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INTRODUCTION pNRQED HADRONIC CONTRIBUTIONS HYPERFINE e-p SCATTERING CONCLUSIONS

GENESIS 1. The beginning

I In the beginning God created the quarks (ordinary matter) and made
them interact through the strong forces, the SU(3) group.

I And God said, “I do not understand a damn thing” so he said “Let there
be light”, and there was light, the U(1) gauge group.

We will study the strong interactions using light at very low energies: q2 → 0.

⟨p′, s|Jµ|p, s⟩ = ū(p′)

[
F1(q2)γµ + iF2(q2)

σµνqν

2mp

]
u(p) ,

Fi(q2) = Fi +
q2

m2
p

F ′
i + ...

Observables: ep → ep, µp → µp, γp → γp, atomic physics, muonic atoms,
...
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[
F1(q2)γµ + iF2(q2)

σµνqν

2mp

]
u(p) ,

Fi(q2) = Fi +
q2

m2
p

F ′
i + ...

Observables: ep → ep, µp → µp, γp → γp, atomic physics, muonic atoms,
...



INTRODUCTION pNRQED HADRONIC CONTRIBUTIONS HYPERFINE e-p SCATTERING CONCLUSIONS

GENESIS 1. The beginning

I In the beginning God created the quarks (ordinary matter) and made
them interact through the strong forces, the SU(3) group.

I And God said, “I do not understand a damn thing” so he said “Let there
be light”, and there was light, the U(1) gauge group.

We will study the strong interactions using light at very low energies: q2 → 0.

⟨p′, s|Jµ|p, s⟩ = ū(p′)
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Scales (and ratios)

mp ∼ Λχ

mµ ∼ mπ ∼ mr =
mµmp

mp+mµ

mrα ∼ me

· · ·
Q2 → 0

Tool: Effective Field Theories ≡ Factorization
Why?: There is a hierarchy of different scales
EFTs are especially useful in these situations.
1) Perturbative calculations much easier and systematic.
2) Nonperturbative information is parameterized in a model independent way.
3) Power counting.

Effective Field Theory: Non-relativistic protons, photons and (non-relativistic)
electron/muons.
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Caswell-Lepage
iD0 = i∂0 + ZpeA0, iD = i∇− ZpeA

LNRQED = −1
4

FµνFµν ++
d2

m2
p

FµνD2Fµν

+ψ†
p

{
iD0 +

ck

2mp
D2 +

c4

8m3
p

D4 +
c(p)

F

2mp
σ · eB +

c(p)
D

8m2
p
(D · eE− eE · D)

+i
c(p)

S

8m2
p
σ · (D× eE− eE× D) + c(p)

A1
e2 B2 − E2

8m3
p
− c(p)

A2
e2 E2

8m3
p

}
ψp

+(leptons)

−
c(pe)

3

mpme
ψ†

pψpψ
†
eψe +

c(pe)
4

mpme
ψ†

pσψpψ
†
eσψe + · · · .

Dictionary (relation Wilson coefficients with low energy constants):
c(p)

F → µp anomalous magnetic moment (low energy constant)
cD → rp proton radius (quasi low energy constant)
c(p)

Ai
→ αE , βM Proton polarizabilities (quasi low energy constant)

c(pe)
3/4 → Two-photon exchange ...
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Definition of the proton radius

⟨p′, s|Jµ|p, s⟩ = ū(p′)

[
F1(q2)γµ + iF2(q2)

σµνqν

2mp

]
u(p) ,

Fi(q2) = Fi +
q2

m2
p

F ′
i + ...

GE(q2) = F1(q2) +
q2

4m2
p

F2(q2), GM(q2) = F1(q2) + F2(q2).

r 2
p = 6

d
dq2 GE,p(q2)|q2=0
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Infrared divergent! →Wilson coefficient
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Definition of the proton radius
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i + ...
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4m2
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F2(q2), GM(q2) = F1(q2) + F2(q2).

r 2
p (ν) = 6

d
dq2 GE,p(q2)|q2=0 =

3
4

1
m2

p

(
c(p)

D (ν)− 1
)

cD(ν) = 1 + 2F2 + 8F ′
1 = 1 + 8m2

p
dGp,E(q2)

d q2

∣∣∣∣
q2=0

,

Standard definition (corresponds to the experimental number):

r 2
p =

3
4

1
m2

p
(cD(ν)− cD,point−like(ν))

cD,point−like = 1 +
α

π

(
4
3
ln

m2
p

ν2

)
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[
F1(q2)γµ + iF2(q2)

σµνqν

2mp

]
u(p) ,

Fi(q2) = Fi +
q2

m2
p

F ′
i + ...

