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uv(x) + 4dv(x) + 6ds(x) + ⌃(x)

4uv(x) + dv(x) + 6us(x) + ⌃(x)

Proton 
STRUCTURE

Nature’s lowest-mass bound-state in 
the scattering of two u-quarks and one 

d-quark 

Quantum ChromoDynamics
describes the proton’s wave function  Ψ

DISTRIBUTION FUNCTIONS

Knowledge of  yields proton’s gluons 
and quarks number density distributions

Ψ

ratio of u and d quark densities in 
the far-valence domain

1 THEORY
Consider DIS reactions from neutron and proton targets


ratio of Poincaré-invariant structure functions

valence sea
Sea distributions negligible on x ≳ 0.2

2EXPERIMENT

d/u ratio fixed point under QCD evolution at 

Nachtmann bounds:

x = 1

Main problem: construction of a free neutron target

Use the deuteron (BONuS); large systematic uncertainties beyond 
 due to characterisation of proton-neutron interactions x ≳ 0.7

Perform DIS measurement on 3He and 3H and take ratio of 
scattering rates (MARATHON)

Nuclear interaction effects largely cancel; handling of radioactive 
3He target challenging 

WHAT DO DATA ENCODE ABOUT 
PROTON’S STRUCTURE?

Powerful discriminator between competing 
descriptions of proton structure:
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SPM parameter 
extraction

General algorithm to extrapolate a certain 
parameter from given noisy experimental 

datasets. 

Another simple example: f(x) = x

I we use 3 input points for the
SPM

I can we reconstruct the
function?
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SPM 
SMOOTHING

elementary (functions) examples

Another simple example: f(x) = x

I 3 input points are needed to
reconstruct f(x) = x

I with 15 digits precision one
obtains for example

f(x) =
22 + 1.8 · 1015x
1.8 · 1015 � x

⇡ x
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Another example: f(x) = ex

I we use 11 input points

I can we reconstruct the
function?
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Another example: f(x) = ex
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I for 11 input points we obtain

f(x) =
263504 + 170536x+ 46451x2 + 10389x3 + 756x4 + 148x5

265568� 98809x+ 15473x2 � 1274x3 + 55x4 � x5

10

Another example: f(x) = ex
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I for 11 input points we obtain

CN (x) =
263504 + 170536x+ 46451x2 + 10389x3 + 756x4 + 148x5

265568� 98809x+ 15473x2 � 1274x3 + 55x4 � x5
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AND

<latexit sha1_base64="51xKmzNELNlg/6mJ70x4J7PhMSY="></latexit>

CN (x) =
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a1(x� x1)

1+
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· · · aN�1(x� xN�1)

1

<latexit sha1_base64="0E9i2vZ/ziSHHpNfYYvg87Cj8iw=">AAACIHicbVDLSgMxFM34rPU16tJNsAgtlDIjSrspFHThSirYB3RKyaSZNjTzIMmIwzCf4sZfceNCEd3p15iZzkJbLySce849JPfYAaNCGsaXtrK6tr6xWdgqbu/s7u3rB4dd4Ycckw72mc/7NhKEUY90JJWM9ANOkGsz0rNnl6neuydcUN+7k1FAhi6aeNShGElFjfS65SI5FU58lcAmtOLyw4jCKozU3YRO2lUqVQumnVm1xr4USr2xkpFeMmpGVnAZmDkogbzaI/1TuXHoEk9ihoQYmEYghzHikmJGkqIVChIgPEMTMlDQQy4RwzhbMIGnihlDx+fqeBJm7G9HjFwhItdWk9k6i1pK/qcNQuk0hjH1glASD88fckIGpQ/TtOCYcoIlixRAmFP1V4iniCMsVaZFFYK5uPIy6J7VzIuacXteajXyOArgGJyAMjBBHbTANWiDDsDgETyDV/CmPWkv2rv2MR9d0XLPEfhT2vcPrlyfgA==</latexit>

D = {(xi, yi = f(xi)), i = 1, . . . , N}

Schlessinger, PR 167 (1968)

IN THE PRESENCE OF ERRORS?

<latexit sha1_base64="Oa1wsUzePlTJ56PnS4Dwe4ojI0c="></latexit>

P(g,�) = �
X̀

i=1

[yi � g(xi)]
2 + (1� �)

Z b

a
dx [g00(x)]2.

direct interpolation does not work

requires smoothing with roughness penalty: 


seek          minimising     
<latexit sha1_base64="txcx9RDob6X4cjYiN9LZUhyUMCw=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDBbBVUlEscuCG91VtA9IQplMJ+3QySTMTMQS8ituXCji1h9x59+YtFlo64GBwzn3cs8cP+ZMacv6Nipr6xubW9Xt2s7u3v6BeVjvqSiRhHZJxCM58LGinAna1UxzOoglxaHPad+fXhd+/5FKxSLxoGcx9UI8FixgBOtcGpr1scuEG2I98f30PnNuvdrQbFhNaw60SuySNKBEZ2h+uaOIJCEVmnCslGNbsfZSLDUjnGY1N1E0xmSKx9TJqcAhVV46z56h01wZoSCS+RMazdXfGykOlZqFfj5ZpFTLXiH+5zmJDlpeykScaCrI4lCQcKQjVBSBRkxSovksJ5hIlmdFZIIlJjqvqyjBXv7yKumdN+3LpnV30Wi3yjqqcAwncAY2XEEbbqADXSDwBM/wCm9GZrwY78bHYrRilDtH8AfG5w+KspQT</latexit>

g 2 S[I]

THEOREM:

