
Exploring Heterotic Models with Reinforcement 
Learning and Genetic Algorithms

Andre Lukas
University of Oxford

string_data 2021, South Africa, December 2021  

  based on: 2103.04759, 2108.07316, 2110.14029, 2111.07333

in collaboration with: Steve Abel, Andrei Constantin, Thomas Harvey



Outline

• Conclusion

• Reinforcement learning

• Introduction

• Monad string models and RL

• Line bundles and RL - a toy example

• Genetic algorithms



Introduction



String theory and machine learning (ML)

Much of the work so far for string theory and supervised ML

Large string data sets require effective search algorithms:

Line bundle cohomology, Calabi-Yau Hodge numbers, properties of hadrons,

data for toric varieties, certain classes of string models, AdS/CFT models, knot data, . . .
For review see: F. Ruehle, Phys. Rep. 839, 1-117, 2020

A remarkable variety of different types of data turns out to be

susceptible to supervised ML methods:

Reinforcement learning (RL) known to be efficient for large 
environments (AlphaGo Zero)
J. Halverson, B. Nelson, F. Ruehle, 1911.07835

M. Larfors, R. Schneider, 2003.04817

S. Krippendorf, R. Kroepsch, M. Syvaeri, 2107.04039



String theory and genetic algorithms (GAs)

Long history outside our field starting in 1960’s
J. Holland, ``Adaption in Natural and Artificial Systems”, 1975

GAs are known to lead to efficient search algorithms 

So far, only sporadically used in our field:
Abel, Rizos, 1404.7359, Abel, Cerdeno, Robles 1805.03615, 

Cole, Schachner, Shiu, 1907.10072, 

Abel, Constantin, Harvey, Lukas 2110.14029 

Cole, Krippendorf, Schachner, Shiu, 2111.11466



Study these questions for heterotic vacua based on a CY manifold

   and a vector bundle            constructed from a monad.X
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Q: Can RL/GA be used for string model building?

• Can RL/GAs ``construct” models with prescribed properties?

• Can RL/GAs discover model building strategies?

• Can RL/GAs be used for a comprehensive search?

• How do the two methods compare?



Reinforcement learning



The cartoon
environment

states

sequence of actions from policy

= episode -> rewards

agent
terminal state
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from episodes
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updated
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Application to model building
Goal: Explore large classes of string models and find those with 
certain prescribed properties, such as having a SM spectrum

Environment family of (QFT) string models

states specific models

action typically small modification of model

reward measure for how much desirable 
features of model improve

MDP physics context

Two examples:

• Heterotic CY models with monad bundles
• Froggatt-Nielsen models for quark masses T. Harvey, A.L. 2103.04759

here

Algorithm:
REINFORCE and Actor-Critic algorithms, realised as Mathematica

packages



Line bundles and RL - a toy example



Mathematical background

Lines bundles                  on CY   classified by integer vectors 

                  where              . 

L = O(k) ! X
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X
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k = (k1, . . . , kh)
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h = h1,1(X)
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CY triple intersection

numbers

idea: would like to train a neural network to find line bundles 
       with a given target index

index of line bundle:

ind(L) =
1

12
(2 dijlk

ikjkl + c2i(TX)ki)
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second Chern class 

of CY tangent bundle



RL setup for line bundles

Goal: Find line bundle with target index.

MDP line bundles on a fixed CY

Environment

states

action

reward

discount � = 0.98
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all         with    k 2 Zh
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|ki|  kmax
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value 

reward function of change in value

V = �|ind(O(k))� indtarget|
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Results
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The trained policy network

• leads to terminal states for 100% of 32 step episodes

• has an average episode length of 5.7 steps

• has already found all terminal states during training

example bi-cubic                  with       ,  X 2


P2 3
P2 3

�
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Plot of environment
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Figure 2: (a) Result of a systematic scan for line bundles on the bicubic three-fold, with the large
back points representing line bundles with index equal to ⌧ = 18 (b) (c) Two sample episodes (green
lines) obtained by following an RL-trained policy, starting at the yellow points and ending up in
terminal states (red points).
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Figure 3: Structure of neural network used as a policy and value network.

vector which provides the probabilities for the four possible actions. We use a standard feed-forward
neural network with the eight-layer architecture shown in Fig 3, with input and output dimensions
d0 = 2 and d1 = 4 and width d = 16. Here “a�ne” refers to an a�ne layer performing the
transformation x 7! Wx+ b with weight W and bias b, The layers “SELU” refer to the standard
scaled exponential linear unit activation function

⇢(x) =

(
1.0507x , x � 0

1.7581(ex � 1) , x < 0
,

while “softmax” is a softmax (normalised exponential) layer defined by

� : Rn
! [0, 1]n , �(x)i =

exi

P
n

i=1 e
xi

.

It ensures that the output components are positive and sum up to one so they can be interpreted
as probabilities.

To train this neural network the agent is coupled to the line bundle environment which is
explored in episodes of maximal length tmax = 16 and with discount factor � = 0.98. Training
data is supplied in batches of size 32 (two full episodes) and for stochastic gradient descent we use
the ADAM optimiser with learning rate 1/5000. Training is accomplished on a single CPU and
only takes a few minutes. The training measurements are shown in Fig. 4. AL: It would be

nicer to have a uniform style for these plots and also to have the numbers and labels

larger. I have adjusted this in Fig.2 but not here. Since the environment is quite small every
state is sampled multiple times during training (this will be di↵erent for the much larger monad
environment discussed in the next section), so it is not surprising that all eight terminal states are
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basins of attraction for terminal states

Scaling of search algorithms:

• systematic scan   total number of states⇠
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• RL    number of terminal states ⇠

