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» In the beginning God created the quarks (ordinary matter) and made
them interact through the strong forces, the SU(3) group.
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GENESIS 1. The beginnin

» In the beginning God created the quarks (ordinary matter) and made
them interact through the strong forces, the SU(3) group.

» And God said, “l do not understand a damn thing” so he said “Let there
be light”, and there was light, the U(1) gauge group.
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GENESIS 1. The beginnin

» In the beginning God created the quarks (ordinary matter) and made
them interact through the strong forces, the SU(3) group.

» And God said, “l do not understand a damn thing” so he said “Let there
be light”, and there was light, the U(1) gauge group.

We will study the strong interactions using light at very low energies: g — 0.

Ny
(051" p.5) = B(P') | Fila )" +iFe(@) % | w(p)

2 7
Fla) = Fi+ —5Fi+ ..
P

Observables: ep — ep, pup — up, vp — vp, atomic physics, muonic atoms,



INTRODUCTION
000000

Scales (and ratios)

mp ~ Ny o

~J ~Y = M p
my ~ My ~ my Mo
mrae ~ Me

Q> =0



INTRODUCTION pNRQED C NTRIBUTIONS HYPERFINE TERING CONCLU

000000

Scales (and ratios)

mp ~ Ny o
. o

My~ My~ My = S

mra ~ Me

Q> =0

Tool: Effective Field Theories = Factorization

Why?: There is a hierarchy of different scales

EFTs are especially useful in these situations.

1) Perturbative calculations much easier and systematic.

2) Nonperturbative information is parameterized in a model independent way.
3) Power counting.
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Scales (and ratios)

mp ~ Ny o
. o

My~ My~ My = S

mra ~ Me

Q> =0

Tool: Effective Field Theories = Factorization

Why?: There is a hierarchy of different scales

EFTs are especially useful in these situations.

1) Perturbative calculations much easier and systematic.

2) Nonperturbative information is parameterized in a model independent way.
3) Power counting.

Effective Field Theory: Non-relativistic protons, photons and (non-relativistic)
electron/muons.
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Caswell-Lepage
iDy = (0 + ZyeA’, iD = iV — Z,eA

e

LNRQED = —*FWFW + + FWDZFW
Dot S pPy Cpt %, epy —é) D.eE— ¢E-D
+¢p/o+2 +8mp +2—mp o-eB+ o ( -eE — eE - D)
(p) 2
Cs o 2B E  w.E
+187rnp0' (DXeE—eEXD)+ Smg CA2687[T)2 wp
+(leptons)
C( (pe
-3 wp¢pwewe + wpo'wpweo'we + -

Dictionary (relation Wilson coefficients with low energy constants):
c® — 1, anomalous magnetic moment (low energy constant)
cp — Ip proton radius (quasi low energy constant)

(”) — ag, Bum Proton polarizabilities (quasi low energy constant)
cé‘}i) — Two-photon exchange ...
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Definition of the proton radius

/ n _ =A 2\ W : 2 U‘“’C]u
s 1p.5) = U(P) | (@) + 1Fld”) g | ().
2 7
F(q) = Fi+ TF 4.
@) =Fit g+
2
Ge() = Fi() + 35 F(d),  Gu(q) = Fi(@) + Fe():

'

d
= 6d7quE-,p(q2)|q2:o
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Definition of the proton radius

(0, s1"1p. ) = U(E) [Fi(@ )" + iFelc?) Ty, 2 | u(p).

Fi(d’) = Fi+ "F/

Ge(?) = Fi() + 4‘7—,,7%5@2), Gu(d?) = Fi(q®) + Fa(d).

d
rS(V) = GquGE«,p(qzﬂqko
Infrared divergent! — Wilson coefficient
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Definition of the proton radius

s 1p.5) = U(P) | (@) + 1Fld”) g | ().