GE(q2) = F1(q2) +
q2

4m2
p

F2(q2), GM(q2) = F1(q2) + F2(q2).

r 2
p (ν) = 6

d
dq2 GE,p(q2)|q2=0 =

3
4

1
m2

p

(
c(p)

D (ν)− 1
)

cD(ν) = 1 + 2F2 + 8F ′
1 = 1 + 8m2

p
dGp,E(q2)

d q2

∣∣∣∣
q2=0

,

Standard definition (corresponds to the experimental number):

r 2
p =

3
4

1
m2

p
(cD(ν)− cD,point−like(ν))

cD,point−like = 1 +
α

π

(
4
3
ln

m2
p

ν2

)



INTRODUCTION pNRQED HADRONIC CONTRIBUTIONS HYPERFINE e-p SCATTERING CONCLUSIONS

Theoretical setup (muonic hydrogen)
We use an effective field theory, Potential Non-Relativistic QED, which
describes the muonic hydrogen dynamics and profits from the hierarchy
mµ ≫ mµα≫ mµα

2

(
i∂0 −

p2

2mr
− α

r

)
ψ(r) = 0

+corrections to the potential
+interaction with ultrasoft photons

 potential NRQED E ∼ mv2

NRQED(mµα)→ pNRQED
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Matching NRQED to pNRQED

p
>

p′
>

k = p− p′ V
2

α
k

=

NRQED pNRQED
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Hydrogen/Positronium/muonium
Tree level

1

�

� � �

� � �

�

Figure: Leading correction to the Coulomb potential due to the electron vacuum
polarization. k = p − p′ and k0 = E1 − E ′

1.
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Order 1/m2

Ṽ (b) =
πα

2

[
Zp

c(µ)
D

m2
µ

+ Zµ
c(p)

D

m2
p

]
,

Ṽ (c) = −i2πα
(p× k)

k2 ·

{
Zp

c(µ)
S s1

m2
µ

+ Zµ

c(p)
S s2

m2
p

}
,

Ṽ (d) = −ZµZp16πα

(
d (µ)

2

m2
µ

+
d (τ)

2

m2
τ

+
d2,NR

m2
p

)
,

Ṽ (e) = −ZµZp
4πα

mµmp

(
p2

k2 −
(p · k)2

k4

)
,

Ṽ (f ) = − i4πα
mµmp

(p× k)
k2 · (Zpc(µ)

F s1 + Zµc(p)
F s2) ,

Ṽ (g) =
4παc(1)

F c(2)
F

mµmp

(
s1 · s2 −

s1 · ks2 · k
k2

)
,

Ṽ (h) = − 1
m2

p

{
(cpli

3 + 3cpli
4 )− 2cpli

4 S2
}
.
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1

�

��

Ṽ (a)
1loop =

Z 2
µZ 2

pα
2

mµmp

(
log

k2

µ2 −
8
3
log 2 +

5
3

)
,

Ṽ (b,c)
1loop =

4Z 2
µZ 2

pα
2

3mµmp

(
log

k2

µ2 + 2 log 2− 1
)
.
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1

�

��

Ṽ (a)
1loop =

Z 2
µZ 2

pα
2

mµmp

(
log

k2

µ2 −
8
3
log 2 +

5
3

)
,

Ṽ (b,c)
1loop =

4Z 2
µZ 2

pα
2

3mµmp

(
log

k2

µ2 + 2 log 2− 1
)
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Muonic Hydrogen: electron vacuum polarization

�

E1, p E ′

1
, p′

k0, k

Figure: Leading correction to the Coulomb potential due to the electron vacuum
polarization. k = p − p′ and k0 = E1 − E ′

1.