<latexit sha1_base64="DlV0JOzkElerGf9eI0M3ZNbup2I=">AAAB7nicjVBNS8NAEJ3Ur1q/qh69LBahXkoiij0WvHisYD+gDWWz3bRLN5uwOxFL6I/w4kERr/4eb/4bN20PKgo+GHi8N8PMvCCRwqDrfjiFldW19Y3iZmlre2d3r7x/0DZxqhlvsVjGuhtQw6VQvIUCJe8mmtMokLwTTK5yv3PHtRGxusVpwv2IjpQIBaNopc6oej8Qp6VBueLV3DnI36QCSzQH5ff+MGZpxBUySY3peW6CfkY1Cib5rNRPDU8om9AR71mqaMSNn83PnZETqwxJGGtbCslc/TqR0ciYaRTYzoji2Pz0cvE3r5diWPczoZIUuWKLRWEqCcYk/50MheYM5dQSyrSwtxI2ppoytAn9M4T2Wc27qLk355VGfRlHEY7gGKrgwSU04Bqa0AIGE3iAJ3h2EufReXFeF60FZzlzCN/gvH0CIvKOvw==</latexit>

g(xi)

<latexit sha1_base64="nyN3Rzlf+6kdQ1r+B74KHnIzxkk=">AAACCnicjVDLSsNAFJ3UV62vqEs3qUVaQUpSFLssuHFZwT4gScNkMmkHZyZhZiItoWs3/oobF4q49Qvc+TcmbRcqCh64cDjnXu69x48pkco0P7TC0vLK6lpxvbSxubW9o+/udWWUCIQ7KKKR6PtQYko47iiiKO7HAkPmU9zzby5yv3eLhSQRv1aTGLsMDjkJCYIqkzy97BCuBr4HnbLDoBoJlgbTsXNiD6vV2vjYHTQ8vWLVzRmMv0kFLND29HcniFDCMFeIQilty4yVm0KhCKJ4WnISiWOIbuAQ2xnlkGHpprNXpsZRpgRGGImsuDJm6teJFDIpJ8zPOvNz5U8vF3/z7ESFTTclPE4U5mi+KEyooSIjz8UIiMBI0UlGIBIku9VAIyggUll6pf+F0G3UrbO6eXVaaTUXcRTBATgENWCBc9ACl6ANOgCBO/AAnsCzdq89ai/a67y1oC1m9sE3aG+fxReZnQ==</latexit>Z b

a
dx [g00(x)]2

data fidelity roughness penalty

  is the natural spline interpolant 

of nodes 

<latexit sha1_base64="txcx9RDob6X4cjYiN9LZUhyUMCw=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDBbBVUlEscuCG91VtA9IQplMJ+3QySTMTMQS8ituXCji1h9x59+YtFlo64GBwzn3cs8cP+ZMacv6Nipr6xubW9Xt2s7u3v6BeVjvqSiRhHZJxCM58LGinAna1UxzOoglxaHPad+fXhd+/5FKxSLxoGcx9UI8FixgBOtcGpr1scuEG2I98f30PnNuvdrQbFhNaw60SuySNKBEZ2h+uaOIJCEVmnCslGNbsfZSLDUjnGY1N1E0xmSKx9TJqcAhVV46z56h01wZoSCS+RMazdXfGykOlZqFfj5ZpFTLXiH+5zmJDlpeykScaCrI4lCQcKQjVBSBRkxSovksJ5hIlmdFZIIlJjqvqyjBXv7yKumdN+3LpnV30Wi3yjqqcAwncAY2XEEbbqADXSDwBM/wCm9GZrwY78bHYrRilDtH8AfG5w+KspQT</latexit>

g 2 S[I]
<latexit sha1_base64="tzpEDtuJZUMPY2CDEWjSFz36Y0c=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4Koko9ljw4rGC/YAmlM120i7dbMLuRiyhP8KLB0W8+nu8+W/ctjlo64OBx3szzMwLU8G1cd1vZ219Y3Nru7RT3t3bPzisHB23dZIphi2WiER1Q6pRcIktw43AbqqQxqHATji+nfmdR1SaJ/LBTFIMYjqUPOKMGit1/Pypz/1pv1J1a+4cZJV4BalCgWa/8uUPEpbFKA0TVOue56YmyKkynAmclv1MY0rZmA6xZ6mkMeogn587JedWGZAoUbakIXP190ROY60ncWg7Y2pGetmbif95vcxE9SDnMs0MSrZYFGWCmITMficDrpAZMbGEMsXtrYSNqKLM2ITKNgRv+eVV0r6sedc19/6q2qgXcZTgFM7gAjy4gQbcQRNawGAMz/AKb07qvDjvzseidc0pZk7gD5zPH4jkj6o=</latexit>

{xi}

<latexit sha1_base64="Px3eza71l0dri1ywj1DEwbDGLuU=">AAAB7nicjVDLSgMxFL3js9ZX1aWbYBFclRlR7LLgxmUF+4B2KJlMpg3NJENyRyhDP8KNC0Xc+j3u/BvTx0JFwQOBwznncm9OlElh0fc/vJXVtfWNzdJWeXtnd2+/cnDYtjo3jLeYltp0I2q5FIq3UKDk3cxwmkaSd6Lx9czv3HNjhVZ3OMl4mNKhEolgFJ3U6UsXjemgUg1q/hzkb1KFJZqDyns/1ixPuUImqbW9wM8wLKhBwSSflvu55RllYzrkPUcVTbkNi/m5U3LqlJgk2rinkMzVrxMFTa2dpJFLphRH9qc3E3/zejkm9bAQKsuRK7ZYlOSSoCazv5NYGM5QThyhzAh3K2EjaihD11D5fyW0z2vBZc2/vag26ss6SnAMJ3AGAVxBA26gCS1gMIYHeIJnL/MevRfvdRFd8ZYzR/AN3tsnP3qPeg==</latexit>

�

smoothing par.