<latexit sha1_base64="wszhyXhzavYVgl9+lCCzatCPIOo=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgqexKRY8FLx4r2A9ol5JNs21okl2SrFCW/gUvHhTx6h/y5r8x2+5BWx8MPN6bYWZemAhurOd9o9LG5tb2Tnm3srd/cHhUPT7pmDjVlLVpLGLdC4lhgivWttwK1ks0IzIUrBtO73K/+8S04bF6tLOEBZKMFY84JTaXBobLYbXm1b0F8DrxC1KDAq1h9WswimkqmbJUEGP6vpfYICPacirYvDJIDUsInZIx6zuqiGQmyBa3zvGFU0Y4irUrZfFC/T2REWnMTIauUxI7MateLv7n9VMb3QYZV0lqmaLLRVEqsI1x/jgecc2oFTNHCNXc3YrphGhCrYun4kLwV19eJ52rut+oXz80as1mEUcZzuAcLsGHG2jCPbSgDRQm8Ayv8IYkekHv6GPZWkLFzCn8Afr8ASGtjk0=</latexit>

(a) Loss vs batch number. (b) Fraction of terminal episodes vs episode number.

Figure 4: Training measurements for line bundle environment on bicubic with a target index of 18.

found. More impressively, after about 200 training rounds, when the loss goes to zero, the fraction
of terminal episodes approaches 1 as is evident from Fig. 4 (b). At the same time, the average
episode length decreases to about 6 steps. This means, the trained network guides episodes from
any starting point to a terminal state on an e�cient path with average length 6. Two examples for
such paths are shown in Fig. 2 (b), (c). Similar results are obtained using the actor critic method.

Given the small environment size we can approach this more systematically and carry out an
episode guided by the training network starting from every state. In this way, we find the basin of
attraction for each terminal state and the result is shown in Fig. 5. This figure is a more concrete
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Figure 5: The basins of attraction for the terminal states of the line bundle environment, as encoded in
the trained policy network. Each colour represents a basin of attraction with the corresponding terminal
state indicated by the white circle in one corner of the region.

version of the schematic Fig. 1. It shows that the basins of attraction can be be of quite di↵erent
sizes and can have complicated shapes. It is also interesting to note that the network does not
always guide to the nearest terminal state.

In summary, training for the line bundle environment is quite successful and leads to a policy
network which e�ciently guides to the states with the desired target index for all starting points.
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Monad string models and RL



0 ! V ! B
f! C ! 0

<latexit sha1_base64="Peo7LYJN3ZsjaKvOb+pZqvJvQTY=">AAACLHicbVDLSsNAFJ3UV62vqEs3g0VwVRJRdCXFblxWsA9oQplMJ+3QyYOZG6WEfJAbf0UQFxZx63c4bbOIrQcGzj3nXu7c48WCK7CsqVFaW9/Y3CpvV3Z29/YPzMOjtooSSVmLRiKSXY8oJnjIWsBBsG4sGQk8wTreuDHzO09MKh6FjzCJmRuQYch9TgloqW82LEfy4QiIlNEzbheLO0cBoWPJROpnacHJcKPYZ/XNqlWz5sCrxM5JFeVo9s13ZxDRJGAhUEGU6tlWDG5KJHAqWFZxEsVivZoMWU/TkARMuen82AyfaWWA/UjqFwKeq8WJlARKTQJPdwYERmrZm4n/eb0E/Bs35WGcAAvpYpGfCAwRniWHB1wyCmKiCaGS679iOiKSUND5VnQI9vLJq6R9UbMva1cPl9X6bR5HGZ2gU3SObHSN6ugeNVELUfSC3tAnmhqvxofxZXwvWktGPnOM/sD4+QWecqmn</latexit>

V ⇠= Ker(f)

<latexit sha1_base64="bDHPxI2QiuMtVCKAwAdOqmtQsxE=">AAAB+3icbVDLSsNAFJ3UV62vWJduBotQNyWRiq6k4EZwU8E+oCllMp20Q+cRZiZiCfkVNy4UceuPuPNvnLZZaOuBC4dz7uXee8KYUW0879sprK1vbG4Vt0s7u3v7B+5hua1lojBpYcmk6oZIE0YFaRlqGOnGiiAeMtIJJzczv/NIlKZSPJhpTPocjQSNKEbGSgO33A6wFKM0UBzeEZVVo7OBW/Fq3hxwlfg5qYAczYH7FQwlTjgRBjOkdc/3YtNPkTIUM5KVgkSTGOEJGpGepQJxovvp/PYMnlplCCOpbAkD5+rviRRxrac8tJ0cmbFe9mbif14vMdFVP6UiTgwReLEoShg0Es6CgEOqCDZsagnCitpbIR4jhbCxcZVsCP7yy6ukfV7z67WL+3qlcZ3HUQTH4ARUgQ8uQQPcgiZoAQyewDN4BW9O5rw4787HorXg5DNH4A+czx869JPo</latexit>

C =
rCM

↵=1

OX(c↵)

<latexit sha1_base64="XdNDnj824M+3F6Yt0NAuTjY8tQE=">AAACH3icbVDJSgNBFOxxjXEb9eilMQjxEmYkLpdIIBdvRjALZOLwptOTNOlZ6O4RwjB/4sVf8eJBEfGWv7GzHDSxoKGoqsfrV17MmVSWNTZWVtfWNzZzW/ntnd29ffPgsCmjRBDaIBGPRNsDSTkLaUMxxWk7FhQCj9OWN6xN/NYTFZJF4YMaxbQbQD9kPiOgtOSal7WK47F+FPNEuqkDPB5Axc4eU+HWstQhwPFd5raLqeP5mGTuLHHmmgWrZE2Bl4k9JwU0R901v51eRJKAhopwkLJjW7HqpiAUI5xmeSeRNAYyhD7taBpCQGU3nd6X4VOt9LAfCf1Chafq74kUAilHgaeTAaiBXPQm4n9eJ1H+dTdlYZwoGpLZIj/hWEV4UhbuMUGJ4iNNgAim/4rJAAQQpSvN6xLsxZOXSfO8ZJdLF/flQvVmXkcOHaMTVEQ2ukJVdIvqqIEIekav6B19GC/Gm/FpfM2iK8Z85gj9gTH+ARIhovg=</latexit>