33

Ge(eP) = Fi () + fn;%Fz(qZL (@) = Fi(¢?) + Fal).

d 31
5(1) = 6 gz Genl@lizo = 4 1z (80) 1)
P
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Co(v) =1+ 2F +8F =1+8m; 70'632(2" )
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Definition of the proton radius

Nz
(051" p.5) = B(P') | Fila )" + iFe(d) S | w(p)

2

Fq?) = Fit L Ff + ..
[
Ge(@) = Fd) + 5 Rld). Guld) = Fi(e) + Foldf).

d 31
5(1) = 6 gz Genl@lizo = 4 1z (80) 1)
P

2
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Standard definition (corresponds to the experimental number):

31
rg = ZF% (eo(v) — cp,point—ike(v))
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Definition of the proton radius

Nz
(051" p.5) = B(P') | Fila )" + iFe(d) S | w(p)

2

Fq?) = Fit L Ff + ..
[
Ge(@) = Fd) + 5 Rld). Guld) = Fi(e) + Foldf).

d 31
5(1) = 6 gz Genl@lizo = 4 1z (80) 1)
P

2
Co(v) =1+ 2F +8F =1+8m; 70'632(;’ )

I

9?=0

Standard definition (corresponds to the experimental number):
> 31

r ZF% (CD(IJ) — CD,pointflike(V))

Cb point—ike = 1+ = 4 In @
D,point—like = p 3 2
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Theoretical setup (muonic hydrogen)
We use an effective field theory, Potential Non-Relativistic QED, which
describes the muonic hydrogen dynamics and profits from the hierarchy
m, > mua > m,a?

<i8 —Lz—%>¢(r):o

2m,
+-corrections to the potential potential NRQED E ~mv
+interaction with ultrasoft photons

CONCLU
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Theoretical setup (muonic hydrogen)
We use an effective field theory, Potential Non-Relativistic QED, which
describes the muonic hydrogen dynamics and profits from the hierarchy
m, > mua > m,a?

<i8 —Lz—%>¢(r):o

2m,
+-corrections to the potential potential NRQED E ~mv
+interaction with ultrasoft photons

2

NRQED(m,..) — pNRQED

CONCLU
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Matching NRQED to pNRQED

NRQED pNRQED
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Hydrogen/Positronium/muonium
Tree level
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2 m2

2
k m b

() (°)
~ Cs'’S Cs’S
v<°>:—i2m(pXk)'{zp s =l t+27,-8 2},

5 aw gl
V) =z, z06m0 | 2, 4 % | %N )
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- 4o 2 - k)?
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A oy K (Zocs1 + Z,cPsy)

0 _ 4ract) c? . .5, Siksa-k
m,,Mmp 1 k2 ’
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T2
mp

HYPERFINE -p SCATTERING
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o Z2720° k» 8 5
@ _ e (10 s 2
1loop m,.mp og 23 ogze+ 3/

N 4727202 k>
b0 _ 22 (log = 4+ 2log2 — 1) .
1loop 3mump (Og MZ + 2log
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Muonic Hydrogen: electron vacuum polarization
Ey, p E, pf

e

Figure: Leading correction to the Coulomb potential due to the electron vacuum
polarization. k = p — p" and ky = Ey — EJ.
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Muonic Hydrogen: electron vacuum polarization
Ey, p E, pf

e

Figure: Leading correction to the Coulomb potential due to the electron vacuum
polarization. k = p — p" and ky = Ey — EJ.

7o = ,47rZ#Zpav(k)%v
1
aerr(K) = Trnke)’

where
N(k?) = aNM(k®) + o®N® (k%) + *N®(K?) + ...

av(k) = aer(K)+ > ZiZgal™ (k) = aen(K)+oa(k),  da(k) = O(a’)

n,m=0
n+m=even>0



HH DUCTION pNRQED C CONTRIBUTIONS HYPERFINE - CATTERING

000000800000 000

Order 1/m?
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Y Amaer (k) (P x K)
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Order 1/m? from energy-dependent terms