Reinsch, NM 10 (1967)

optimal smoothing parameter determined via 
generalised cross validation 

Craven and Wahba, NM 31 (1978)

LARGE DATASETS
randomly choose                        points 


reduce (binomial) number of interpolators 
introducing physical constraints 


(absence of poles)

<latexit sha1_base64="nb7ujUPHrWywIvJio1GOtZ5bD30=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEInmpSKvbgoeDFi1LBfkAbyma7aZduNmF3I9TQX+LFgyJe/Sne/Ddu2xy09cHA470ZZub5MWdKO863lVtb39jcym8Xdnb39ov2wWFLRYkktEkiHsmOjxXlTNCmZprTTiwpDn1O2/74eua3H6lULBIPehJTL8RDwQJGsDZS3y5Wr257nCqlWIjuzit9u+SUnTnQKnEzUoIMjb791RtEJAmp0IRjpbquE2svxVIzwum00EsUjTEZ4yHtGipwSJWXzg+folOjDFAQSVNCo7n6eyLFoVKT0DedIdYjtezNxP+8bqKDmpcyESeaCrJYFCQc6QjNUkADJinRfGIIJpKZWxEZYYmJNlkVTAju8surpFUpuxdl575aqteyOPJwDCdwBi5cQh1uoAFNIJDAM7zCm/VkvVjv1seiNWdlM0fwB9bnDz9WkiM=</latexit>

4 < M . N/2

Chen et al., PRD 99 (2019)

use bootstrap procedure to generate replicas 
accounting for statistical errors in data when 

extrapolating
<latexit sha1_base64="wE/rz/hUHtHUU72j98jRod0FBEc=">AAACGnicbVDLSsNAFJ34rPUVdelmsAgtSElEscuCG1dSwT6gCWEynbRDJ5kwMxFD6He48VfcuFDEnbjxb5ymWdjWAxcO59zLvff4MaNSWdaPsbK6tr6xWdoqb+/s7u2bB4cdyROBSRtzxkXPR5IwGpG2ooqRXiwICn1Guv74eup3H4iQlEf3Ko2JG6JhRAOKkdKSZ9rVR4+epbocSYch8mjNUTwXMwcjBm8n1Tm35pkVq27lgMvELkgFFGh55pcz4DgJSaQwQ1L2bStWboaEopiRSdlJJIkRHqMh6WsaoZBIN8tfm8BTrQxgwIWuSMFc/TuRoVDKNPR1Z4jUSC56U/E/r5+ooOFmNIoTRSI8WxQkDCoOpznBARUEK5ZqgrCg+laIR0ggrHSaZR2CvfjyMumc1+3LunV3UWk2ijhK4BicgCqwwRVoghvQAm2AwRN4AW/g3Xg2Xo0P43PWumIUM0dgDsb3L2eRn88=</latexit>

(xi, yi,�i) ! (xi,N (yi,�i))

<latexit sha1_base64="YJeQhFHzgBt2Jy53DuadzUgChHU=">AAACEXicjVDLSsNAFJ3UV62vqEs30SJ0VZKi2GXBjRuhgn1AU8tketMOnTyYuRFCyC+48VfcuFDErTt3/o3Tx0JFwQMzHM65l3vv8WLBFdr2h1FYWl5ZXSuulzY2t7Z3zN29tooSyaDFIhHJrkcVCB5CCzkK6MYSaOAJ6HiT86nfuQWpeBReYxpDP6CjkPucUdTSwKy4io8CelMbZK5ikse4+DEVkLlDEEjdw8s8H5hlp2rPYP1NymSB5sB8d4cRSwIIkQmqVM+xY+xnVCJnAvKSmyiIKZvQEfQ0DWkAqp/NLsqtY60MLT+S+oVozdSvHRkNlEoDT1cGFMfqpzcVf/N6Cfr1fsbDOEEI2XyQnwgLI2sajzXkEhiKVBOqg9C7WmxMJWWoQyz9L4R2reqcVu2rk3KjvoijSA7IEakQh5yRBrkgTdIijNyRB/JEno1749F4MV7npQVj0bNPvsF4+wQdoZ5r</latexit>

�2
�M

standard deviation 

of       distribution 

<latexit sha1_base64="CM9iVB8DqyduhjDr4QVBsmvjNKE=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBbBVUmkaJcFN26ECvYBbQyT6aQdO5mEmRuhhIIbf8WNC0Xc+hPu/BunbRZaPXAvh3PuZeaeIBFcg+N8WYWl5ZXVteJ6aWNza3vH3t1r6ThVlDVpLGLVCYhmgkvWBA6CdRLFSBQI1g5GF1O/fc+U5rG8gXHCvIgMJA85JWAk3z5IbrOepoonkHcYC4av/LuJb5edijMD/kvcnJRRjoZvf/b6MU0jJoEKonXXdRLwMqKAU8EmpV6qWULoiAxY11BJIqa9bHbDBB8bpY/DWJmSgGfqz42MRFqPo8BMRgSGetGbiv953RTCmpdxmaTAJJ0/FKYCQ4yngeA+V4yCGBtCTALmr5gOiSIUTGwlE4K7ePJf0jqtuGeV6nW1XK/lcRTRITpCJ8hF56iOLlEDNRFFD+gJvaBX69F6tt6s9/lowcp39tEvWB/fBxmYYQ==</latexit>

pMj

e−

e−

P
P

γ

<latexit sha1_base64="0h/ooQH8Xtj8egmIW5RkAs6AY8g="></latexit>

{Mj = 5 + j | j = 1, . . . , nM}

generate (103) replicas for the given experimental central values and error

smooth each replica with associated optimal


set                                              for a suitable                   e 

fix      and get a number of monotonic SPM interpolators for each replica 

determine the replicas’ parameter value (averaging over the obtained curves)

construct the (normal) distribution of the replicas’ (103) extracted parameter; 


extract the mean       and standard deviation       e  

 final result

<latexit sha1_base64="Px3eza71l0dri1ywj1DEwbDGLuU=">AAAB7nicjVDLSgMxFL3js9ZX1aWbYBFclRlR7LLgxmUF+4B2KJlMpg3NJENyRyhDP8KNC0Xc+j3u/BvTx0JFwQOBwznncm9OlElh0fc/vJXVtfWNzdJWeXtnd2+/cnDYtjo3jLeYltp0I2q5FIq3UKDk3cxwmkaSd6Lx9czv3HNjhVZ3OMl4mNKhEolgFJ3U6UsXjemgUg1q/hzkb1KFJZqDyns/1ixPuUImqbW9wM8wLKhBwSSflvu55RllYzrkPUcVTbkNi/m5U3LqlJgk2rinkMzVrxMFTa2dpJFLphRH9qc3E3/zejkm9bAQKsuRK7ZYlOSSoCazv5NYGM5QThyhzAh3K2EjaihD11D5fyW0z2vBZc2/vag26ss6SnAMJ3AGAVxBA26gCS1gMIYHeIJnL/MevRfvdRFd8ZYzR/AN3tsnP3qPeg==</latexit>