B =
rBM

a=1

OX(ba)

<latexit sha1_base64="Wq4XPndsbdeq5LmKOF4kGEaSv4Q=">AAACFXicbVDJSgNBEO2JW4xb1KOXxiBEkDAjEb1EQrx4M4JZIBOHmk5P0qRnobtHCMP8hBd/xYsHRbwK3vwbO8tBEx8UPN6roqqeG3EmlWl+G5ml5ZXVtex6bmNza3snv7vXlGEsCG2QkIei7YKknAW0oZjitB0JCr7LacsdXo391gMVkoXBnRpFtOtDP2AeI6C05ORPahXbZf0w4rF0EqhY6X0inFqa2AQ4vkmddjGxXQ+7qQPHTr5glswJ8CKxZqSAZqg7+S+7F5LYp4EiHKTsWGakugkIxQinac6OJY2ADKFPO5oG4FPZTSZfpfhIKz3shUJXoPBE/T2RgC/lyHd1pw9qIOe9sfif14mVd9FNWBDFigZkusiLOVYhHkeEe0xQovhIEyCC6VsxGYAAonSQOR2CNf/yImmelqxy6ey2XKhezuLIogN0iIrIQueoiq5RHTUQQY/oGb2iN+PJeDHejY9pa8aYzeyjPzA+fwDIZZ6P</latexit>

⇠ 10h(rB+rC�1)

<latexit sha1_base64="tDcSVbGIp3oydBdmQ6+lIFp6ctg=">AAAB/3icdVDLSsNAFJ3UV62vquDGzWARKmJIYmzrrtiNywr2AW0Nk+mkHTp5MDMRSuzCX3HjQhG3/oY7/8ZJW0FFD1w4nHMv997jRowKaRgfWmZhcWl5JbuaW1vf2NzKb+80RRhzTBo4ZCFvu0gQRgPSkFQy0o44Qb7LSMsd1VK/dUu4oGFwLccR6floEFCPYiSV5OT3uoL60DRukmGROxfH3KmdmEcTJ18w9PNKybJL0NANo2xaZkqssn1qQ1MpKQpgjrqTf+/2Qxz7JJCYISE6phHJXoK4pJiRSa4bCxIhPEID0lE0QD4RvWR6/wQeKqUPvZCrCiScqt8nEuQLMfZd1ekjORS/vVT8y+vE0qv0EhpEsSQBni3yYgZlCNMwYJ9ygiUbK4Iwp+pWiIeIIyxVZDkVwten8H/StHTT1s+u7EK1Oo8jC/bBASgCE5RBFVyCOmgADO7AA3gCz9q99qi9aK+z1ow2n9kFP6C9fQLS15S0</latexit>

states

Even small cases unexplored, for example

h = 2, rB = 6, rC = 1

<latexit sha1_base64="X8MyEfh7maLgLlLBOZtSWd5Gsdo=">AAAB/HicdVDLSgMxFM3UV62v0S7dBIvgQoaZcWwrUih247KCfUBbSibNtKGZzJBkhFLqr7hxoYhbP8Sdf2OmraCiBy73cM695Ob4MaNS2faHkVlZXVvfyG7mtrZ3dvfM/YOmjBKBSQNHLBJtH0nCKCcNRRUj7VgQFPqMtPxxLfVbd0RIGvFbNYlJL0RDTgOKkdJS38yPKu5p91L0ryrFea9VnL5ZsK2LctH1itC2bLvkuE5K3JJ35kFHKykKYIl633zvDiKchIQrzJCUHceOVW+KhKKYkVmum0gSIzxGQ9LRlKOQyN50fvwMHmtlAINI6OIKztXvG1MUSjkJfT0ZIjWSv71U/MvrJCoo96aUx4kiHC8eChIGVQTTJOCACoIVm2iCsKD6VohHSCCsdF45HcLXT+H/pOlajmed33iFanUZRxYcgiNwAhxQAlVwDeqgATCYgAfwBJ6Ne+PReDFeF6MZY7mTBz9gvH0CArKTFg==</latexit>

⇠ 1012

<latexit sha1_base64="xprEeFJpClO3S5ZBL99NCcsGLEQ=">AAAB83icdVDLSsNAFJ34rPVVdelmsAiuQhJjW3cFNy4r2Ac0sUymk3bozCTMTIQS+htuXCji1p9x5984aSuo6IELh3Pu5d57opRRpR3nw1pZXVvf2Cxtlbd3dvf2KweHHZVkEpM2TlgiexFShFFB2ppqRnqpJIhHjHSjyVXhd++JVDQRt3qakpCjkaAxxUgbKQgU5dB17nLXmw0qVce+bNQ8vwYd23HqrucWxKv75z50jVKgCpZoDSrvwTDBGSdCY4aU6rtOqsMcSU0xI7NykCmSIjxBI9I3VCBOVJjPb57BU6MMYZxIU0LDufp9IkdcqSmPTCdHeqx+e4X4l9fPdNwIcyrSTBOBF4vijEGdwCIAOKSSYM2mhiAsqbkV4jGSCGsTU9mE8PUp/J90PNv17Ysbv9psLuMogWNwAs6AC+qgCa5BC7QBBil4AE/g2cqsR+vFel20rljLmSPwA9bbJx0SkRk=</latexit>

states

h = 3, rB = 6, rc = 1

<latexit sha1_base64="qItxJZFcBnbY1A5c/XWJTpYXLko=">AAAB/nicdVDLSsNAFJ3UV62vqLhyM1gEFxKSNLYVKRTduKxgH9CGMJlO26GTBzMToYSCv+LGhSJu/Q53/o2TtoKKHrhwOOde7r3HjxkV0jQ/tNzS8srqWn69sLG5tb2j7+61RJRwTJo4YhHv+EgQRkPSlFQy0ok5QYHPSNsfX2V++45wQaPwVk5i4gZoGNIBxUgqydMPRrXSae8Ccu+yVp4TXLM8vWga59Wy7ZShaZhmxbKtjNgVp+RASykZimCBhqe/9/oRTgISSsyQEF3LjKWbIi4pZmRa6CWCxAiP0ZB0FQ1RQISbzs6fwmOl9OEg4qpCCWfq94kUBUJMAl91BkiOxG8vE//yuokcVN2UhnEiSYjniwYJgzKCWRawTznBkk0UQZhTdSvEI8QRliqxggrh61P4P2nZhuUYZzdOsV5fxJEHh+AInAALVEAdXIMGaAIMUvAAnsCzdq89ai/a67w1py1m9sEPaG+f6DWTiw==</latexit>