Ṽ (0) ≡ −4πZµZpαV (k)
1
k2 ,

αeff (k) = α
1

1 +Π(−k2)
,

where
Π(k2) = αΠ(1)(k2) + α2Π(2)(k2) + α3Π(3)(k2) + ...

αV (k) = αeff (k)+
∑

n,m=0
n+m=even>0

Z n
µZ m

p α
(n,m)
eff (k) = αeff (k)+δα(k) , δα(k) = O(α4)
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Order 1/m2

Ṽ (b) =
παeff (k)

2

[
Zp

c(µ)
D

m2
µ

+ Zµ
c(p)

D

m2
p

]
,

Ṽ (c) = −i2παeff (k)
(p× k)

k2 ·

{
Zp

c(µ)
S s1

m2
µ

+ Zµ

c(p)
S s2

m2
p

}
,

Ṽ (d) = −ZµZp16πα

(
d (µ)

2

m2
µ

+
d (τ)

2

m2
τ

+
d2,NR

m2
p

)
,

Ṽ (e) = −ZµZp
4παeff (k)

mµmp

(
p2

k2 −
(p · k)2

k4

)
,

Ṽ (f ) = − i4παeff (k)
mµmp

(p× k)
k2 · (Zpc(µ)

F s1 + Zµc(p)
F s2) ,

Ṽ (g) =
4παeff (k)c

(p)
F c(µ)

F

mµmp

(
s1 · s2 −

s1 · ks2 · k
k2

)
,

Ṽ (h) = − 1
m2

p

{
(c3 + 3c4)− 2c4S2

}
.
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Order 1/m2 from energy-dependent terms

�

E1, p E ′

1
, p′

k0, k

Figure: Leading correction to the Coulomb potential due to the electron vacuum
polarization. k = p − p′ and k0 = E1 − E ′

1.

δṼE = −ZµZpe2

4mµmp

(p2 − p′ 2)2

k2

α

π
m2

e

∫ ∞

4
d(q2)

1
(m2

eq2 + k2)2
u(q2) .

u(q2) =
1
3

√
1− 4

q2

(
1 +

2
q2

)
.
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Theoretical setup.
Muonic hydrogen Lamb shift: ∆EL ≡ E(2P3/2)− E(2S1/2) and
hyperfine splitting: ∆EHF ≡ E(nS3/2)− E(nS1/2)

LpNRQED =

∫
d3rd3RdtS†(r,R, t)

{
i∂0 −

p2

2mr

−V (r,p,σ1,σ2) + er · E(R, t)

}
S(r,R, t)−

∫
d3r

1
4

FµνFµν ,

V (r,p,σ1,σ2) = V (0)(r) +
V (1)(r)

mµ
+

V (2)(r)
m2

µ

+ . . .
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Observable: Spectrum or decays
Corrections to the Green Function (h(0)

s = p2/m + V (0))

Gs(E) = Ps
1

h(0)
s − HI − E

Ps = G(0)
s + δGs G(0)

s (E) =
1

h(0)
s − E

A) Ultrasoft loops (lamb shift-like): x · E←
B) Quantum mechanics perturbation theory←

δV ︸ ︷︷ ︸
1/(E − V (0) − p2/m)
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Vacuum polarization effects: O(mrα
3)

�

E1, p E ′

1
, p′

k0, k

Figure: Leading correction to the Coulomb potential due to the electron vacuum
polarization. k = p − p′ and k0 = E1 − E ′

1.

1-loop static potential

ELO = ⟨n|δV |n⟩ = 205.0074 meV = O(mrα
3)

EL ∝ β0. Measure of (Non)-Asymptotically free theory!
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Ultrasoft effects: O(mα5)

∆E = −0.6677 meV

O(mα5 mµ

mp
) : ∆E = −0.045 meV

All (soft+ultrasoft):
∆E = −0.71896 meV.