�

<latexit sha1_base64="4KfyIzoJgvljTjVLNPsIxn9PRoU=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4Koko9ljw4kWoaD+gDWWznbRrN5uwuxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMrqd+6wmV5rF8MOME/YgOJA85o8ZK97e9x16p7FbcGcgy8XJShhz1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns1Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJqz6GZdJalCy+aIwFcTEZPo36XOFzIixJZQpbm8lbEgVZcamU7QheIsvL5PmecW7rLh3F+VaNY+jAMdwAmfgwRXU4Abq0AAGA3iGV3hzhPPivDsf89YVJ585gj9wPn8AHuKNqA==</latexit>

Mj

<latexit sha1_base64="Gm8K4UPiN69DtpiJ+BcxAaVolbg=">AAACAnicbVBNS8NAEN3Ur1q/op7Ey2IRPJVEivZY8OJFqGBroQ1hs920SzebsDsRQihe/CtePCji1V/hzX/jts1BWx/M8Hhvht15QSK4Bsf5tkorq2vrG+XNytb2zu6evX/Q0XGqKGvTWMSqGxDNBJesDRwE6yaKkSgQ7D4YX039+wemNI/lHWQJ8yIylDzklICRfPtI+nlfU8UTKDpkguU3k4lvV52aMwNeJm5BqqhAy7e/+oOYphGTQAXRuuc6CXg5UcCpYJNKP9UsIXRMhqxnqCQR014+O2GCT40ywGGsTEnAM/X3Rk4irbMoMJMRgZFe9Kbif14vhbDh5VwmKTBJ5w+FqcAQ42keeMAVoyAyQ4gJwPwV0xFRhIJJrWJCcBdPXiad85p7Uavf1qvNRhFHGR2jE3SGXHSJmugatVAbUfSIntErerOerBfr3fqYj5asYucQ/YH1+QPt75hl</latexit>nM

<latexit sha1_base64="CM9iVB8DqyduhjDr4QVBsmvjNKE=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBbBVUmkaJcFN26ECvYBbQyT6aQdO5mEmRuhhIIbf8WNC0Xc+hPu/BunbRZaPXAvh3PuZeaeIBFcg+N8WYWl5ZXVteJ6aWNza3vH3t1r6ThVlDVpLGLVCYhmgkvWBA6CdRLFSBQI1g5GF1O/fc+U5rG8gXHCvIgMJA85JWAk3z5IbrOepoonkHcYC4av/LuJb5edijMD/kvcnJRRjoZvf/b6MU0jJoEKonXXdRLwMqKAU8EmpV6qWULoiAxY11BJIqa9bHbDBB8bpY/DWJmSgGfqz42MRFqPo8BMRgSGetGbiv953RTCmpdxmaTAJJ0/FKYCQ4yngeA+V4yCGBtCTALmr5gOiSIUTGwlE4K7ePJf0jqtuGeV6nW1XK/lcRTRITpCJ8hF56iOLlEDNRFFD+gJvaBX69F6tt6s9/lowcp39tEvWB/fBxmYYQ==</latexit>
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<latexit sha1_base64="fvRbI9wCFJcJZSvONIbZp1cL7gw=">AAACBXicjVDLSsNAFJ34rPUVdamLwSK4KomIdllw40aoYB/QxjCZTtqxk0mYuRFC6MaNv+LGhSJu/Qd3/o3TNgsVBQ/McDjnXu69J0gE1+A4H9bc/MLi0nJppby6tr6xaW9tt3ScKsqaNBax6gREM8ElawIHwTqJYiQKBGsHo7OJ375lSvNYXkGWMC8iA8lDTgkYybf3lJ9c5z1NFU+g+CETDF/4N2PfrrhVZwr8N6mgAg3ffu/1Y5pGTAIVROuu6yTg5UQBp4KNy71Us4TQERmwrqGSREx7+fSKMT4wSh+HsTJPAp6qXztyEmmdRYGpjAgM9U9vIv7mdVMIa17OZZICk3Q2KEwFhhhPIsF9rhgFkRlCTAJmV0yHRBEKJrjy/0JoHVXdk6pzeVyp14o4SmgX7aND5KJTVEfnqIGaiKI79ICe0LN1bz1aL9brrHTOKnp20DdYb5+nIZlF</latexit> rM
j