⇠ 1018

<latexit sha1_base64="Ky2xm+i1ocjY75YIg7xoIg2c7Ko=">AAAB83icdVDLSsNAFJ34rPVVdelmsAiuQibGtu4KblxWsA9oYplMJ+3QmSTMTIQS+htuXCji1p9x5984aSuo6IELh3Pu5d57wpQzpR3nw1pZXVvf2Cxtlbd3dvf2KweHHZVkktA2SXgieyFWlLOYtjXTnPZSSbEIOe2Gk6vC795TqVgS3+ppSgOBRzGLGMHaSL6vmIDIuctRYzaoVB37slFzvRp0bMepIxcVxK175x5ERilQBUu0BpV3f5iQTNBYE46V6iMn1UGOpWaE01nZzxRNMZngEe0bGmNBVZDPb57BU6MMYZRIU7GGc/X7RI6FUlMRmk6B9Vj99grxL6+f6agR5CxOM01jslgUZRzqBBYBwCGTlGg+NQQTycytkIyxxESbmMomhK9P4f+k49rIsy9uvGqzuYyjBI7BCTgDCNRBE1yDFmgDAlLwAJ7As5VZj9aL9bpoXbGWM0fgB6y3TyYwkR8=</latexit>

states

How large is the monad environment? 

Definition of monads, based on line bundle sums:

I am not aware of a ``trick” that would allow for a systematic

scanning in these cases . . .

Only a few phenomenologically promising models known . . .



RL setup for heterotic monads

Goal: Explore monads on a given CY and find standard models.

discount � = 0.98

<latexit sha1_base64="QbsZC0/6vEmk9ldBzYxEV+IAiSg=">AAAB8nicdVDLSgMxFM3UV62vqks3wSK4Gmbq2NaFUnDjsoJ9wHQomTTThiaTIckIZehnuHGhiFu/xp1/Y6atoKIHQg7n3Mu994QJo0o7zodVWFldW98obpa2tnd298r7Bx0lUolJGwsmZC9EijAak7ammpFeIgniISPdcHKd+917IhUV8Z2eJiTgaBTTiGKkjeT3R4hzdOnYF41BuZJ/tapXg47tOHW36uakWvfOPOgaJUcFLNEalN/7Q4FTTmKNGVLKd51EBxmSmmJGZqV+qkiC8ASNiG9ojDhRQTZfeQZPjDKEkZDmxRrO1e8dGeJKTXloKjnSY/Xby8W/PD/VUSPIaJykmsR4MShKGdQC5vfDIZUEazY1BGFJza4Qj5FEWJuUSiaEr0vh/6RTtV3PPr/1Ks2rZRxFcASOwSlwQR00wQ1ogTbAQIAH8ASeLW09Wi/W66K0YC17DsEPWG+fRWmQmQ==</latexit>

Environment all        with    (B,C)

<latexit sha1_base64="6xOm30bhAIomSD+6ihGpmyeHM20=">AAAB7HicdVBdSwJBFJ21L7Mvq8cghiQwiGV329ReQvKlR4NWBRWZHWd1cHZ2mZkNRPwNvfSQRa/9oN76N81qQUUduHA4517uvcePGZXKst6NzNLyyupadj23sbm1vZPf3WvIKBGYeDhikWj5SBJGOfEUVYy0YkFQ6DPS9Ee11G/eESFpxG/VOCbdEA04DShGSkte8eq0dtLLFyzzolJy3BK0TMsq246dEqfsnrnQ1kqKQvVwluKp3su/dfoRTkLCFWZIyrZtxao7QUJRzMg010kkiREeoQFpa8pRSGR3Mj92Co+10odBJHRxBefq94kJCqUch77uDJEayt9eKv7ltRMVVLoTyuNEEY4Xi4KEQRXB9HPYp4JgxcaaICyovhXiIRIIK51PTofw9Sn8nzQc03bN8xudxiVYIAsOwBEoAhuUQRVcgzrwAAYU3INHMDO48WA8Gy+L1ozxObMPfsB4/QD+XpHl</latexit>

⇢
bmin  bia  bmax

cmin  cia  cmax

<latexit sha1_base64="kAew9GDGIwR7+578tWxg3g62wQc="></latexit>

states (B,C)

<latexit sha1_base64="6xOm30bhAIomSD+6ihGpmyeHM20=">AAAB7HicdVBdSwJBFJ21L7Mvq8cghiQwiGV329ReQvKlR4NWBRWZHWd1cHZ2mZkNRPwNvfSQRa/9oN76N81qQUUduHA4517uvcePGZXKst6NzNLyyupadj23sbm1vZPf3WvIKBGYeDhikWj5SBJGOfEUVYy0YkFQ6DPS9Ee11G/eESFpxG/VOCbdEA04DShGSkte8eq0dtLLFyzzolJy3BK0TMsq246dEqfsnrnQ1kqKQvVwluKp3su/dfoRTkLCFWZIyrZtxao7QUJRzMg010kkiREeoQFpa8pRSGR3Mj92Co+10odBJHRxBefq94kJCqUch77uDJEayt9eKv7ltRMVVLoTyuNEEY4Xi4KEQRXB9HPYp4JgxcaaICyovhXiIRIIK51PTofw9Sn8nzQc03bN8xudxiVYIAsOwBEoAhuUQRVcgzrwAAYU3INHMDO48WA8Gy+L1ozxObMPfsB4/QD+XpHl</latexit>

action (deterministic)
⇢

bia ! bia ± 1
ci↵ ! ci↵ ± 1

<latexit sha1_base64="Wsg0gj5fcPzHo7qpAnChhuqAkuk="></latexit>

reward value = -deviation from desired

properties, reward from value

terminal state a standard model

MDP monads on a fixed CY with c1(B) = c1(C)

