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Scalar bosons X Z2 Y
Doublets

ϕ1 =

(
ϕ+

1
h1+v1+iη1√

2

)
2/3 + 1

ϕ2 =

(
ϕ+

2
h2+v2+iη2√

2

)
1/3 - 1

Singlet

χ =
ξχ+vχ+iζχ√

2
-1/3 + 0

Table: Boson particle content of the model, X-charge, Z2 parity and hypercharge [1,2].
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Quarks X Z2 Leptons X Z2

q1
L =

(
U1

D1

)
L

1/3 + leL =

(
νe

ee

)
L

0 +

q2
L =

(
U2

D2

)
L

0 - lµL =

(
νµ

eµ

)
L

0 +

q3
L =

(
U3

D3

)
L

0 + lτL =

(
ντ

eτ

)
L

-1 +

U1,3
R 2/3 + ee,τ

R -4/3 -
U2

R 2/3 - eµ
R -1/3 -

D1,2,3
R -1/3 -

Non-SM
TL 1/3 - νe,µ,τ

R 1/3 -
TR 2/3 - Ne,µ,τ

R 0 -
J1,2

L 0 + EL, ER -1 +
J1,2

R -1/3 + ER , EL -2/3 +

Table: Fermion particle content of the model, X-charge and Z2 parity [1,2].
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[SU(3)C ]
2U(1)X → AC =

∑
Q

[XQL − XQR ],

[SU(2)L]
2U(1)X → AL =

∑
l

XlL + 3
∑

Q

XQL ,

[U(1)Y ]
2U(1)X → AY 2 =

∑
l,Q

[Y 2
lL XlL + 3Y 2

QL
XQL ]−

∑
l,Q

[Y 2
lR XlR + 3Y 2

QR
XQR ],

U(1)Y [U(1)X ]
2 → AY =

∑
l,Q

[YlLX
2
lL + 3YQLX

2
QL
]−
∑
l,Q

[YlR X 2
lR + 3YQR X 2

QR
],

[U(1)X ]
3 → AX =

∑
l,Q

[X 3
lL + 3X 3

QL
]−
∑
l,Q

[X 3
lR + 3X 3

QR
],

[Grav]2U(1)X → AG =
∑
l,Q

[XlL + 3XQL ]−
∑
l,Q

[XlR + 3XQR ]
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Lagrangian (charged leptons)

−LY ,C = ηl
e
Lϕ2eµ

R + hl
µ

Lϕ2eµ
R + ζ l

τ

Lϕ2ee
R + Hl

τ

Lϕ2eτ
R

+ q11l
e
Lϕ1ER + q21l

µ

Lϕ1ER + gχE ELχER

+ gχEELχ
∗ER + h.c

(1)

The E lepton is decoupled and gets
mass:

mE =
gχE vχ√

2

After SSB, in the flavor basis
E = (ee,eµ,eτ ,E)T :

M0
E =


0 ηv2√

2
0 q11v1√

2
0 hv2√

2
0 q21v1√

2
ζv2√

2
0 Hv2√

2
0

0 0 0 gχE vχ√
2
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Effective lagrangian

Leff = Ol
ij +Ol

τµ +Ol
Ej +Ol

Eµ +Ol
τE

= Ωl
ij

(
χ∗

Λ

)3

l
i
Lϕ2ej

R +Ωl
τµ

(χ
Λ

)3
l
τ

Lϕ2eµ
R +Ωl

Ej
ϕ†

2ϕ1

Λ
ELej

R

+Ωl
Eµ

ϕ†
1ϕ2χ

Λ2 ELej
µ +Ωl

τE

(χ
Λ

)3
l
τ

Lϕ1ER

(2)

where i = e, µ, j = e, τ and Λ is the associated energy scale.

