to corrections of a
few tenths of a percent, which are thus negligible for
our purposes.
The angular resolution of our scattering resu]. ts de-

pends on the size of the beam spot on the target foil
and on the efIective aperture of the entrance port o
the analyzing magnet. Each of these contributions is
about the same at the present time and each contributes
about. 2', fairly independently of angles between 35
and 140', for a target foil setting of 45'. Hence, our

angular acceptance width is about ~4', or a total of 8'.
Structure in the scattering curves within such small
angular ranges would not be resolved in our experi-
ments. On the other hand, such fine structure is not
expected.
Radiative straggling and electron-electron straggling

aGect the shape of the elastic-scattering peaks. Since in
all the cases we have studied, with the exception of Be,
the elastic profile is the same at all angles, no relative
corrections for these eGects need to be made. As a
matter of fact, the same argument applies to the
Schwinger correction.
With the exception of Be, all corrections are extremely

small and will be ignored. In the case of Be (Fig. 6) the
elastic profile changes as a function of angle, because
of the combination of the recoil effect and the energy
loss straggling in the target. Both sects are appreciable
for Be. The correction has been taken into account
empirically by measuring the areas under the elastic
curves taken at various angles. At 90' the area is
approximately 1.5 times the area at 35' when both
curves are normalized to the same peak values. Hence,
a correction of 50 percent is applied to the counting
rate at 90'. At 35 the correction is zero, and a smooth
curve has been drawn in Fig. 10 (the dashed line) to
represent the corrected data at intermediate angles.
Since the cross section varies rather violently with
angle, the largest correction of 50 percent produces
only a mild effect.
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FIG. 11.The angular distribution of electrons scattered from a
2-mil gold foil at 125 Mev. The point charge calculation of Fesh-
bach is indicated. Theoretical points based on the 6rst Born
approximation for exponential charge distributions are shown.
Values of em=2.0, 2.2, 2.36, 2.8&&10 "cm are chosen to demon-
strate the sensitivity of the angular distribution to change of
radius. All curves are normalized arbitrarily at 35'.

V. RESULTS

The relative angular distributions have been meas-
ured in Be, Au, and Pb at 125 Mev and in Ta at 150
Mev. In addition, as mentioned previously, check runs

Hofstadter et al, A.D. 1953 Gold
target, Ee = 125 MeV
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FROM NUCLEAR SYSTEMATICS TO MICROSCOPIC DYNAMICS
I The deviations from the Mott x-section provide information on target

size and shape
F (q) =

∫
d3r ρch(r)

I The observation that the central density of atomic nuclei is largely
A-independent for A > 16, indicates that nuclear forces are strongly
repulsive at short range

Nuclear charge densities Nucleon-nucleon potential

I The repulsive core is a prominent feature of the nucleon-nucleon
potential, giving rise to strong short-range correlations
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? Within the factorization ansatz underlying the IA, the target response
reduces to

Wµν
A = N

∫
d3k dE

m

Ek
P (k, E)wµν

wµν =
∑
x

∫
d3px〈k, n|jµ|x,px〉〈px, x|jν |n,k〉δ(4)(k + q̃ − px)

? wµν is the tensor describing the interaction of a free neutron of
momentum k at four momentum transfer

q̃ ≡ (ω̃,q) , ω̃ = ω +MA − ER − Ek

? The substitution ω → ω̃ < ω accounts the fact that an amount
δω = ω − ω̃ of the energy transfer goes into excitation energy of the
residual system.

? The spectral function P (k, E) describes the probability of removing a
nucleon of momentum k from the target nucleus, leaving the residual
system with excitation energy E
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(e, e′p) CROSS SECTION AT MODERATE pm AND Em

? The spectroscopic lines
corresponding to the energies of the
shell model states are clearly seen in
the missing energy spectra

? The integrated strengths
yielding their normalisations
are significantly below unity

Nuclear Structure: a wide angle view 8

Removal probability forRemoval probability for
valence protonsvalence protons

fromfrom
NIKHEF dataNIKHEF data

L. L. LapikLapikááss, , NuclNucl. Phys. A553,297c (1993). Phys. A553,297c (1993)

Note:

We have seen mostly

data for removal of

valence protons

S ≈ 0.65 for valence protons
Reduction ⇒ both SRC and LRC
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THE LOCAL DENSITY APPROXIMATION (LDA)