<latexit sha1_base64="S1DfSJL/azgwCbMGpyJhuT2PuK4=">AAAB9HicdVDLTgIxFO3gC/GFunTTSExgM5nBEXChIbJxiYkgCUxIp3SgodMZ2w4JmfAdblxojFs/xp1/YwcwUaMnubkn59yb3h4vYlQqy/owMiura+sb2c3c1vbO7l5+/6Atw1hg0sIhC0XHQ5IwyklLUcVIJxIEBR4jd964kfp3EyIkDfmtmkbEDdCQU59ipLTk4r5dvCpdpK1R6ucLlnleq5SdCrRMy6raZTsl5apz6kBbKykKYIlmP//eG4Q4DghXmCEpu7YVKTdBQlHMyCzXiyWJEB6jIelqylFApJvMj57BE60MoB8KXVzBufp9I0GBlNPA05MBUiP520vFv7xurPyam1AexYpwvHjIjxlUIUwTgAMqCFZsqgnCgupbIR4hgbDSOeV0CF8/hf+Tdtm0HfPsxinUL5dxZMEROAZFYIMqqINr0AQtgME9eABP4NmYGI/Gi/G6GM0Yy51D8APG2ydeypCM</latexit>



bmin = �3, bmax = 5, cmin = 0, cmax = 5, rB = 6, rc = 2

<latexit sha1_base64="LFfCzcSrrBurWF45ULBjeptNb9o="></latexit>

! ⇠ 1012 states

<latexit sha1_base64="1tZN61hi+CVlAoJR01vv3DpnTmw=">AAACE3icbVA9SwNBEN3z2/gVtbRZDIJYhDtRtAzYWEYwH5CLYW6zSRZ3b8/dOTUc+Q82/hUbC0Vsbez8N24+CjU+GHi8N8PMvCiRwqLvf3kzs3PzC4tLy7mV1bX1jfzmVtXq1DBeYVpqU4/AciliXkGBktcTw0FFktei67OhX7vlxgodX2I/4U0F3Vh0BAN0Uit/EBrR7SEYo+/CmxTaoRWKBv5VFhwOQhXp+4xaBOR20MoX/KI/Ap0mwYQUyATlVv4zbGuWKh4jk2BtI/ATbGZgUDDJB7kwtTwBdg1d3nA0BsVtMxv9NKB7TmnTjjauYqQj9edEBsravopcpwLs2b/eUPzPa6TYOW1mIk5S5DEbL+qkkqKmw4BoWxjOUPYdAWaEu5WyHhhg6GLMuRCCvy9Pk+phMTgqHl8cFUqlSRxLZIfskn0SkBNSIuekTCqEkQfyRF7Iq/foPXtv3vu4dcabzGyTX/A+vgGcm56e</latexit>

a) Bi-cubic,         GUT,               Wilson line, negative entries � = Z3 ⇥ Z3

<latexit sha1_base64="MLeD+iqd4n/mGieSNKvL975No+c=">AAACDnicdVDLSsNAFJ3UV62vqEs3g6XgqiRtbOtCKLjQZQX7wCaUyXTaDp1JwsxEKKFf4MZfceNCEbeu3fk3TtoKVfTAhcM593LvPX7EqFSW9WlkVlbX1jeym7mt7Z3dPXP/oCXDWGDSxCELRcdHkjAakKaiipFOJAjiPiNtf3yR+u07IiQNgxs1iYjH0TCgA4qR0lLPLLiXiHN07nKkRr6f3E57ZVdRTuSy0jPzVvGsVik5FWgVLatql+yUlKpO2YG2VlLkwQKNnvnh9kMccxIozJCUXduKlJcgoShmZJpzY0kihMdoSLqaBkgv9JLZO1NY0EofDkKhK1Bwpi5PJIhLOeG+7kxvlL+9VPzL68ZqUPMSGkSxIgGeLxrEDKoQptnAPhUEKzbRBGFB9a0Qj5BAWOkEczqE70/h/6RVKtpO8fTaydfriziy4AgcgxNggyqogyvQAE2AwT14BM/gxXgwnoxX423emjEWM4fgB4z3L/1QnLs=</latexit>

SO(10)

<latexit sha1_base64="cgNeII//cmvsfJCye009SzngeRg=">AAAB7XicdVBNSwMxEM3Wr1q/qh69BItQL8tuXdt6K3jxZkVbC+1Ssmm2jc0mS5IVytL/4MWDIl79P978N2bbCir6YODx3gwz84KYUaUd58PKLS2vrK7l1wsbm1vbO8XdvbYSicSkhQUTshMgRRjlpKWpZqQTS4KigJHbYHye+bf3RCoq+I2exMSP0JDTkGKkjdS+viy7znG/WHLss3q14lWhYztOza24GanUvBMPukbJUAILNPvF995A4CQiXGOGlOq6Tqz9FElNMSPTQi9RJEZ4jIakayhHEVF+Ort2Co+MMoChkKa4hjP1+0SKIqUmUWA6I6RH6reXiX953USHdT+lPE404Xi+KEwY1AJmr8MBlQRrNjEEYUnNrRCPkERYm4AKJoSvT+H/pF2xXc8+vfJKjcYijjw4AIegDFxQAw1wAZqgBTC4Aw/gCTxbwnq0XqzXeWvOWszsgx+w3j4BUlCOUg==</latexit>

Training measurements (about 1h on single CPU)
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Figure 7: RL training metrics on the bicubic manifold. After 100, 000 rounds every episode ends
up in a terminal state.