p

<latexit sha1_base64="8gWjZofW+PuC1Dsj17ezD3uDmSo=">AAACCnicjVDLSsNAFJ34rPUVdelmtAiuSiKiXRbcuBEq2Ae0MUymk3bsTBJmboQQunbjr7hxoYhbv8Cdf+O0zUJFwQMzHM65l3vvCRLBNTjOhzU3v7C4tFxaKa+urW9s2lvbLR2nirImjUWsOgHRTPCINYGDYJ1EMSIDwdrB6Gzit2+Z0jyOriBLmCfJIOIhpwSM5Nt7Pc0HkvjqOu9pqngCxQ+ZYPjCvxn7dsWtOlPgv0kFFWj49nuvH9NUsgioIFp3XScBLycKOBVsXO6lmiWEjsiAdQ2NiGTay6enjPGBUfo4jJV5EeCp+rUjJ1LrTAamUhIY6p/eRPzN66YQ1rycR0kKLKKzQWEqMMR4kgvuc8UoiMwQYhIwu2I6JIpQMOmV/xdC66jqnlSdy+NKvVbEUUK7aB8dIhedojo6Rw3URBTdoQf0hJ6te+vRerFeZ6VzVtGzg77BevsEoLubdA==</latexit>
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<latexit sha1_base64="NfqYZ3Irn7Uaoc+APwu/1+jbd6g=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBbBVUlEtMuCGzdCBfuANobJdNKOnSTDzI1QQjdu/BU3LhRx6z+482+ctllo64F7OZxzLzP3BFJwDY7zbRWWlldW14rrpY3Nre0de3evqZNUUdagiUhUOyCaCR6zBnAQrC0VI1EgWCsYXk781gNTmifxLYwk8yLSj3nIKQEj+fah8uVd1tVUcQl5h5Fg+Nq/H/t22ak4U+BF4uakjHLUffur20toGrEYqCBad1xHgpcRBZwKNi51U80koUPSZx1DYxIx7WXTK8b42Cg9HCbKVAx4qv7eyEik9SgKzGREYKDnvYn4n9dJIax6GY9lCiyms4fCVGBI8CQS3OOKURAjQ4hJwPwV0wFRhIIJrmRCcOdPXiTN04p7XnFuzsq1ah5HER2gI3SCXHSBaugK1VEDUfSIntErerOerBfr3fqYjRasfGcf/YH1+QOivJlC</latexit>
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<latexit sha1_base64="NfqYZ3Irn7Uaoc+APwu/1+jbd6g=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBbBVUlEtMuCGzdCBfuANobJdNKOnSTDzI1QQjdu/BU3LhRx6z+482+ctllo64F7OZxzLzP3BFJwDY7zbRWWlldW14rrpY3Nre0de3evqZNUUdagiUhUOyCaCR6zBnAQrC0VI1EgWCsYXk781gNTmifxLYwk8yLSj3nIKQEj+fah8uVd1tVUcQl5h5Fg+Nq/H/t22ak4U+BF4uakjHLUffur20toGrEYqCBad1xHgpcRBZwKNi51U80koUPSZx1DYxIx7WXTK8b42Cg9HCbKVAx4qv7eyEik9SgKzGREYKDnvYn4n9dJIax6GY9lCiyms4fCVGBI8CQS3OOKURAjQ4hJwPwV0wFRhIIJrmRCcOdPXiTN04p7XnFuzsq1ah5HER2gI3SCXHSBaugK1VEDUfSIntErerOerBfr3fqYjRasfGcf/YH1+QOivJlC</latexit>
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1k 1k 1k 1k

5k

5k

DIPOLE, M=6
EXAMPLE: 1.1GeV kinematics

SPM 
SMOOTHING

AND

VALIDATION
build replicas of the observable of known 

parameter values p*

DATA GENERATORS
Generate data from a variety of models:


functional forms; parametrisations of experimental 
data; “real-world” calculations


CHECKS

bias

standard deviation

Root Mean Square Error

 M/generators/kinematics:

Gaussianity of p distribution 

robustness of p extraction  

∀

p extraction robust if  

RMSE independent from generator

<latexit sha1_base64="dX+oYpMNVw2nR19QXW1JldHj+fw=">AAAB/HicbVDLSsNAFJ3UV62vaJduBovgqiRStAsXBTcuK9gHtCFMJpN26GQyzEyEkNZfceNCEbd+iDv/xmmbhbYeuHA4517uvScQjCrtON9WaWNza3unvFvZ2z84PLKPT7oqSSUmHZywRPYDpAijnHQ01Yz0hSQoDhjpBZPbud97JFLRhD/oTBAvRiNOI4qRNpJvV6fDkDCNoJjeDBUdxcgXvl1z6s4CcJ24BamBAm3f/hqGCU5jwjVmSKmB6wjt5UhqihmZVYapIgLhCRqRgaEcxUR5+eL4GTw3SgijRJriGi7U3xM5ipXK4sB0xkiP1ao3F//zBqmOml5OuUg14Xi5KEoZ1AmcJwFDKgnWLDMEYUnNrRCPkURYm7wqJgR39eV10r2su1f1xn2j1moWcZTBKTgDF8AF16AF7kAbdAAGGXgGr+DNerJerHfrY9lasoqZKvgD6/MHu7SUzg==</latexit>

|�p| < �p

<latexit sha1_base64="vAF8OStg5uEe2ojU/a74J4104G0=">AAACE3icjVDLSgNBEJyNrxhfUY9eBoMgCiEJQXMRAiJ4EeIjD8iuYXZ2kgyZ2V1neoWw5B+8+CtePCji1Ys3/8bZJAcVBQsaiqpuurvcUHANhcKHlZqZnZtfSC9mlpZXVtey6xsNHUSKsjoNRKBaLtFMcJ/VgYNgrVAxIl3Bmu7gOPGbt0xpHvhXMAyZI0nP511OCRipk92zJYG+kvHF2eXJ6MjWNwpi22MCCA6vS/u25j1JOoaOOtlcMV8YA/9NcmiKWif7bnsBjSTzgQqidbtYCMGJiQJOBRtl7EizkNAB6bG2oT6RTDvx+KcR3jGKh7uBMuUDHqtfJ2IitR5K13QmH+ifXiL+5rUj6FacmPthBMynk0XdSGAIcBIQ9rhiFMTQEEIVN7di2ieKUDAxZv4XQqOULx7ky+flXLUyjSONttA22kVFdIiq6BTVUB1RdIce0BN6tu6tR+vFep20pqzpzCb6BuvtEw6Knj0=</latexit>