Elv p Eia p/
> T >
|
|
ko, k
l
- I -

Figure: Leading correction to the Coulomb potential due to the electron vacuum
polarization. kK =p — p’ and ky = Ey — E.

o 2.2 (PP -p ) o [ 1 2
5VE774mHmp K2 ;me/; d(q)(m§q2+k2)2U(q)

-5 (+2)



Theoretical setup.
Muonic hydrogen Lamb shift: AE, = E(2P;,,) — E(25;2) and
hyperfine splitting: AExF = E(nS3/2) — E(nSy)2)

2

Lonpoep = /dsrdSRdtST(r R t){/ao — %

—V(r,p,01,02) + er-E(R, 1) } (r,R, 1) /dar F F*

+ ...

(1 @)

2
mg
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Observable: Spectrum or decays

Corrections to the Green Function (h®) = p2/m + V(@)
_ 1 _co ©py 1
Gs(E) = Py —gP = G +0G: G (E) = o E

A) Ultrasoft loops (lamb shift-like): x - E «
B) Quantum mechanics perturbation theory<—

: S

—_———
1/(E -V —p?/m)
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Vacuum polarization effects: O(m;a?)

Elv p 17 p,
- T -
|
l
ko, k
l
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Figure: Leading correction to the Coulomb potential due to the electron vacuum
polarization. K = p — p’ and ky = Ey — EJ.

1-loop static potential
Eio = (n|6V|n) = 205.0074 meV = O(m,a®)

E; < f3p. Measure of (Non)-Asymptotically free theory!
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Ultrasoft effects: O(ma®)

AE = —-0.6677 meV

oma® ™y AE = —0.045 meV
Mp
All (soft+ultrasoft):
AE = —0.71896 meV.

Start the overlap with hadronic effects.
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Dhad 63(r) 5 AFE ~ 7Dhad ( )3

‘_L
oN

DY) = ¢y — 16madh + — 2 c®

sV@(r) 1
— e~ 72D 129 (Sy + S2)20°(r)

m b
D‘l:ad‘ — 2C4
Cs, Ca, G, €, ... matching coefficients of NRQED.

dz

5L = -

v C C3 [
F.D?F" — eFDZNgV -EN, — WN,EN,,MTM + F‘;NEUNPMTUM
14 14 14
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Muonic hydrogen

AE; = 206.0243 meV
LAEY.

[47.3525 +35.1491q + 47.352502 In(1 /a)]

T 8 M2 tm?2
1 m?ozs 1 had had

+0(ma®).
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CTION pNRQED 0
[e]e] 000000000000 00e ) 000000000
Hydrogen
g6 _ e g, (Z0) M R EETL 6, g0, )
nj—m’[”j_ + 22 ]_2(me+M)["j_ ]+ nlj+ n£j+ n£j+ nej >

where fy = [1 + (Za)?(n—6) 272 (with § = j + § — [(/ + 3)® — (Za)?]"2).

gor_m(Za)t (18 om 1
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HOW to determine the Two-Photon Exchange correction?
» Dispersion relations + modelling
> lattice (not yet)

» Chiral perturbation theory (— (non-analytic) m, dependence, N,
dependence)
> ...

HBET(m,/m,) — NRQED(m,c)) — pNRQED
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Lrper = Loy + L1+ Lr + Lix + Lin,ay + Lov,ay + Lv,ayr + LN,a)ies
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HADRONIC CONTRIBUTIONS
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Cg“d = m
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Cg“d — m

T / d*x € (p, 5| TJ* (x)J” (0))p. s)

T = (—g” +Td ) Si(p. )+ — (p‘ - q—‘;’)q"> (p o X ) Sa(p. 0°)
[

Sy =77 S, =77
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TWO-PHOTON EXCHANGE correction

N N A

P

A XA XA X

(6) M (8)

m,, extra suppression+yPT (Model independent)
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e W e W

(6) M (8)

m,, extra suppression+yPT (Model independent)
Power-like chiral enhanced (— xPT can predict the leading order!)