In order to get a preliminary assessment of the performance of the trained network we let it run
for 10, 000 episodes which takes about 16 minutes on a single machine. The run produced 2460
terminal states, out of which only 72 are distinct. The repetitions are not evenly distributed over
the 72 distinct states. In fact, one of these states accounts for almost half of the terminal states
found. Incidentally, this particular state corresponds to a monad bundle that can be reduced to a
rk(B) = 5 and rk(C) = 1 case. The genuine rk(B) = 6 and rk(C) = 2 are found with much smaller
frequencies, most of them appearing only once in the dataset. Thus, although the network is capable
of finding terminal states, a small number of these sates have very large basins of attraction and are
found much more often than the others. This is a source of ine�ciency for the RL implementation.

Figure 8: Saturation of the redundancy reduced number of perfect states. Orange curve: RL search.
Blue curve: GA search. The RL search took 35 core days, while the part of the GA search shown
here took only 1 core day.

We let the trained network search for terminal states from 1.7·109 random initial states. This search,
which took 35 core days produced ⇠10, 000 perfect states, out of which 643 were inequivalent. By
comparison, the computational time for the GA scan was 10 core days and lead to ⇠100, 000 perfect
states, out of which 639 were inequivalent. The saturation curve of the number of inequivalent
models as a function of the total number of models found at various stages of the RL search is
shown in Figure 8 together with the corresponding curve for the first 10, 000 perfect states found
during the GA search. Figure 9 shows the progression of the number of (inequivalent) models found
with the number of states visited.
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• 100% of all length 32 episodes terminal, average length 15.5

• find few x 10 terminal states, 10-20 stable, with no mirror-families

• training based on tiny sample of environment 



Use trained network for systematic search
Carry out many episodes with random initial states (35 core days)
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(a) Number of inequivalent perfect states found as a
function of the number of states visited.

(b) Number of perfect states found as a function of the
number of states visited.

Figure 9: RL search results on the bicubic. The number of inequivalent perfect states saturates,
while the total number of perfect states found is still far from saturation after 1.7 · 109 RL episodes.

A number of remarks can now be made. Firstly, the GA search is more e�cient at finding perfect
states than the RL search. Roughly the same number of inequivalent perfect states have been found
in the two searches, though the RL search took 3.5 times longer than the GA. Secondly, the GA is
more prolific, by more than an order of magnitude compared to the RL search, at finding redundant
perfect states. This is very likely a by-product of crossover, which is prone to producing redundant
states by permuting various parts of the genome. Note that various techniques such as crowding
penalties might be considered to remove this ine�ciency.

Finally, there is a substantial overlap between the inequivalent models found in the two searches,
with only ⇠50 models in each complement. This brings the total number of inequivalent models to
689. The fact that two such di↵erent methods lead to virtually the same dataset of models is another
even stronger indication that it has been possible to achieve a high degree of comprehensiveness by
scanning only a tiny fraction of the environment.

While both methods produce nearly identical data sets of perfect models after su�cient running
time their trajectories during evolution/training appear to be quite di↵erent. Using nonlinear
visualisation techniques such as Sammon maps we find that the set of perfect models found at an
early stage is quite di↵erent for the two methods. In particular, as illustrated by Fig. 8, GAs tend
to produce a significantly larger degree of redundancy than RL.

6 Monad bundles on the triple trilinear manifold

6.1 A typical GA run on the triple trilinear

As in the previous section we consider monad bundles with rk(B) = 6 and rk(C) = 2 and set
bmin = �3, cmin = 0 and bmax = 4, cmax = 7, such that each integer entry in the matrix (B,C) can
be represented by a 3-bit binary sequence. For the triple trilinear manifold the degeneracy of the
environment is even larger than in the case of the bicubic, due to the six possible permutations of
the three P2-factors in the ambient space. The corresponding group has order 8640.

As in the previous case, we illustrate the performance of the GA graphically. We keep the size of
the population to Npop = 250 randomly initialised states. The GA needs to run a little longer until
a significant fraction of the population corresponds to perfect states. Evolutionary episodes of 400
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• Includes the one known standard model
(L. Anderson, J. Gray, Y.-H. He, A.L., 0911.1569)

• Saturation suggests all models are found (about 600)

• Many new standard-like models found

• Difficult to find these models with a systematic scan



b) tri-linear,         GUT,               Wilson line, negative entries� = Z3 ⇥ Z3
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bmin = �3, bmax = 5, cmin = 0, cmax = 5, rB = 6, rc = 2

<latexit sha1_base64="LFfCzcSrrBurWF45ULBjeptNb9o="></latexit>

! ⇠ 1019 states

<latexit sha1_base64="F245GAknlAuzaXH4p0fhelS2wMc=">AAACE3icbVA9SwNBEN2L3/ErammzGASxCHcSUbuAjaWCUSEXw9xmkyzZvT1359Rw3H+w8a/YWChia2Pnv3ETU/j1YODx3gwz86JECou+/+EVJianpmdm54rzC4tLy6WV1TOrU8N4nWmpzUUElksR8zoKlPwiMRxUJPl51D8c+ufX3Fih41McJLypoBuLjmCATmqVtkMjuj0EY/RNeJVCO7RC0cC/zIKDPFSRvs2oRUBu81ap7Ff8EehfEoxJmYxx3Cq9h23NUsVjZBKsbQR+gs0MDAomeV4MU8sTYH3o8oajMShum9nop5xuOqVNO9q4ipGO1O8TGShrBypynQqwZ397Q/E/r5FiZ7+ZiThJkcfsa1EnlRQ1HQZE28JwhnLgCDAj3K2U9cAAQxdj0YUQ/H75LznbqQTVyu5JtVyrjeOYJetkg2yRgOyRGjkix6ROGLkjD+SJPHv33qP34r1+tRa88cwa+QHv7ROnoJ6l</latexit>