RMSE =
q

�p2 + �2
p

<latexit sha1_base64="S+LSWaTMnH+myMbl5egVEwUts2E=">AAAB9XicjVDLSgMxFM3UV62vqks3wSKIYJmRot0IBTcuK9gHtNOSydxpQzOZkGSUMvQ/3LhQxK3/4s6/MX0sVBQ8cOFwzr3cwwkkZ9q47oeTW1peWV3Lrxc2Nre2d4q7e02dpIpCgyY8Ue2AaOBMQMMww6EtFZA44NAKRldTv3UHSrNE3JqxBD8mA8EiRomxUq8bAjcEy0t5Knsn/WLJK7sz4L9JCS1Q7xffu2FC0xiEoZxo3fFcafyMKMMoh0mhm2qQhI7IADqWChKD9rNZ6gk+skqIo0TZEQbP1K8XGYm1HseB3YyJGeqf3lT8zeukJqr6GRMyNSDo/FGUcmwSPK0Ah0wBNXxsCaGK2ayYDoki1NiiCv8roXlW9s7LlZtKqVZd1JFHB+gQHSMPXaAaukZ11EAUKfSAntCzc+88Oi/O63w15yxu9tE3OG+fdb6R0A==</latexit>

�p = p� p⇤
<latexit sha1_base64="MZ5163Sxt7/HvDN/Il3n6NTTKCI=">AAAB73icjVDLSgNBEOyNrxhfUY9eBoPgKeyKaI4BLx4jmAckS5id9CZDZmbXmVkhLPkJLx4U8ervePNvnDwOKgoWNBRV3XR3Rangxvr+h1dYWV1b3yhulra2d3b3yvsHLZNkmmGTJSLRnYgaFFxh03IrsJNqpDIS2I7GVzO/fY/a8ETd2kmKoaRDxWPOqHVSp2f4UNJ+2i9Xgqo/B/mbVGCJRr/83hskLJOoLBPUmG7gpzbMqbacCZyWepnBlLIxHWLXUUUlmjCf3zslJ04ZkDjRrpQlc/XrRE6lMRMZuU5J7cj89Gbib143s3EtzLlKM4uKLRbFmSA2IbPnyYBrZFZMHKFMc3crYSOqKbMuotL/QmidVYOL6vnNeaVeW8ZRhCM4hlMI4BLqcA0NaAIDAQ/wBM/enffovXivi9aCt5w5hG/w3j4BKaGQCA==</latexit>
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Prad 1.1 GeV Prad 2.2 GeV Prad all Mainz low-Q2

✓
✓

✓
✓

Cui et al, PRL 127 (2021)

does it really work?

is it robust?


If you want to disprove a result, 

show first you can replicate it ✓

✓
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rp [fm]

CODATA 2014

ep scattering

H spectroscopy

H spectroscopy

ep scattering

μH spectroscopy

μH spectroscopy

H spectroscopy

PRad

H Lamb shift

H spectroscopy

μD spectroscopy
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SPM [PRad] 

SPM [A1, low-Q2] 

Proton 
CHARGE RADIUS

1 PRad DATA
<latexit sha1_base64="miG6+3YrGEhHIQpgq3/DV8oZu+E=">AAACK3icjVDLSsNAFJ34tr6qLt0MFsFVSdViNoLoxmUV2wpJDJPpRAdnkjBzI5SQ/3Hjr7jQhQ/c+h9O2ioqCh4YOJxzLvfOCVPBNdj2szU2PjE5NT0zW5mbX1hcqi6vdHSSKcraNBGJOguJZoLHrA0cBDtLFSMyFKwbXh2WfveaKc2T+BT6KfMluYh5xCkBIwXVA3We554kcKlk3johvaIognTPrjvbjpdKu27bzeAzoIFAUXjY/RAiWfhBtdYwsRL4b1JDI7SC6r3XS2gmWQxUEK3dhp2CnxMFnApWVLxMs5TQK3LBXENjIpn288FfC7xhlB6OEmVeDHigfp3IidS6L0OTLG/UP71S/M1zM4gcP+dxmgGL6XBRlAkMCS6Lwz2uGAXRN4RQxc2tmF4SRSiYeiv/K6GzVW806/bxTm3fGdUxg9bQOtpEDbSL9tERaqE2ougG3aFH9GTdWg/Wi/U6jI5Zo5lV9A3W2ztF1ahN</latexit>

rPRad
p = 0.838± 0.005stat [fm]

2 A1 DATA
<latexit sha1_base64="0FZoHrCvPvR8yC9B5uVVa7vcKKo="></latexit>

rA1�lowQ2

p = 0.856± 0.014stat [fm]

Pion 
CHARGE RADIUS

NA7 DATA1

Cui et al, PRL 127 (2021)

Proton 
PAULI RADIUS

1 A1 DATA

0.5 0.6 0.7

�π / ��

PDG 2020

PDG 2018

Eschrich 2001

Amendolia 1986

Dally 1982

SPM Amendolia 1984

SPM Amendolia 1986

SPM combined

<latexit sha1_base64="gN3ZJIkRWEZqzwVbZeGINZZPsS8=">AAACLXicjVBNS8NAFNzU7/pV9ehlsQheLKmWWg9CRQ+epIJVoYlhs93Uxd0k7L4IJeQPefGviOChIl79G25qFRUFBxaGmXm8t+PHgmuw7YFVGBufmJyaninOzs0vLJaWls90lCjK2jQSkbrwiWaCh6wNHAS7iBUj0hfs3L8+yP3zG6Y0j8JT6MfMlaQX8oBTAkbySofqMnUkgSsl0+P9nc1GLcs8J+Z7dqW+XXdiaVdse9f7zGggkGUO7nwIgcxcr1SumlgO/DcpoxFaXunB6UY0kSwEKojWnaodg5sSBZwKlhWdRLOY0GvSYx1DQyKZdtPhbzO8bpQuDiJlXgh4qH6dSInUui99k8xv1D+9XPzN6yQQNNyUh3ECLKTvi4JEYIhwXh3ucsUoiL4hhCpubsX0iihCwRRc/F8JZ1uVar1SO6mVm41RHdNoFa2hDVRFO6iJjlALtRFFt+geDdCTdWc9Ws/Wy3u0YI1mVtA3WK9vOAKoKw==</latexit>

rNA7�84
⇡ = 0.636± 0.009stat [fm]