? Bottom line: accurate theoretical
calculations show that the tail of the
momentum distribution, arising
from the continuum contribution to
the spectral function, turns out to be
largely A-independent for A > 2

? Spectral functions of nuclei can be obtained within the Local Density
Approximation (LDA)

PLDA(k, E) = PMF(k, E) +

∫
d3r ρA(r) PNMcorr (k, E; ρ = ρA(r))

using the Mean Field (MF), or shell model, contributions obtained from
(e, e′p) data

? The continuum contribution PNMcorr (k, E) is computed for uniform
nuclear matter at different densities using accurate theoretical
approaches
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LARGE |pm| AND Em STRENGTH IN OXYGEN
I |pm|-evolution of missing energy spectrum in Oxygen. JLab data

VOLUME 86, NUMBER 25 P H Y S I C A L R E V I E W L E T T E R S 18 JUNE 2001

The systematic uncertainty in cross section measurements
is about 5%. This uncertainty is dominated by the uncer-
tainty in the 1H!e, e" cross section to which the data were
normalized [28].

Figure 1 shows the measured cross section as a func-
tion of missing energy at Ebeam ! 2.4 GeV for various
proton angles, 2.5± # upq # 20±. The average missing
momentum increases with upq from 50 to 340 MeV#c.
The prominent peaks at 12 and 18 MeV are due to
1p-shell proton knockout and are described in [21],
where it was shown that they can be explained up to
Pm ! 340 MeV#c by relativistic distorted wave impulse
approximation (DWIA) calculations. However, the spectra
for Em . 20 MeV exhibit very different behavior. At the
lowest missing momentum, Pm $ 50 MeV#c, the wide
peak centered at Em $ 40 MeV is due predominantly to
knockout of 1s1#2-state protons. This peak is less promi-
nent at Pm $ 145 MeV#c and has vanished beneath a flat
background for Pm $ 200 MeV#c. At Em . 60 MeV or
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FIG. 1. Average cross sections measured at different outgoing
proton angles as a function of missing energy. The cross section
shown at each angle is the average between the cross sections
measured at either side of "q at that angle. The curves show the
s-shell single-particle strength calculated by Kelly folded with
the Lorentzian parametrization of Mahaux. The dashed line
shows the Ryckebusch et al. calculations of the !e, e0pn" and
!e, e0pp" contributions to !e, e0p" including meson-exchange
currents (MEC), intermediate D creation (IC), and central
correlations, while the dot-dashed line also includes tensor
correlations.

Pm . 200 MeV#c, the cross section does not depend on
Em and decreases only weakly with Pm.

We compared our Em . 25 MeV results to single-
particle knockout calculations by Kelly [29] to determine
how much of the observed cross section can be explained
by 1s1#2-state knockout. Kelly performed DWIA calcu-
lations using a relativized Schrödinger equation in which
the dynamical enhancement of lower components of Dirac
spinors is represented by an effective current operator
[30]. For the 1s1#2 state, Kelly used a normalization factor
of 0.73 with respect to the single-particle strength and
spread the cross section and the response functions over
missing energy using the Lorentzian parametrization of
Jeukenne and Mahaux [31].

At small Pm, where there is a clear peak at 40 MeV,
this model describes the cross section (see Fig. 1) and the
separated RL and RT responses well [24]. The extracted
magnitude of !ST 2 SL" [24] is consistent with the de-
crease in !ST 2 SL" with Q2 seen in the measurements
of Ulmer et al. [7] at Q2 ! 0.14 !GeV#c"2 and by Dutta
[16] at Q2 ! 0.6 and 1.8 !GeV#c"2. This suggests that, in
parallel kinematics, transverse non-single-nucleon knock-
out processes decrease with Q2. At larger Pm, where there
is no peak at 40 MeV, the DWIA cross section is much
smaller than the data (see Fig. 1). Relativistic DWIA cal-
culations by other authors [32,33] show similar results.
This confirms the attribution of the large missing momen-
tum cross section to non-single-nucleon knockout.