X ⇠

0

@
P2 1 1 1
P2 1 1 1
P2 1 1 1

1

A

<latexit sha1_base64="9qon5dlARagUwUn/Renr+MTLeYc="></latexit>

• training about 1d on single CPU

• 100% of all length 32 episodes terminal, average length 22

• 13000 terminal states, 7500 without mirror-families, O(500) stable

• training based on tiny sample of environment 

-> a new database of standard-like models, virtually impossible to 
find with standard scanning methods

SO(10)
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Figure 7: The di↵erent contribtutions to the intrinsic value for (rb, rc) = (6, 2) bicubic models. This
data is averaged over 1000 termianl states using the trained network.

testing the injection of line bundles with entries in the range �6, . . . , 6 into V and V ⇤, shows that
many of these models are unstable. However, 18 models survive these fairly extensive checks. These
models, which are listed in Appendix A, include the new model presented in Section 3 as well as
the semi-positive monad with B = OX(0, 1)

L
3
�OX(1, 0)

L
3 and C = OX(1, 1)�OX(2, 2) found

in Ref. [35]. In fact, the latter model is the only semi-positive monad found by the network, so it
is likely the only semi-positive standard model with (rB, rC) = (6, 2) on the bicubic.

5.3 Results on the bicubic with (rB, rC) = (7, 3)

Raining our ambition moderately, next we consider a monad environment on the bicubic with larger
ranks, (rB, rC) = (7, 3), but with a range of integer entries as in Eq. (5.4), leading to about 1016

states. Both REINFORCE and actor-critic algorithms lead to similar results and, for definiteness,
we present the latter.

The network has been trained for 60000 rounds, sampling only a tiny fraction of about 10�10

of the environment’s states. Training takes about two hours on a single CPU and training mea-
surements are shown in Fig. 8. As in the previous case, we observe a transition to a policy with
a terminal fraction close to one during the training process (Fig. 8(f)), with the average episode
length decreasing to about 20.5. Fig. 8 shows that about 3000 terminal states are found during
training. After removing redundancies due to the symmetry 5.3 this number reduces to 141, of
which 129 have 27 families and no anti-families. It is worth mentioning that 101 of these models
have a common line bundle in B and C and are, hence, equivalent to models with (rB, rC) = (6, 2).
A further 5 models have two common line bundles in B and C are are equivalent to models with
(rB, rC) = (5, 1).

As before, the trained network can be used to find more terminal states. After running 1000
episodes guided by the trained network, removing redundancies and checking the cohomology for
the terminal states, one more model is found, bringing the total number to 130. A stability check,
looking at injection of line bundles with entries between ±5 into V and V ?, rejects 61 of these
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Model building strategies suggested by RL



Genetic algorithms



How do genetic algorithms perform on a monad environment?
(S. Abel, A. Constantin, T. Harvey, AL, 2110.14029, 211107333)

• monad (B,C)
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convert to binary
010010 · · · 0110
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• assign ``fitness” to each monad = value function of RL

• create population (250 individuals in our case)

010010 · · · 010 , 110111 · · · 010 , · · · · · · , 101001 · · · 110
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evolve by crossing (controlled by fitness)

and mutation

• goal: after a number of generations the population has 
 many fit individuals (= terminal states)



Example bicubic

(a) Fitness histogram. Height: number of individuals.
Front axis: fitness (intrinsic value). Depth: generation

number.
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(b) Fraction of models that achieved ‘perfection’ vs
generation.

Figure 1: Performance measures for a typical GA initialisation on the bicubic.

Figure 2: Saturation of the number of perfect states found in a typical GA run on the bicubic.

Finally, it is useful to compute the degeneracy of the 18 states that remain after removing redun-
dancies. By performing all the allowed permutations a number of 19, 080 states are obtained. This
should be compared with the product 18⇥2800 = 50, 400 which turns out to be an overestimate by
more than a factor of 2. Moreover, what this computation indicates is that a single run of the GA
is not enough if the aim was to find all the ‘perfect’ states available in the environment and that
1, 000 further runs, which would take about 1 day on a single machine, would be just about enough
to find the other redundant representations of the 18 states found in the first run. Of course, many
more new states, not related to the 18 by permutations, would be expected to arise in such a search,
which implies that a comprehensive search would require several, possibly tens of thousands of GA
runs. With 10, 000 runs this would amount to exploring ⇠ 0.01% of the environment.

5.2 A quasi-comprehensive GA search

The illustrative results presented above show that GAs can be e�ciently used to identify monad
bundle models on the bicubic manifold that satisfy the phenomenological requirements discussed in
Section 3. A natural question to then ask is whether the GA can find all (or almost all) ‘perfect’
models available within the environment. Answering this question is di�cult, mainly because the
environment is too large to be subjected to a systematic scan which would ensure that no perfect
state was missed. The computational time needed for a systematic scan within the environment
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Example tri-linear

(a) Fitness histogram. Height: number of individuals.
Front axis: fitness (intrinsic value). Depth: generation

number.
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(b) Fraction of models that achieved ‘perfection’ vs
generation.

Figure 10: Performance measures for a typical GA initialisation on the triple trilinear.

states’ found after n generations as a function of n is plotted in Figure 11, which suggests that the
number of generations, 400, is suitably chosen given the other hyper-parameters. This continued
e�cacy despite the much larger search space suggests that the di�culty of finding a solution is
increasing only polynomially for the GA as one might have hoped.

Figure 11: Saturation of the number of perfect states found in a typical GA run on the triple
trilinear CY manifold.

6.2 GA search on the triple trilinear

The environment being much larger than in the case of the bicubic manifold, we have not attempted
to reach the same degree of comprehensiveness as before.