<latexit sha1_base64="avez19GNcBweWldOdMZ+f0bzpm4=">AAACLXicjVBNS8NAFNz4bf2qevSyWAQvhkRL24ug6MGTKFhbSGLYbDe6dDcJuy9CCflDXvwrInhQxKt/w6RWUVFwYGGYmcd7O0EiuAbLejTGxicmp6ZnZitz8wuLS9XllXMdp4qyNo1FrLoB0UzwiLWBg2DdRDEiA8E6Qf+g9DvXTGkeR2cwSJgnyWXEQ04JFJJfPVQXmSsJXCmZHe83t1qNPPfdhO9aZqPechNpmZa9439mNBDIcxc7H0Ioc8+v1mzTGgL/TWpohBO/eu/2YppKFgEVRGvHthLwMqKAU8HyiptqlhDaJ5fMKWhEJNNeNvxtjjcKpYfDWBUvAjxUv05kRGo9kEGRLG/UP71S/M1zUghbXsajJAUW0fdFYSowxLisDve4YhTEoCCEKl7ciukVUYRCUXDlfyWcb5t2w6yf1mt7rVEdM2gNraNNZKMm2kNH6AS1EUU36A49oifj1ngwno2X9+iYMZpZRd9gvL4BOESoKw==</latexit>

rNA7�86
⇡ = 0.648± 0.013stat [fm]
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<latexit sha1_base64="JX350lmShFSXN7wyGF/LMv4qR4c=">AAACJ3icjVBNS8NAEN34bf2KevSyWARPIZFie1EUL16EClaFJIbNdqNLd5OwOxFKyL/x4l/xIqiIHv0nJm0VFQUfDDzem2FmXpgKrsG2X42x8YnJqemZ2drc/MLikrm8cqqTTFHWoYlI1HlINBM8Zh3gINh5qhiRoWBnYe+g8s+umdI8iU+gnzJfksuYR5wSKKXA3FUXuScJXCmZ7ztFERzt2FbLaXqptC17qxl8uhoIFIWH3Q8hkoUfmHXHsgfAf5M6GqEdmA9eN6GZZDFQQbR2HTsFPycKOBWsqHmZZimhPXLJ3JLGRDLt54M/C7xRKl0cJaqsGPBA/TqRE6l1X4ZlZ3Wj/ulV4m+em0HU8nMepxmwmA4XRZnAkOAqNNzlilEQ/ZIQqnh5K6ZXRBEKZbS1/4VwumU521bjuFHfa43imEFraB1tIgc10R46RG3UQRTdoDv0iJ6MW+PeeDZehq1jxmhmFX2D8fYOFVamGw==</latexit>

rA1
M = 0.817± 0.027stat [fm]

Bernauer 2010 (A1) [A]

Lee 2015 (A1) [B]

Lee 2015 (world av.) [C]

Lin 2021 [E]

Djukanovic 2021 [F]

SPM (A1)

Alarcón 2020 [D]

0.75 0.80 0.85 0.90 0.95

��
� / ��

Cui et al, 2109.08768

<latexit sha1_base64="qZR4DyZmRqbOLfQkCFhoO++P5X8=">AAACJHicjVBLSwMxGMz6rPW16tFLsIj1YNktRQteCoJ4rGAf0K1LNs22ocluTLJCWfbHePGvePHgAw9e/C2mj4OKggMhw8x8fMkEglGlHefdmptfWFxazq3kV9fWNzbtre2mihOJSQPHLJbtACnCaEQammpG2kISxANGWsHwbOy3bolUNI6u9EiQLkf9iIYUI20k3z71Qolwen7gl4vOYZZ6QyQE8kXmKcrJDTSGa4yjaczjibHSCr8um9u3C27JmQD+TQpghrpvv3i9GCecRBozpFTHdYTupkhqihnJ8l6iiEB4iPqkY2iEOFHddPLJDO4bpQfDWJoTaThRv06kiCs14oFJcqQH6qc3Fn/zOokOq92URiLRJMLTRWHCoI7huDHYo5JgzUaGICypeSvEA2Tq0KbX/P9KaJZL7nGpclkp1KqzOnJgF+yBInDBCaiBC1AHDYDBHXgAT+DZurcerVfrbRqds2YzO+AbrI9PCaSj1Q==</latexit>

F 0
2(0)

p
' F 0

1(0)�
µp

4m2
p
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CJ15

Helicity conservation

DSE 0+ & 1+

Mean SPM A-DIS

Segarra A-DIS

0.2 0.4 0.6 0.8
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SPMMARATHON
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4

3

2

1

Proton 
STRUCTURE

MARATHON dataset

21 data equally spaced in x

<latexit sha1_base64="DB4rtreLxA0XLSjPU85PpNJk9sc=">AAAB+3icbVBNT8JAEN3iF+JXxaOXjcTEU9MSUI4kXjxiImACDdkuU9iw3Ta7WwNp+CtePGiMV/+IN/+NC/Sg4Etm8vLeTHb2BQlnSrvut1XY2t7Z3Svulw4Oj45P7NNyR8WppNCmMY/lY0AUcCagrZnm8JhIIFHAoRtMbhd+9wmkYrF40LME/IiMBAsZJdpIA7vsOtVqvc8BT01znUa1PrArruMugTeJl5MKytEa2F/9YUzTCISmnCjV89xE+xmRmlEO81I/VZAQOiEj6BkqSATKz5a3z/GlUYY4jKUpofFS/b2RkUipWRSYyYjosVr3FuJ/Xi/VYcPPmEhSDYKuHgpTjnWMF0HgIZNANZ8ZQqhk5lZMx0QSqk1cJROCt/7lTdKpOt61U7uvVZqNPI4iOkcX6Ap56AY10R1qoTaiaIqe0St6s+bWi/VufaxGC1a+c4b+wPr8AbLbkkQ=</latexit>