had L um 2 My 5 n”i my
~at—— —— E ~O(m o K
C3 o m + O (a AQCD) Oo(mya’ x A2 X mﬁ)
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e W e W

(6) M (8)

m,, extra suppression+yPT (Model independent)
Power-like chiral enhanced (— xPT can predict the leading order!)

it 2 M 2 My N 5. M M
C3 e~ +0 (a AQCD) 0E ~ O(mua® x A2 X mﬁ)
Error (A = Ma — M, ~ 300 MeV): LO x 2= ~ LO x}

— ¢} = a?147.2(23.6)
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Large Nc. Including the A particle

Error: ’
m m m
LTI VAL TR VLU
A Aaco Naco 3
/‘ ! ‘v (1) ' 2
+ A N A
! ! “ (3) \ i (1) h I —(;) \
AN AREAN AN /£
! : (1‘4\ X ' (7) A\ g (8) X

had 2 My my 2 my, 2my 472(236) (71')7
Cy ~ =11 - O _—r ) = K
T m, [ TEAT ]+ (a /\oco) “m, {56.7(20.6) (7 + A),

AErpe = 28.59(r) + 5.86(7&A) = 34.4(12.5) eV (Peset&AP) .
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Large Nc. Including the A particle

Error: ’
m, m, m,
M N, ~ L
A “Aaco ‘Aaco 3
/ ! 'v (1) ! 2
+ A A N

had 2 My my 2 my, 2my 472(236) (71')7
Cy ~ =11 - O _—r ) = K
T m, [ TEAT ]+ (a /\oco) “m, {56.7(20.6) (7 + A),

AErpe = 28.59(7) + 5.86(7&A) = 34.4(12.5)ueV (Peset&AP) .
(Model dependent+DR: AErps = 33(2)ueV (Birse-McGovern))



INTRODUCTION pNRQED HADRONIC CONTRIBUTIONS HYPERFINE -p SCATTERING CONCLU

[e]e]e]e]e] Jele]

m? m, <
AETPE ~ mua5 X m X mii Z cn(NC\/mq)"
n=0

#
+ 742/ mg+ -
VMg !
plus large N,

#
Vg

? — Size of the counterterm in HBET

,
+ #Nc+?+ﬁ+---]+[#N§+?Nc+?+---]m+---
C



The proton radius in muonic and hydrogen spectroscopy (Lamb shift)
Old Experimental measurements

28 —-2P,
28 - 2P,
28 — 2Py,

(

25 4S8,
25 —4Ds),
28 —4Py)
28 —4Ps),
25 — 6D,
25 - 6Ds)>

25 - 88,
25 —8D;
25 - 8Ds,

25 —12D;

28 — 12Ds)

H,ye [CODATA10]
CODATA*18
CODATA‘06 |

¢

pH Peset, Pineda ‘14 -
uHCREMA ‘13 - .
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rp (fm)



The proton radius in muonic and hydrogen spectroscopy (Lamb shift)

New Experimental measurements

1s —3smpQ20f L
25 —2PYU 19} o
1S — 35 LKB ‘18] [
2§ —4PMPQ 17} —
1S — 35 MPQ ‘16 |-
H,,, [CODATA10] | R
CODATA*18/- | |
CODATA“06 - _—
pH Peset, Pineda ‘14 - ol
4HCREMA ‘13- .
Il I I I Il I I I Il I I I Il I I I Il I I I Il I I I Il
0.82 0.84 0.86 0.88 0.90 0.92 0.94

7, (fm)
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Hyperfine: Hydrogen and muonic hydrogen

Experiment:
Ené ue(1S) = 1420.405751768(1) MHz,

E o ur(2S) = 22.8089(51) meV .
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Hyperfine: Hydrogen and muonic hydrogen

Experiment:
E§;§7HF(1 S) = 1420.405751768(1) MHz,
E o ur(2S) = 22.8089(51) meV .
Theory:
5\/(2)([’) 1 had 2.3
——" = — D" (S1 +82)°5°(r)
mﬁ mg