Start the overlap with hadronic effects.
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Hadronic corrections

δV (2)(r)
m2

µ

→ 1
m2

p
Dhad.

d δ3(r)→ ∆E ∼ 1
m2

p
Dhad.

d (mrα)
3

D(pµ)
d = −c3 − 16παd2 +

πα

2
c(p)

D

δV (2)(r)
m2

µ

→ 1
m2

p
Dhad.

d (S1 + S2)
2δ3(r)

Dhad.
s = 2c4

c3, c4, d2, c(p)
D , ... matching coefficients of NRQED.

δL = · · ·+ d2

m2
p

FµνD2Fµν − e
cD

m2
p

N†
p∇ ·ENp −

c3

m2
p

N†
p Npµ

†µ+
c4

m2
p

N†
pσNpµ

†σµ
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Muonic hydrogen

∆EL = 206.0243 meV

−
[

1
π

m3
r α

3

8

]
α

M2

r 2
p

fm2

[
47.3525 + 35.1491α+ 47.3525α2 ln(1/α)

]
+

[
1
π

m3
r α

3

8

]
1

M2

[
chad

3 + 16παdhad
2

]
+O(mrα

6) .
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Hydrogen

E (fs)
nℓj = mr [fnj − 1 +

(Zα)2

2n2 ]− m2
r

2(me + M)
[fnj − 1]2+EEFT

nℓj +E (6)
nℓj +E (7)

nℓj +E (8)
nℓj ,

where fnj = [1 + (Zα)2(n − δ)−2]−1/2 (with δ = j + 1
2 − [(j + 1

2 )
2 − (Zα)2]1/2).

EEFT
nℓj =

mr (Zα)4

2n3

(
1

j + 1
2

− 3
4n

+
mr

(me + M)

1
4n

)

+
(Zα)4

8n3

[
mr

(
3
n
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2ℓ+ 1

)
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r

meM

(
1
n
+

8
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+
32α
3π

(meZ + M)2

meM
lnR(n, ℓ)

)]
+

[
πα

2meM

(
Zc(e)

D M
me

+
c(p)

D me

M

)
− 16πZα

(
d (e)

2

m2
e
+

d (µ)
2

m2
µ

+
d2

M2

)
− c3

M2

+
2πZα
meM

(
1 +

4αZ
3π
− 7Zα

3π

(
1
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1

me
+

Z
M
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3
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XLSe

(
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F
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+

Zc(e)
S

2m2
e

)
+

Z
2meM

(
(ℓ2 + ℓ)− 7Zα
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)]
2(1− δℓ0)

(ℓ2 + ℓ)(2ℓ+ 1)
α(Zαmr )

3

n3 ,
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HOW to determine the Two-Photon Exchange correction?
I Dispersion relations + modelling
I lattice (not yet)
I Chiral perturbation theory (→ (non-analytic) mq dependence, Nc

dependence)
I ....

HBET (mπ/mµ)→ NRQED(mµα)→ pNRQED
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HBET (mπ)

LHBET = Lγ + Ll + Lπ + Llπ + L(N,∆) + L(N,∆)l + L(N,∆)π + L(N,∆)lπ,

Lγ = −1
4

F 2 +
d2

m2
p

FµνD2Fµν + · · ·

Lπ =
F 2
π

4
Tr [DµUDµU] + · · · U = u2 = ei Π

Fπ

LN = N†(ivµ∇µ + gAuµSµ)N + · · ·+ (∆) + · · · − e
cD

m2
p

N†
p∇ · ENp

Dµ = ∂µ + ieQAµ ∇µ = ∂µ + Γµ uµ = iu†(∇µU)u

Γµ =
1
2

{
u†(∂µ + ieQAµ)u + u(∂µ + ieQAµ)u†

}
LN,l =

1
m2

p

∑
i

cpli
3,RN̄pγ

0Np l̄iγ0li +
1

m2
p

∑
i

cpli
4,RN̄pγ

jNp l̄iγj li

δL = · · ·+ d2

m2
p

FµνD2Fµν − e
cD

m2
p

N†
p∇ · ENp −

c3

m2
p

N†
p Npµ

†µ+
c4

m2
p

N†
pσNpµ

†σµ
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chad
3 =

��������
��������
��������

��������
��������
��������

pp

mπ γγ

l li i

Tµν = i
∫

d4x eiq·x⟨p, s|TJµ(x)Jν(0)|p, s⟩ ,

Tµν =

(
−gµν +

qµqν

q2

)
S1(ρ, q2)+

1
m2

p

(
pµ − mpρ

q2 qµ

)(
pν − mpρ

q2 qν

)
S2(ρ, q2)