Adding to M0
E one gets the new matrix mass:

ME =


Ωl

ee
v2v3

χ

4Λ3
ηv2√

2
Ωl

eτ
v2v3

χ

4Λ3
q11v1√

2

Ωl
µe

v2v3
χ

4Λ3
hv2√

2
Ωl

µτ
v2v3

χ

4Λ3
q21v1√

2
ζv2√

2
Ωl

τµ
v2v3

χ

4Λ3
Hv2√

2
Ωl

τE
v1v3

χ

4Λ3

Ωl
Ee

v1v2
2Λ Ωl

Eµ
v1v2vχ
2
√

2Λ2 Ωl
Eτ

v1v2
2Λ

gχE vx√
2
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The diagonalization matrix for left-handed leptons to get the mass
eigenstates e = (e, µ, τ,E)T is given by:

EL = VE
L eL

with VE
L ≈ VE

L1VE
L2, where

VE
L1 =


1 0 0 q11v1√

2mE

0 1 0 q21v1√
2mE

0 0 1 r3
− q11v1√

2mE
− q21v1√

2mE
−r3 1

 (3)

VE
L2 =


ceµ seµ r1 0
−seµ ceµ r2 0

−r1ceµ + r2seµ −r2ceµ − r1seµ 1 0
0 0 0 1

 (4)

teµ = η/h and teτ = ζ/H.
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Due to m2
E ≈ g2

χE
v2
χ/2 >> 1, as a first approximation, the mass

eigenvalues are given by:

m2
e ≈ v2

4

(vχ
Λ

)6
[seτ (Ω

l
µτseµ − Ωl

eτceµ) + ceτ (Ω
l
eeceµ − Ωl

µeseµ)]
2,

m2
µ ≈ 1

2
(η2 + h2)v2

2 ,

m2
τ ≈ 1

2
(ζ2 + H2)v2

2 ,

and the parameters r1, r2 are:

r1 =
seτΩ

l
ee + ceτΩ

l
eτ +

√
η2 + h2seµΩ

l
τµ

2
√

2
√
ζ2 + H2

(vχ
Λ

)3

r2 =
seτΩ

l
µe + ceτΩ

l
µτ +

√
η2 + h2seµΩ

l
τµ

2
√

2
√
ζ2 + H2

(vχ
Λ

)3
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Lagrangian (neutral leptons)

−LY ,N = hνe
2e l

e
Lϕ̃2ν

e
R + hνµ

2e l
e
Lϕ̃2ν

µ
R + hντ

2e l
e
Lϕ̃2ν

τ
R

+ hνe
2µl

µ

L ϕ̃2ν
e
R + hνµ

2µ l
µ

L ϕ̃2ν
µ
R + hντ

2µ l
µ

L ϕ̃2ν
τ
R

+ hνj
χiν

iC
R χ∗N j

R +
1
2

N
iC
R M ij

NN j
R + h.c

(5)

In the basis
NL = (νe,µ,τ

L , (νe,µ,τ
L )C , (Ne,µ,τ

R )C)T

the neutrino mass matrix is:

Mν =

 0 mT
D 0

mD 0 MT
D

0 MD MM



Where the block matrices are de-
fined as:

mT
D =

v2√
2

hνe
2e hνµ

2e hντ
2e

hνe
2µ hνµ

2µ hντ
2µ

0 0 0


MD =

vχ√
2

hNχe
0 0

0 hNχµ
0

0 0 hNχτ


MM = µNI3×3
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Neutrino masses are generated via inverse seesaw mechanism by
assuming the hierarchy MM << mD << MD. The 3 × 3 mass matrix
containing the active neutrinos is given by:

mlight = mT
D(M

T
D )

−1MM(MD)
−1mD

µNv2
2

h2
Nχe

v2
χ

 (hνe
2e )

2 + (hνe
2µ)

2ρ2 hνe
2e hνµ

2e + hνe
2µhνµ

2µρ
2 hνe

2e hντ
2e + hνe

2µhντ
2µρ

2

hνe
2e hνµ

2e + hνe
2µhνµ

2µρ
2 (hνµ

2e )
2 + (hνµ

2µ )
2ρ2 hνµ

2e hντ
2e + hνµ

2µhντ
2µρ

2

hνe
2e hντ

2e + hνe
2µhντ

2µρ
2 hνµ

2e hντ
2e + hνµ

2µhντ
2µρ

2 (hντ
2e )