Dgad‘ — 2C4

¢4, matching coefficient of NRQED.
HBET(m./m,) — NRQED(m,«) — pNRQED

0oL="---— %N;aNpMou
Mp
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¢4, Spin-dependent effects

A

Figure: Symbolic representation (plus permutations) of the spin-dependent correction.
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& /g d°’k 1 1 P, 5 ko )
= 27T D k2 K4 _ zkg A1(k07k )(ko +2k )+3k FpAz(k()’k )

Drell-Sullivan(67)

T = / d*x € (p, 5| TJ* (x)J” (0))p. s)

which has the following structure (p = q - p/m):

T#V _ ( 124 qqq ) S1 (p7 q2)

1 m, 14 v m, P v 2
+;§ (p“ q‘; ) (p - sz q )Sz(/LQ)
I o
“mp €77 qp50 Av(p, OF)

i vpo
“m €77 G ((Mpp)ss — (q - S)P) Ae(p, a°)
/)

Ai, Az (xPT): Ji-Osborne; Peset-Pineda
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Leading chiral logs to the hyperfine splitting
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2
0EHFE ~ (’)(mﬂa A; x Inmy)
X

The leading chiral logs can be determined for Hydrogen and muonic
hydrogen hyperfine splitting (AP).

2 2 2 2
i -~ Hp 2 mlf b1,F 2 A
o = (‘4)“'%2*18“'“,,2

5 x

+ mf, azg g+i 2 2|nﬁ
(4nFo)2~ 3 \3 272 oA
M 28 (5 T\ . | A
rF e 27 \3 72 )T 9mna N 1z
(Neo0) ﬂ,z M 2 2o nir
o~ a“In V2+(47rl__0)2a7rg,qln 2

i 2
42 f(u/,pa)a ~ m/’.oz5 m/é x (Inmg,In A Inmy) .
m2 m3

Eyr =4
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5

5EHFN0(ITIHO¢ X m x Inmy)

A2
The leading chiral Io)és can be determined for Hydrogen and muonic
hydrogen hyperfine splitting (AP).

2 2 2 2
i -~ Hp 2 mlf b1,F 2 A
o = (‘4)“'%2*18“'“,,2

LM p2(2 T ey
@rF® 3\ 3 272 ) 92N 2
mo o8 (5 7 s
(4nFo) 57 \3 2 )™ Gmmaln Tz
(Neo0) m? 2 2 2 nir
o~ In —- +(47rl__0)2a7rg,q|n 2
i 2
! 3 5 M
Eur = (,u/,pa) ~ myo mé x (Inmg,In A Inmy) .

b

2
b T
i i
Cp Cf Cppomt like + CpBorn

+Cppol ( 3)'
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Fixing c}°. Hydrogen

Hydrogen. By fixing the scale v = m, we obtain the following number for the
total sum in the SU(2) case:

EHF,]()gurilhms(mp) = —0.031 1\/IHZ7

which accounts for approximately 2/3 of the difference between theory (pure
QED) and experiment.

Eur(QED) — Eur(exp) = —0.046 MHz.

What is left gives the expected size of the counterterm. Experimentally what
we have is ¢;; = —48.69(3)a” and c;(m,) ~ ¢ 4(m,) ~ —160°.
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m2 2 6
~ 2.09 - 0.09 = 2.00(9),

2 m? m?
Cf,}:)ointflike - Cf,epoimflike = (1 - ?) n—5 + FZ (1 + KP( - @)) I =
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Cfﬁ'PE = Cf?l‘PE + [Cfﬁ'PE - Cf,eTPE](XPT) +0(a).
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Z
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CPH

e
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Overall, combining the three contributions, we obtain
[c3'tee — Chapel (XPT) = 8.68(72)

meV
-0.13+
= This work Hydrogen
® This work y-Hydrogen
-0.14 1 o Carlson et al. '08
A Martynenko '04
© Pachucki '96
-0.15—
-0.16