S1 =?? S2 =??
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TWO-PHOTON EXCHANGE correction

µ

p

µ

p

µ

p

µ

p

µ

p

p

µ

(3) (4) (5)

(6) (7) (8)

µ

p

µ

p

(1) (2)

mµ extra suppression+χPT (Model independent)
Power-like chiral enhanced (→ χPT can predict the leading order!)

chad
3 ∼ α2 mµ

mπ
+O

(
α2 mµ

ΛQCD

)
δE ∼ O(mµα

5 ×
m2

µ

Λ2
χ

× mµ

mπ
)

Error (∆ = M∆ −Mp ∼ 300 MeV): LO ×mπ
∆
≃ LO × 1

2
→ chad

3 = α2 mµ

mπ
47.2(23.6)
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Large Nc . Including the ∆ particle
Error:

mµ

∆
∼ Nc

mµ

ΛQCD
→ Nc

mµ

ΛQCD
∼ 1

3

µ

p

+ µ

p

µ

p

µ

p

µ

p

µ

p

p

µ

(3) (4) (5)

(6) (7) (8)

µ

p

µ

p

(1) (2)

chad
3 ∼ α2 mµ

mπ

[
1 +#

mπ

∆
+ · · ·

]
+O

(
α2 mµ

ΛQCD

)
= α2 mµ

mπ

{
47.2(23.6) (π),

56.7(20.6) (π +∆),

∆ETPE = 28.59(π) + 5.86(π&∆) = 34.4(12.5)µeV (Peset&AP) .

(Model dependent+DR: ∆ETPE = 33(2)µeV (Birse-McGovern))



INTRODUCTION pNRQED HADRONIC CONTRIBUTIONS HYPERFINE e-p SCATTERING CONCLUSIONS

Large Nc . Including the ∆ particle
Error:

mµ

∆
∼ Nc

mµ

ΛQCD
→ Nc

mµ

ΛQCD
∼ 1

3

µ

p

+ µ

p

µ

p

µ

p

µ

p

µ

p

p

µ

(3) (4) (5)

(6) (7) (8)

µ

p

µ

p

(1) (2)

chad
3 ∼ α2 mµ

mπ

[
1 +#

mπ

∆
+ · · ·

]
+O

(
α2 mµ

ΛQCD

)
= α2 mµ

mπ

{
47.2(23.6) (π),

56.7(20.6) (π +∆),

∆ETPE = 28.59(π) + 5.86(π&∆) = 34.4(12.5)µeV (Peset&AP) .

(Model dependent+DR: ∆ETPE = 33(2)µeV (Birse-McGovern))



INTRODUCTION pNRQED HADRONIC CONTRIBUTIONS HYPERFINE e-p SCATTERING CONCLUSIONS

∆ETPE ∼ mµα
5 ×

m2
µ

(4πFπ)2 ×
mµ

mπ

∞∑
n=0

cn(Nc
√

mq)
n

#√
mq

+ ?+?
√

mq + · · ·

plus large Nc

#√
mq

+

[
#Nc + ? +

?

Nc
+ · · ·

]
+
[
#N2

c+?Nc+? + · · ·
]√

mq + · · ·

?→ Size of the counterterm in HBET
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The proton radius in muonic and hydrogen spectroscopy (Lamb shift)
Old Experimental measurements

0.80 0.85 0.90 0.95
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The proton radius in muonic and hydrogen spectroscopy (Lamb shift)

New Experimental measurements

0.82 0.84 0.86 0.88 0.90 0.92 0.94
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Hyperfine: Hydrogen and muonic hydrogen

Experiment:
E exp

hyd,HF(1S) = 1420.405751768(1) MHz ,

E exp
µp,HF(2S) = 22.8089(51) meV .

Theory:
δV (2)(r)

m2
µ

→ 1
m2

p
Dhad.

d (S1 + S2)
2δ3(r)

Dhad.
s = 2c4

c4, matching coefficient of NRQED.