Figure 1 also shows !e, e0pn" and !e, e0pp" contribu-
tions to the !e, e0p" cross section calculated by Ryckebusch
et al. [34] in a Hartree-Fock (HF) framework. The cross
section for the two particle knockout has been calculated
in the “spectator approximation” assuming that the two nu-
cleons escape from the residual A 2 2 system without be-
ing subject to inelastic collisions with other nucleons. This
calculation includes pion exchange currents, intermediate
D creation, and central and tensor short-range correlations.
According to this calculation, in our kinematics, two-body
currents (pion-exchange and D) account for approximately
85% of the calculated !e, e0pn" and !e, e0pp" strength.
Short-range tensor correlations contribute approximately
13% while short-range central correlations contribute only
about 2%. Since the two-body currents are predominantly
transverse, the calculated !e, e0pn" and !e, e0pp" cross sec-
tion is mainly transverse. The flat cross section predicted
by this calculation for Em . 50 MeV is consistent with
the data, but it accounts for only about half the measured
cross section. Hence, additional contributions to the cross
section such as heavier meson exchange and processes in-
volving more than two hadrons must be considered.

Figures 2 and 3 present the separated response func-
tions for various proton angles. Because of kinematic
constraints, we were able to separate only the responses
for Em , 60 MeV. The separated response functions can
be used to check the reaction mechanism. If the excess
continuum strength at high Pm is dominated by two-body

5672

I The interpretation of the data at large missing energy and missing
momentum is hindered by significant Final State Interactions (FSI) and
Meson-Exchange-Currents (MEC) effects
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SPECTROSCOPIC FACTORS OF 208Pb
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NIKHEF results: 208Pb(e,e"p)207Tl 

for nucleons at surface:
binding energy ≈ excitation energy for nuclear vibrations
            fragmentation  especially at Fermi edge (surface)

nucleons in the interior: deep hole states
larger binding energies             more difficult to excite
           zα  approaches occupation number n of nuclear matter

theoretical curves:
nuclear matter calculation: Correlated Basis Function Theory
Benhar, Fabrocini, Fantoni: NPA 505 (1985) 267
modified for finite nuclei:PRC 41(1990) R24
Modification of Im Σ to reproduce exp. width of the hole states

n  = Σ zα + nc
α

If fragmentation occurs spectroscopic factors 
of different states have to be summed up:

SRC

LRC

? Deeply bound states are largely unaffected by finite size and shell effects
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FINAL STATE INTERACTIONS IN (e, e′p)

I In the presence of FSI, the distorted spectral function describing the
mean field region can be written in the form

PDMF (pm,p, Em) =
∑
α

Zα|φDα (pm,p)|2Fα(Em − Eα)

with √
Zα φ

D
α (pm,p) =

∫
d3pi χ

?
p(pi + q)φ(pi)

where χ?p(pi + q) describes the distortion arising from FSI effects
I The large body of existing work on (e, e′p) data suggests that the effects

of FSI can be strongly reduced measuring the cross section in parallel
kinematics, that is with p ‖ q.

I in parallel kinematics, the distorted momentum distribution at fixed |p|
becomes a function of missing momentum only

nDα (pm) = Zα |φD(pm)|2 ,

and the effects FSI can be easily identified.
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DISTORTED MOMENTUM DISTRIBUTION

I Knock out of a P -shell protons in oxygen. Proton energy Tp = 196 MeV
I Distortion described by a complex optical potential (OP)

I FSI lead to a shift in missing momentum (real part of the OP), and a
significant quenching, typically by a factor ∼ 0.7 (imaginary part of the
OP).
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EFFECTS OF LONG-RANGE CORRELATIONS

I |q|-evolution of the density-response of isospsin-symmetric
nuclear matter. Calculation carried out within CBF using a
realistic nuclear Hamiltonian.

|q| ≈ 480 MeV

|q| ≈ 300 MeV

|q| ≈ 60 MeV

308 O. Benhar, N. Farina / Physics Letters B 680 (2009) 305–309

The FG ph states, while being eigenstates of the HF Hamiltonian

HHF =
!

k

ek, (12)

with ek given by Eq. (10), are not eigenstates of the full nuclear
Hamiltonian. As a consequence, there is a residual interaction V res
that can induce transitions between different ph states, as long as
their total momentum, q, spin and isospin are conserved.

We have included the effects of these transitions, using the
Tamm Dancoff (TD) approximation, which amounts to expanding
the final state in the basis of one 1p1h states according to [27]

| f ) = |q, T S M) =
!

i

cT S M
i |pihi, T S M), (13)

where pi = hi +q, S and T denote the total spin and isospin of the
particle–hole pair and M is the spin projection along the quantiza-
tion axis.