2 + (hντ
2µ)

2ρ2


where ρ = hNχe

/hNχµ
.
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With ρ = 1 and hνe
2µ = hντ

2µ = 0,

mlight =
µNv2

2

h2
Nχe

v2
χ

 (hνe
2e )

2 hνe
2e hνµ

2e hνe
2e hντ

2e
hνe

2e hνµ
2e (hνµ

2e )
2 + (hνµ

2µ )
2 hνµ

2e hντ
2e

hνe
2e hντ

2e hνµ
2e hντ

2e (hντ
2e )

2

 (6)

The above matrix is diagonalized through,

UT
ν mlightUν = mdiag

light

Uν = [vT
1 vT

2 vT
3 ], mdiag

light =

m1 = 0 0 0
0 m2 0
0 0 m3

 (7)
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The matrix PMNS is defined by [3,4]:

UPMNS = (VE
L,3×3)

†Uν (8)

Thus, the free parameters are:
{v2, vχ,Λ, θeµ, θeτ ,Ω

l
ee,Ω

l
eτ ,Ω

l
µe,Ω

l
µτ ,Ω

l
τµ} with v2 = 2 GeV and

vχ = 7 TeV.
{hνe

2e ,h
νµ
2e ,h

ντ
2e ,h

νe
2µ,h

νµ
2µ ,h

ντ
2µ} with hνe

2µ = hντ
2µ = 0.

{µN ,hNχe
} with hNχe

=
√

0.02 and µN v2
2

h2
Nχe

v2
χ
= 50 meV

=⇒ µN = 12.25 keV
There are three different cases:

1 θeµ, θeτ << 1; Ωl
ee ≈ Ωl

eτ ≈ Ωl
µτ ≈ 1.

2 θeµ, θeτ ∼ π/4; Ωl
τµ ≈ Ωl

ee ≈ Ωl
eτ ≈ 1 or Ωl

τµ ≈ Ωl
µe ≈ Ωl

µτ ≈ 1.

3 θeµ << 1, θeτ ∼ π/4; Ωl
ee ≈ Ωl

eτ ≈ 1 or Ωl
µe ≈ Ωl

µτ ≈ 1.
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Case 1

Figure: Yukawa couplings as a function of θeµ for NO scheme (Λ ≈ 87 TeV).
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Case 1

θeµ (rad)∗ 0.2895 → 0.5553
hνe

2e 0.1998 → 0.4547
hνµ

2e 0.3637 → 0.6018
hντ

2e 0.6158 → 0.8329
hνµ

2µ 0.4666 → 0.5468

Table: Yukawa couplings and θeµ domain, which fulfill at 3σ SK neutrino oscillation
data for NO scheme, reported by [5,6].

Data Available Model
∆m2

21
10−5 eV2 6.82 → 8.04 7.45
∆m2

31
10−3 eV2 2.431 → 2.599 2.50

Table: Difference of masses squared in the model compared to neutrino oscillation
data (3σ SK) for NO scheme, reported by [5,6].
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Case 1

Figure: Yukawa couplings as a function of θeµ for IO scheme (Λ ≈ 87 TeV).
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Case 1

θeµ (rad)∗ 0.2888 → 0.5467
hνe

2e 0.0872 → 0.4541
hνµ

2e 0.0091 → 0.2746
hντ

2e 0.2640 → 0.8012
hνµ

2µ 0.0004 → 0.8973

Table: Yukawa couplings and θeµ domain, which fulfill at 3σ SK neutrino oscillation
data for IO scheme, reported by [5,6].

Data Available Model
∆m2

21
10−5 eV2 6.82 → 8.04 10.06
∆m2

32
10−3 eV2 −2.584 → −2.413 −0.119

Table: Difference of masses squared in the model compared to neutrino oscillation
data (3σ SK) for IO scheme, reported by [5,6].
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