HBET (mπ/mµ)→ NRQED(mµα)→ pNRQED

δL = · · · − c4

m2
p

N†
pσNpµ

†σµ
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c4, Spin-dependent effects

��������
��������
��������

��������
��������
��������

pp

mπ γγ

l li i

Figure: Symbolic representation (plus permutations) of the spin-dependent correction.
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cpl
4 = − ig4

3

∫
dDk
(2π)D

1
k2

1
k4 − 4m2

l k2
0

{
A1(k0, k2)(k2

0 + 2k2) + 3k2 k0

mp
A2(k0, k2)

}
Drell-Sullivan(67)

Tµν = i
∫

d4x eiq·x⟨p, s|TJµ(x)Jν(0)|p, s⟩ ,

which has the following structure (ρ = q · p/m):

Tµν =

(
−gµν +

qµqν

q2

)
S1(ρ, q2)

+
1

m2
p

(
pµ − mpρ

q2 qµ

)(
pν − mpρ

q2 qν

)
S2(ρ, q2)

− i
mp

ϵµνρσqρsσA1(ρ, q2)

− i
m3

p
ϵµνρσqρ

(
(mpρ)sσ − (q · s)pσ

)
A2(ρ, q2)

A1, A2 (χPT): Ji-Osborne; Peset-Pineda
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Leading chiral logs to the hyperfine splitting

2π

γ γmπ

fπ

1
mπ

2

γ γmπ

fπ

1
mπ

π

π

ln

ln

δV = 2
c4

m2
p

S2δ(3)(r) .
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δEHF ∼ O(mµα
5 × m2

µ

Λ2
χ
× lnmπ)

The leading chiral logs can be determined for Hydrogen and muonic
hydrogen hyperfine splitting (AP).

cpli
4 ≃

(
1−

µ2
p

4

)
α2 ln

m2
li

ν2 +
b2

1,F

18
α2 ln

∆2

ν2

+
m2

p

(4πF0)2α
2 2

3

(
2
3
+

7
2π2

)
π2g2

A ln
m2

π

ν2

+
m2

p

(4πF0)2α
2 8

27

(
5
3
− 7
π2

)
π2g2

πN∆ ln
∆2

ν2

(Nc→∞)
≃ α2 ln

m2
l

ν2 +
m2

p

(4πF0)2α
2π2g2

A ln
m2

π

ν2 .

EHF = 4
cpli

4

m2
p

1
π
(µli pα)

3 ∼ mliα
5 m2

li

m2
p
× (lnmq , ln∆, lnmli ) .

cpli
4 = cpli

4,R + cpli
4,point−like + cpli

4,Born + cpli
4,pol +O(α

3) .
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Fixing cpe
4 . Hydrogen

Hydrogen. By fixing the scale ν = mρ we obtain the following number for the
total sum in the SU(2) case:

EHF,logarithms(mρ) = −0.031 MHz ,

which accounts for approximately 2/3 of the difference between theory (pure
QED) and experiment.

EHF(QED)− EHF(exp) = −0.046 MHz.

What is left gives the expected size of the counterterm. Experimentally what
we have is cpe

4,NR = −48.69(3)α2 and cpe
4,R(mρ) ≃ cp

4,R(mρ) ≃ −16α2.
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cpµ
4,TPE = cpe

4,TPE + [cpµ
4,TPE − cpe

4,TPE](χPT ) +O(α) .

cpµ
4,point−like − cpe

4,point−like =

(
1−

κ2
p

4

)
ln

m2
µ

m2
e
+

m2
µ

m2
p

(
1 +

κp

2
(1− κp

6
)
)
ln

m2
µ

ν2
pion

≃ 2.09− 0.09 = 2.00(9) ,

cpµ
4,pol − cpe

4,pol =

{
0.17(9) (π),

0.25(10) (π&∆) ,

DR (Carlson et al) ∼ −0.3(1.4). RelativisticχPT 0.08(27)/0.11(55)(Hagelstein
et al)

cpµ
4,Born − cpe

4,Born = −
∫ ∞

0
dp

1
3p

G(1)
M (−p2)