After running for 15 core days, the GA found ⇠ 100, 000 perfect states, three quarters of which are
inequivalent. Figure 12 shows that the number of inequivalent states is far from saturation at the
end of the run, suggesting that many more other inequivalent perfect states are still to be found
within the environment.
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Produces some terminal states extremely efficiently (minutes!)



Systematic GA search
Repeated GA evolutions for bi-cubic (10 core days)
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(a) Number of inequivalent perfect states found as a
function of the number of states visited.

(b) Number of perfect states found as a function of the
number of states visited.

Figure 4: GA search results on the bicubic. The number of inequivalent perfect states saturates,
while the total number of perfect states found is still far from saturation after 10,000 GA runs.

computational time required for a GA run virtually unchanged. Thus enlarging the range of line
bundle integers in B and C would not pose a problem for the performance of the GA implementation
used here. But is there a good reason for enlarging the environment?

To answer this question we need to see if the perfect models found are well within the boundary of
the environment or if a significant fraction of them lies close to the boundary. The bar charts in
Figure 5 show that in fact most of the models lie on the boundary (for instance, 451 out of the 639
inequivalent models include the integer 4 in B). This suggests the need for increasing further the
entries in B and C.

Figure 5: Bar charts showing the number of inequivalent perfect states (B,C) that have a certain
integer present in B (left chart) and in C (right chart).

However, before embarking on such an enterprise, it is worth looking deeper into the quality of the
monad bundles found. The requirement of stability imposes that h0(V ) = h3(V ) = 0. Moreover, in
order to avoid the presence of 16-multiplets, the bundle has to satisfy h2(V ) = 0. These cohomo-
logical constraints are too computationally intensive to have included them in the search, however
they can be carried out on the set of 639 inequivalent models found on the bicubic manifold.

Moreover, many of the models found contain a repeated line bundle in B and C. While this is not a
problem in itself, such models are equivalent to monad bundles with rk(B) = 5 and rk(C) = 1. We
eliminate these from the discussion, which leaves 214 models of genuine rk(B) = 6 and rk(C) = 2
type. Out of these, 67 have the right cohomologial properties mentioned above. Further stability
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• Saturation suggest all terminal states found

• Terminal states largely the same as found from RL

• GA more efficient than RL (for our realisations) for finding 
 a few states quickly and for comprehensive search



Conclusion



• RL can engineer topological properties and can``learn” the rules 
 for geometrical string model building

• RL suggests model building strategies

• GAs work extremely efficiently as well - confirm RL results 

Thanks

• Questions/extensions: 
SU(5) models, including other model-building constraints, different string constructions, 
including gravitational sector, . . .

•  Many new standard-like models found in this way

How does computing/training time scale with          ? h1,1(X)
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Can RL or GA be used for a complete scan of the landscape? 

• At small          RL can be used for a comprehensive search 
 within environments too large for a systematic scan

h1,1(X)
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Value=fitness and reward
Value measures degree of deviation from desired properties:

•                                 (built into environment)   c1(V ) = c1(B)� c1(C)
!
= 0
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• anomaly c2(V )
!
 c2(TX)
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• ``bundleness”:    a bundle rather than a sheaf V

<latexit sha1_base64="zNdRh3vqtPxe9aBsAGPsK5X/thU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip2R6UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6tep1s1ap1/M4inAG53AJHtxAHe6hAS1ggPAMr/DmPDovzrvzsWwtOPnMKfyB8/kDtK+M4A==</latexit>

• very basic check for bundle supersymmetry
• number of chiral families of ok, ind(V )/|�| !

= �3

<latexit sha1_base64="/oxAs1yv3JQkP1qLz5D+CB0wJMw=">AAACD3icbVC7SgNBFJ2Nrxhfq5Y2o0GJhXFXI9oIAQstI5gHZEOYnUzMkJnZZWZWCJv9Axt/xcZCEVtbO//GSbKFJh64cDjnXu69xw8ZVdpxvq3M3PzC4lJ2Obeyura+YW9u1VQQSUyqOGCBbPhIEUYFqWqqGWmEkiDuM1L3+1cjv/5ApKKBuNODkLQ4uhe0SzHSRmrbB7EnOaSikxRqh8dD7xpxjoae0gj3JWHxbhJfJkenbTvvFJ0x4CxxU5IHKSpt+8vrBDjiRGjMkFJN1wl1K0ZSU8xIkvMiRUKzA92TpqECcaJa8fifBO4bpQO7gTQlNByrvydixJUacN90cqR7atobif95zUh3L1oxFWGkicCTRd2IQR3AUTiwQyXBmg0MQVhScyvEPSQR1ibCnAnBnX55ltROim6peHZbypfLaRxZsAP2QAG44ByUwQ2ogCrA4BE8g1fwZj1ZL9a79TFpzVjpzDb4A+vzB0FgnCs=</latexit>

• basic check for bundle  -equivariance �

<latexit sha1_base64="MwkN8RfcDbz1hxwVQgZuHyS9xMQ=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKexKRI8BD3qMYB6QLKF3MpuMmccyMyuEJf/gxYMiXv0fb/6Nk2QPmljQUFR1090VJZwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jEo1oU2iuNKdCAzlTNKmZZbTTqIpiIjTdjS+mfntJ6oNU/LBThIaChhKFjMC1kmt3i0IAf1yxa/6c+BVEuSkgnI0+uWv3kCRVFBpCQdjuoGf2DADbRnhdFrqpYYmQMYwpF1HJQhqwmx+7RSfOWWAY6VdSYvn6u+JDIQxExG5TgF2ZJa9mfif101tfB1mTCappZIsFsUpx1bh2et4wDQllk8cAaKZuxWTEWgg1gVUciEEyy+vktZFNahVL+9rlXo9j6OITtApOkcBukJ1dIcaqIkIekTP6BW9ecp78d69j0VrwctnjtEfeJ8/V+mO+w==</latexit>

Anything that involves calculating cohomology too slow during

training -> needs checking later

Reward: some function of the change in value + terminal bonus