Figure: Two-photon exchange contribution to the hyperfine splitting of the 2S muonic
hydrogen. Peset-Pineda

Variation of this idea has later been applied using DR (Tomalak). Error ~ 1/2.
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HYPERFINE

000000000

A, (ppm) Ay, AP | Az AR | A Aurs
this work, uH g, | —7415(84) |844(7)| —6571(87) | 364(89) | —6207(127)
this work, electron 5, 7 | —7487(95)|844(7)| —6643(98) | 364(89) |—6279(135)
this work, uH 7, 15, |—7333(48)|846(6)| —6486(49) | 364(89) |—6122(105)
this work, electron 15, 7<,|—7406(56)|847(6)| —6559(57) | 364(89) |—6195(109)

Hagelstein et al. [59] —61770

Peset et al. [29] —6247(109)
Carlson et al. [28,39] | —7587 | 835 |—6752(180)|351(114)|—6401(213)
Martynenko et al. [38] | —7180 —6656 | 410(80) | —6246(342)
Pachucki [7] —8024 —6358 | 0(658) |—6358(658)

Figure: From Tomalak, 2017
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The proton radius in e — p scattering (Future . — p scattering)

» Definition??
> very sensitive to low g data:
extrapolation from |g| > 100 MeV to |q| =0
» dependence on the fitting functions: normalization factors, full data set ...
» Bonn group with dispersion relations:
rp = 0.847%9% fm.
@* — 0 INVOLVES COULOMB RESUMMATION — ATOMIC PHYSICS
lg] ~ mua ~ me ~ 0.5 MeV (muonic hydrogen)
lg| ~ Meax ~ 5.102 MeV (hydrogen)
New scales: Micpion s Miepront>
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Nonrelativistic proton and lepton

do do do
(S2) =z (%) v don (o0 4 22 (s ) + 2° (5020 + o)

measured point—like

+0(0?) + O(r )] .

'S 47 2AE 5
58 = [ﬁ (02 -2%) — 2 (™) - 2) + 352 (2|n 2 7)} ,

m? m
Svp = 327, |di") + T "dT)]
55]’“‘]’)‘]? like _ po["‘(ssoﬂ"‘é}[::;gt ]lke'
Z20? M A mi 1
W) = e {’"i ('”?%) Mz g )]

5pomt like 02 |:dS(V) mp, Cgad:| )

— 5hard = —
hard T M ma
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r, determinations using electron-proton elastic scattering data

T
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[e]e]e]

The proton radius in ep scattering from xPT
Hessels, Horbatsch, AP

2 = 2n 2n
Ge(@) 2:; 2n+1)|o< )

» Extrapolation from |g| ~ 100 MeV to |q| =0
» dependence on the fitting functions: normalization factors, full data set ...
Higher moments diverge in the chiral limit
<r2k> ~ mi*Zk
Extrapolation controlled by xPT (at low @?): r, ~ 0.855.
Bigger values for the moments produce larger values of r,.
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Unlike dispersion relations, no assumption on the high energy behavior.

xPT predicts the chiral logs of the hyperfine splitting and the difference
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Analytic understanding of the QCD dynamics: mq and N. dependence.
2

AE" — |206.0243(30) — 5.2270(7)1%2 +0.0455(125) | meV .

Eur(1S) = 182.623(27)meV,  Ewp(2S) = 22.8123(33) meV
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oe

Proton radius puzzle?

» r, from muonic hydrogen. The most precise (TPE stopping factor).

> r, from hydrogen — Most new measurements agree with muonic
hydrogen. Only Paris remain ?! (1S-3S discrepancy with MPQ
collaboration?)

> r, from e -p scattering not precise enough:
Problems with extrapolations
Better low energy (and add chiral constraints)
Once this is taken into account agreement with proton radius value from
muonic hydrogen within errors
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