×

p2κp

m2
µ

+
32m4

µ − 8m2
µp2(κp + 2)− 2p4κp

m2
µp
(√

4m2
µ + p2 + p

) + 8

− (mµ → me)

 ,
G(1)

M (χPT): Gasser et al.; Bernard et al.

cpµ
4,Born − cpe

4,Born =

{
0 + 1.11(55) (π),

0 + 1.42(53) (π&∆) .
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dp

1
3p

G(1)
M (−p2)

×

p2κp

m2
µ

+
32m4

µ − 8m2
µp2(κp + 2)− 2p4κp

m2
µp
(√

4m2
µ + p2 + p

) + 8

− (mµ → me)

 ,
G(1)

M (χPT): Gasser et al.; Bernard et al.

cpµ
4,Born − cpe

4,Born =

{
0 + 1.11(55) (π),

0 + 1.42(53) (π&∆) .
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Overall, combining the three contributions, we obtain

[cpµ
4,TPE − cpe

4,TPE](χPT ) = 3.68(72)

■■

●●

○○ ▲▲

□□

-0.16

-0.15

-0.14

-0.13

meV

■ This work Hydrogen

● This work μ-Hydrogen

□ Carlson et al. '08

▲ Martynenko '04

○ Pachucki '96

Figure: Two-photon exchange contribution to the hyperfine splitting of the 2S muonic
hydrogen. Peset-Pineda

Variation of this idea has later been applied using DR (Tomalak). Error ∼ 1/2.
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C. Comparison with literature

In Table IV 2 we compare our results for di↵erent HFS contributions to the previous

evaluations of Refs. [7, 28, 29, 37–40, 59], where we have subtracted the recoil correction of

order ↵

2 [28, 39], the radiative correction to the Zemach contribution [28, 29, 39] and the

convention conversion correction of Ref. [28] when it is needed [37, 38]. The absolute value

of the Zemach contribution is smaller than results of previous estimates [28, 39, 61] based

on the existing form factors parametrizations before the A1/MAMI data, which has a larger

value of the magnetic form factor at low-Q2 region. The recoil correction is in reasonable

agreement with other estimates [28, 59]. The polarizability correction is in good agreement

with dispersive calculations, though all dispersive results are in contradiction to the ChPT

prediction.

�, (ppm) �Z �p
R �Z +�p

R �pol
0 �HFS

this work, µH r
E

, rW
M

�7415(84) 844(7) �6571(87) 364(89) �6207(127)

this work, electron r
E

, rW
M

�7487(95) 844(7) �6643(98) 364(89) �6279(135)

this work, µH r
E

, re
M

�7333(48) 846(6) �6486(49) 364(89) �6122(105)

this work, electron r
E

, re
M

�7406(56) 847(6) �6559(57) 364(89) �6195(109)

Hagelstein et al. [59] �61+70
�52

Peset et al. [29] �6247(109)

Carlson et al. [28, 39] �7587 835 �6752(180) 351(114) �6401(213)

Martynenko et al. [38] �7180 �6656 410(80) �6246(342)

Pachucki [7] �8024 �6358 0(658) �6358(658)

TABLE IV: Two-photon exchange contribution to the S-level hyperfine splitting in µH.

We finish the comparison to previous results for the total HFS correction in Fig. 4. The

di↵erence from Refs. [28, 39] is mainly due to the smaller value of the Zemach radius in our

evaluation. The smaller value of the polarizability contribution in Refs. [40, 59] causes the

largest discrepancy to our results.

2 The errors of �Z, �
p
R, �

pol
0 , �Z + �p

R and �HFS are strongly correlated. Therefore, we evaluate them

separately.

Figure: From Tomalak, 2017
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The proton radius in e − p scattering (Future µ− p scattering)

I Definition??
I very sensitive to low q2 data:

extrapolation from |q| ≥ 100 MeV to |q| = 0
I dependence on the fitting functions: normalization factors, full data set ...
I Bonn group with dispersion relations:

rp = 0.84+0.01
−0.01 fm.