At fixed q, the excitation energy of the state | f ), ! f , as well as
the coe!cients cT SM

i , are determined solving the eigenvalue equa-
tion

H| f ) = (HHF + V res)| f ) = (E0 + ! f )| f ), (14)

where E0 is the ground state energy. Within our approach this
amounts to diagonalizing a Nh ! Nh matrix whose elements are

H T S M
ij = (E0 + epi " ehi )"i j + (hi pi, T S M|V eff|h j p j, T S M). (15)

In TD approximation, the response can be written as

S(q,!) =
!

T S M

Nh!

n=1

"""""

Nh!

i=1

#
cT S M

n
$

i(hi pi, T S M|O eff(q)|0)

"""""

2

! "
#
! " !T S M

n
$
, (16)

where (cT SM
n )i denotes the i-th component of the eigenvector be-

longing to the eigenvalue !T SM
n .

The diagonalization has been performed using a basis of Nh #
3000 ph states for each spin–isospin channel. The appearance of an
eigenvalue lying outside the particle hole continuum, correspond-
ing to a collective excitation reminiscent of the plasmon mode of
the electron gas, is clearly visible in panel (A) of Fig. 3, showing the
TD response at |q| = 0.3 fm"1 for the case of Fermi transitions. For
comparison, the result of the correlated HF approximation is also
displayed. Note that the sharp peak arises from the contributions
of particle–hole pairs with S = 1, T = 0.

In order to identify the kinematical regime in which long range
correlations are important, we have studied the TD response in
the region 0.3 ! |q| ! 3.0 fm"1. The results show that at |q| "
1.2 fm"1 the peak corresponding to the collective mode in the
S = 1, T = 0 channel is still visible, although less prominent. How-
ever, it disappears if the exchange contribution to the matrix ele-
ment of the effective interaction appearing in the rhs of Eq. (15) is
neglected.

The transition to the regime in which short-range correlations
dominate is illustrated in panels (B) and (C) of Fig. 3, showing
the comparison between TD and HF responses at |q| = 1.5 and
2.4 fm"1, respectively.

At |q| = 1.5 fm"1 the peak no longer sticks out, but the effect
of the mixing of ph states with S = 1 and T = 0 is still detectable,
resulting in a significant enhancement of the strength at large !.
At |q| = 2.4 fm"1 the role of long range correlations turns out to
be negligible, and the TD and correlated HF responses come very
close to one another. The calculation of the response associated
with Gamow–Teller transitions shows a similar pattern.

Fig. 3. Nuclear matter response calculated within the TD (squares) and correlated
HF (diamonds) approximations, for the case of Fermi transitions. Panels (A), (B) and
(C) correspond to |q| = 0.3, 1.5 and 2.4 fm"1, respectively.

5. Conclusions

The CBF formalism employed in our work is ideally suited to
construct an effective interaction starting from a realistic NN po-
tential. The resulting effective interaction, which has been shown
to provide a quite reasonable account of the equation of state of
cold nuclear matter [16], allows for a consistent description of the
weak response in the regions of both low and high momentum
transfer, where different interaction effects are important.

The results of our calculations, obtained including 1p1h final
states, suggest that in addition to the HF mean field, which moves
the kinematical limit of the transitions to 1p1h states well be-
yond the FG value, correlation effects play a major role, and must
be taken into account. While at |q| " 0.5 fm"1 long-range cor-
relations, leading to the appearance of a collective mode outside
the particle–hole continuum, dominate, at |q| # 2.0 fm"1 the most
prominent effect is the quenching due to short-range correlations.

In principle, the uncertainty associated with the truncation of
the space of final states at the 1p1h level can be estimated study-
ing the static structure function S(q) and the sum rules of the
responses [28]. We have verified that the S(q) goes linearly to zero
for vanishing |q|, as required by particle number conservation.

A more quantitative understanding of the role of two particle-
two hole (2p2h) final states can be gained comparing the response
resulting from the approach discussed in the present Letter and
that obtained using the spectral function formalism, applicable in
the impulse approximation regime [24]. The results of Ref. [24]
suggest that the main effect of 2p2h states, which are explicitely
taken into account in the spectral function, is the appearance of a
tail extending to large energy transfer.

As pointed out in Section 2, the differences between our work
and that of Ref. [8] arise from the definitions of both the ef-
fective interaction and the effective operators. Three- and many-
nucleon forces, taken into account in our approach, play a marginal
role at nuclear matter equilibrium density, their inclusion lead-
ing to changes that never exceed 15% in the Fermi TD response
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