Second Order Kalman filtering

Xiaocong Al

July 26, 2021




The non- Ilnearlty In tracking

One example of non-linearity: the dependence of the intersected local
position on the track direction is non-linear when a>>0
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| * Other non-linearity happens during: cartesian coordinate -
B

polar/cylindrical/perigee coordinate etc.

—

Impact on the Kalman filtering

See details here
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Suppose:

> Tisthe truth

> P, P, P, are four possible prediction
» f(P), f(P,), f(P.), f(" ) are the derivative o
QoveryatP, P,, P,, P, respectively.
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When we use information at prediction to estimate the value of 8 at truth,
we will get:

3 BF‘J. +f(Pl)*(yF‘J._yT) < eT
s PP +f(P2)*(yP2_yT) < Q7
3 BPB +f(p3)*(yp3_yT) < eT
s QP4 +f(PII)*(yF‘-I_yT) < Q7
i.e. the estimated value of 8 will always be smaller than 67!
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https://indico.cern.ch/event/1038556/

The idea of Unscented Kalman Filter (UKF)
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KF for non-linearity system

|ldea: Jacobian - Parameters evaluation at sigma points
See ref

The n-dimensional random variable x with mean x and covariance Py, is approximated by 2n + 1 weighted
points given by

.r"ru = i H"'.u = H‘.f[ﬂ =+ H‘,]
X, =x+ ( (n+ M]F"M)I W, =1/2(n+ &) (12)
X, =x ( (n+ m]PM): Wiin =1/2(n+ &)

where & € I, ( (n+ n]P”) is the ith row or column of the matrix square root of (n 4+ k)P, and Wi is the
1

weight which is associated with the ith point. The transformation procedure is as follows:

1. Instantiate each point through the function to vield the set of transtormed sigma points,
y: =Ff [IJ] .

2. The mean is given by the weighted average of the transformed points,

2n
y="> Wy, (13)
1=
3. The covariance is the weighted outer product of the transformed points,

Py = Z Wil — yH: ﬂr - (14)

1=l


https://www.cs.unc.edu/~welch/kalman/media/pdf/Julier1997_SPIE_KF.pdf

The implementation in ACTS

I struct CorrectedBoundToFreeTransformer { I
/// The parameter to tune the weight
ActsScalar kappa = 2;

/// Get the non-linearity corrected free parameters and its covariance
std::optional=std::tuple=<FreeVector, FreeSymMatrix, FreeToBoundMatrix=>
operator()(const BoundVector& boundParams,
const BoundSymMatrix& boundCovariance, const Surface& surface,
const GeometryContext& geoContext) {
size t sampleSize = 2 * eBoundSize + 1;
std::vector=std::pair<BoundVector, ActsScalar=> sampledBoundParams;
sampledBoundParams. reserve(sampleSize);

I truct CorrectedFreeToBoundTranstormer { I
/// The parameter to tune the weight
ActsScalar kappa = 4;

/// Get the non-linearity corrected bound parameters and its covariance
std::optional=<std::tuple<Boundvector, BoundSymMatrix, BoundToFreeMatrix=:=
operator()(const FreeVector& freeParams, const FreeSymMatrix& freeCovariance,
const FreeVector& freeDerivatives, const Surface& surface,
const GeometryContext& geoContext,
NavigationDirection navDir = forward) {
size T sampleSize = 2 * eFreeSize + 1;
std::vector=std::pair=<FreeVector, ActsScalar=> sampledFreeParams;
sampledFreeParams. reserve(samplesSize);

std::vector<FreeVector> transtormedFreeParams;
// Loop over the sample points of the free parameters to get the weighted
// bound parameters
for (const auto& [params, weight] : sampledBoundParams) {
// Transform the bound to free
auto fp =
detail::transformBoundToFreeParameters (surface, geoContext, params);
transformedFreeParams.push_back(fp);
fpMean += weight * fp;
}

Get the transformed parameters for
the sampled parameters

std::vector<BoundVector> transformedBoundParams;

// Loop over the sample points of the free parameters to get the weighted
// bound parameters

for (const auto& [params, weight] : sampledFreeParams) {

auto correctedFreeParams = params;
// Reintersect to get the corrected free params
auto intersection =
surface.intersect(geoContext, params.segment<3>(eFreePos@),
navDir * params.segment<3=(eFreeDir®), true);
// The new position and time?
correctedFreeParams.segment<3=(eFreePosd) =
intersection.intersection.position;

// Transform the free to bound

auto result = detail::transformFreeToBoundParameters(correctedFreeParams,
surface, geoContext);

if (not result.ok()) {

continue;

}

auto bp = result.value();

transformedBoundParams.push_back(bp);

bpMean = bpMean + weight * bp;




Test with Telescope detector with disc surface

No material
Zero B filed

hitSmearingCfg.sigmalLocO = 25 _um;
hitSmearingCfg.sigmalLocl = 0.1 _rad ;



Fitted perigee params with disc telescope

No non-linearity correction

o S000¢ Mean = 0.001:0.001 S 450% Mean = 0.404:0.012 S 500 Mean = 0.010:0.010
% Sigma = 0.09+0.00 % Sigma = 1.12:0.01 % Sigma = 1.00+0.01
g g 400F g
& 4000~ i @ 400[
350
3000f 300 3000
2501
2000 200 200
150F
1000~ 100 100
J L S0F
G 1 | 1 | 1 D 1 L L - 0 1 ri PR L 1
-4 -2 0 2 4 -4 -2 0 2 4 -4 -2 0 2 4
pulld,) pull(z) pull{¢}
—  500F - -
S Mean = 0.184+0.010 S ool Mean = -0.004+0.010 S 5001 Mean = 0.010:0.010
% Sigma = 1.02+0.01 % Sigma = 0.98+0.01 % Sigma = 1.00+0.01
7] 7] ]
= 400 = > L
w Y s00F w400
300 L
300 300
200 200 200
100 100} 100
L 1 L
R e S 0 0

4 4
pull(g) pull(t)




Fitted perigee params with disc telescope

With non-linearity correction
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Test with generic detector Nomaterial
Zero B filed
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Bound Parameters at volume8-layer2
No non-linearity correction
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Bound Parameters at volume8-layer4
No non-linearity correction
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Bound Parameters at volume8-layer6

No non-linearity correction
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Bound Parameters at all surfaces

No non-linearity correction
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Fitted perigee parameters

Events/ 0.1

Events/ 0.1

35

30

25

20

15

10

Mean = -1.006+0.065
gma = 1.63+0.06

o 2 4

puli{d )

Mean = -1.747+0.129
Sigma = 1.89:0.12

Events/ 0.1

Events/ 0.1

30

ean = -1.158+0.081
igma = 1.310.10

o 2 4
pull(zo)

60

50

40

30

201

10~

P - Lo Ly 1P |

Mean = -0.034+0.034
Sigma = 1.01:0.03

—4 -2 0 2

Events/ 0.1

Events/ 0.1

40

35

60

50

40

30

20

10+

Mean = 0.263+0.059
a = 1.61:0.06

4
pull(p)

Mean = 0.006+0.031
igma = 0.93+0.03




Entries

Entries

Bound Parameters at volume8-layer2

With non-linearity correction
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Bound Parameters at volume8-layer4

With non-linearity correction
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Bound Parameters at volume8-layer6

With non-linearity correction
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Bound Parameters at all surfaces

With non-linearity correction
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Fitted perigee parameters
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Next-to-do

* Test with material effects and magnetic field
» Test lots of material + very good measurement precision
* The non-linearity becomes comparable to the measurement error and non-negligible

* Track parameters error decreases more rapidly than its actual error

 Time test
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