Q2 → 0 INVOLVES COULOMB RESUMMATION→ ATOMIC PHYSICS
|q| ∼ mµα ∼ me ∼ 0.5 MeV (muonic hydrogen)
|q| ∼ meα ∼ 5.10−3 MeV (hydrogen)
New scales: mleptonα, mleptonα

2
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Nonrelativistic proton and lepton

(
dσ
dΩ

)
measured

= Z 2
(

dσ1γ

dΩ

)
point−like

+
dσMott

dΩ

[
δ
(p)
soft + Z 2

(
δ
(µ)
soft + δVP

)
+ Z 3

(
δ
(pµ)
soft + δTPE

)
+O(α2) +O(τ 2)

]
.

δ
(p)
soft = τp

[
β2
(

c(p) 2
F − Z 2

)
− Z

(
c(p)MS

D (ν)− Z
)
+

4
3

Z 4α

π

(
2 ln

2∆E
ν
− 5

3

)]
,

δVP = 32τµ

[
d (µ)

2 +
m2

µ

M2 d2 +
m2

µ

m2
τ

d (τ)
2

]
δpoint−like

TPE = δpot + δsoft + δpoint−like
hard .

ds(ν) = − Z 2α2

m2
li
−M2

[
m2

li

(
ln

M2

ν2 +
1
3

)
−M2

(
ln

m2
li

ν2 +
1
3

)]
,

δpoint−like
hard −→ δhard = − Q2

2Mmµ

[
ds(ν)

πα
− mµ

M
chad

3

πα

]
.
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rp determinations using electron-proton elastic scattering data

0.82 0.84 0.86 0.88 0.90
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The proton radius in ep scattering from χPT
Hessels, Horbatsch, AP

GE(Q2) =
∞∑

n=0

(−1)n

(2n + 1)!
Q2n⟨r 2n⟩

I Extrapolation from |q| ∼ 100 MeV to |q| = 0
I dependence on the fitting functions: normalization factors, full data set ...

Higher moments diverge in the chiral limit

⟨r 2k ⟩ ∼ m2−2k
π

Extrapolation controlled by χPT (at low Q2): rp ∼ 0.855.
Bigger values for the moments produce larger values of rp.

(a) (b)

μ
H
a

μ
H
b

μ
D
c

C
O
D
A
T
A
20
10
d

C
O
D
A
T
A
20
14
e

M
A
M
If

T
hi
s
W
or
k

0.012 0.014 0.016 0.018 0.020 0.022

0.82

0.84

0.86

0.88

0.82

0.84

0.86

0.88

Q2max [GeV
2]

R
p
[fm

]

R
p
[fm

]
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CONCLUSIONS
Effective Field Theories provide with a model independent, efficient and
systematic (Power counting) approach to the dynamics of NR systems and a
unified framework to determine the nonperturbative effects.

Rigorous connection between Quantum Field Theories (Wilson coefficients)
and a NR Quantum-mechanical formulation of the NR systems (potentials).
For instance. The proton radius is a Wilson coefficient of the effective theory.
In general it is an scheme/scale dependent object.

The spin-independent TPE energy shift (and the associated error) is (and can
only be) computed in a model independent way with χPT. Overall number
consistent with determinations from a combined use of dispersion relations
and models, but individual contributions are quite different.
Unlike dispersion relations, no assumption on the high energy behavior.

χPT predicts the chiral logs of the hyperfine splitting and the difference
between hydrogen and muonic hydrogen.

Analytic understanding of the QCD dynamics: mq and Nc dependence.

∆E th
L =

[
206.0243(30)− 5.2270(7)

r 2
p

fm2 + 0.0455(125)

]
meV .

EHF(1S) = 182.623(27)meV, EHF(2S) = 22.8123(33)meV
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Proton radius puzzle?

I rp from muonic hydrogen. The most precise (TPE stopping factor).
I rp from hydrogen→ Most new measurements agree with muonic

hydrogen. Only Paris remain ?! (1S-3S discrepancy with MPQ
collaboration?)

I rp from e−-p scattering not precise enough:
Problems with extrapolations
Better low energy (and add chiral constraints)
Once this is taken into account agreement with proton radius value from
muonic hydrogen within errors
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