0.225  x  0.825

replicas
interpolators/replica

Mj

1,000
1,000

10

10,000,000total interpolators

×

×
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SPM set up

Validation (CJ15)
<latexit sha1_base64="mWMpZWE9T0oXKOrHR28PO/8Dfgw=">AAACZHicbZBfSxwxFMUzY1vt1tZR6ZMgoUthfdnOtP4HQfBFhMKWdlXY2Q6ZTFaDyWRM7ohLyJf0zUdf+jmaWdfSur0Q+HHOvcnNySvBDcTxfRDOvXj5an7hdevN4tt3S9HyyqlRtaasT5VQ+jwnhglesj5wEOy80ozIXLCz/Oqo8c9umDZclT9gXLGhJBclH3FKwEtZZFPBZWZvU1CJK7KbnzaVBC61tEcnyZZzn+pZLVXNjQ z+yN97X52zBy7uJnFnayO9vq5JgfGTzW4r98T7Dqc47sZ7nS8bWdT2NCk8C8kU2mhavSy6SwtFa8lKoIIYM0jiCoaWaOBUMNdKa8MqQq/IBRt4LIlkZmgnITn80SsFHintTwl4ov49YYk0Zixz39nsap57jfg/b1DDaHdoeVnVwEr6+NCoFhgUbhLHBdeMghh7IFRzvyuml0QTCj7Flg8hef7lWTj93E22u5vfNtuHu9M4FtAa+oA6KEE76BAdox7qI4oegvkgCpaDX+FiuBq+f2wNg+nMKvqnwvXftQ233Q==</latexit>

lim
x!1

dCJ15
v /uCJ15

v
SPM
= 0.10(5) exp: 0.09(3)

<latexit sha1_base64="6FdBD+8DZ/RYHyWqUCXq2UzlT7I="></latexit>

�h/�t

Fn
2 /F

p
2

dv/uv

9
=

;
x'0
=

8
<

:

1.026± 0.139 ,
0.962± 0.245 ,
1.323± 0.706 .

consistent with sea-quark 

dominance at low x

<latexit sha1_base64="EpAbGxT0xnzae+UGBw6A/JlIHoU="></latexit>

�h/�t

Fn
2 /F

p
2

dv/uv

9
=

;
x'1
=

8
<

:

0.754± 0.052 ,
0.437± 0.085 ,
0.227± 0.100 .

Lower Nachtmann bound excluded at a fairly high level 

of accuracy:  cannot contain scalar-diquarks only!Ψ

<latexit sha1_base64="dMfmUDXJcM/Y+0zKyxZDGEhlE2Y="></latexit>

Fn
2 /F

p
2 |

SPM&DIS�A
x!1 = 0.454± 0.047

Agrees with:

<latexit sha1_base64="YqCb6Mu6WOeCMQYA2pUxwLslZo0=">AAACHXicjZDLSgMxFIYz9VbrbdSlm2AR6qbM1GrdCAU3XVawF+gMQyaTaUOTmSHJlJahL+LGV3HjQhEXbsS3Mb0sVBQ8EPLz/+dwks9PGJXKsj6M3Mrq2vpGfrOwtb2zu2fuH7RlnApMWjhmsej6SBJGI9JSVDHSTQRB3Gek4w+vZ3lnRISkcXSrJglxOepHNKQYKW15ZtVhlHvZ2FExtKdOKBDOAm9UGp9Os3RxwytolStnFnQSrpV1XvPMol225gX/FkWwrKZnvjlBjFNOIoUZkrJnW4lyMyQUxYxMC04qSYLwEPVJT8sIcSLdbP67KTzRTgDDWOgTKTh3v05kiEs54b7u5EgN5M9sZv6W9VIVXroZjZJUkQgvFoUpgxrFDBUMqCBYsYkWCAuq3wrxAGlCSgMt/A9Cu1K2L8rVm2qx3ljiyIMjcAxKwAY1UAcN0AQtgMEdeABP4Nm4Nx6NF+N10ZozljOH4FsZ75+Mn5+i</latexit>

lim
x!1

dv(x)

uv(x)
= 0.230± 0.057

uncorrelated SU(4) spin-flavour proton wave function  

and helicity conservation in high-Q2 interactions

Poincaré-covariant Faddeev equation approach 

giving rise to scalar and vector diquarks correlations 


with dynamically determined strengths

Farrar et al, PRL 35 (1975); Brodsky et al, NPB 441 (1995) 

Segovia et al, FBS 55 (2014); Xu et al, PRD 92 (2015) 
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<latexit sha1_base64="4vW0RiGSLNtGuCK7EFIghvCLUtA=">AAACBXicbVC7SgNBFJ31GeNr1VKLwSAkzbKjQWMRCNhYRjEPSJZldjJJhsw+mJkVw7KNjb9iY6GIrf9g5984SbbQxAMXDufcy733eBFnUtn2t7G0vLK6tp7byG9ube/smnv7TRnGgtAGCXko2h6WlLOANhRTnLYjQbHvcdryRlcTv3VPhWRhcKfGEXV8PAhYnxGstOSaR0mXYA5vUzcZqrT4UEWlKrJsdFlEZyXXLNiWPQVcJCgjBZCh7ppf3V5IYp8GinAsZQfZkXISLBQjnKb5bixphMkID2hH0wD7VDrJ9IsUnmilB/uh0BUoOFV/TyTYl3Lse7rTx2oo572J+J/XiVW/4iQsiGJFAzJb1I85VCGcRAJ7TFCi+FgTTATTt0IyxAITpYPL6xDQ/MuLpHlqoXOrfFMu1CpZHDlwCI5BESBwAWrgGtRBAxDwCJ7BK3gznowX4934mLUuGdnMAfgD4/MHpgSWDQ==</latexit>

Rht(x = 1) = 1.019(13)

<latexit sha1_base64="Wz87ditZtdTrKi4aSAP8OlE8d/Y="></latexit>

Fn
2 (x)

F p
2 (x)

=
2Rht � Fh

2 /F
t
2

2Fh
2 /F

t
2 �Rht

<latexit sha1_base64="G07Yqce4bnIVX/h/7iRO+bmc4QA="></latexit>

Fn
2 (x)

F p
2 (x)

x&0.2
=

1 + 4dv(x)/uv(x)

4 + dv(x)/uv(x)


