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Noether’s Theorem

Quantum mechanical realisation of Symmetries (Wigner’s theorem).  
In a QM theory physical symmetries are maps among states that 
preserve probability amplitudes (their modulus).  They can be unitary 
or anti-unitary

7.2 Quantum Mechanical Realizations of Symmetries 119

As an example of these internal unitary symmetries we can mention the approxi-
mate flavor symmetries in hadron physics. Ignoring charges and masses differences
the QCD Lagrangian is invariant under the following unitary symmetry acting on
the quarks u and d

u
d M u

d , (7.24)

where M U(2) = U(1)B SU(2). The U(1)B factor corresponds to the baryon
number, whose conserved charge assigns 1

3 to quarks and antiquarks respectively.
On the other hand the SU(2) part mixes the quark u and d. Since the proton is a
bound state of two quarks u and one quark d, while the neutron is made out of one
quark u and two quarks d, this symmetry reduces at low energies to the well-known
isospin transformations of nuclear physics mixing protons and neutrons.

7.2 Quantum Mechanical Realizations of Symmetries

In a quantum theory physical symmetries are maps in the Hilbert space of the theory
that preserve the probability amplitudes. In more precise terms, a symmetry is a one-
to-one transformation that, acting on two arbitrary states ! , " H

! ! , " " , (7.25)

satisfies

! " ! " . (7.26)

Wigner’s theorem states that these transformations are implemented by operators
that are either unitary or antiunitary. Unitary operators are well-known objects from
any quantum mechanics course. They are linear operatorsU that satisfies2

U ! U " ! " , (7.27)

for any two states in the Hilbert space. In addition, the transformation of O under
U

O O U OU 1, (7.28)

from where it follows that ! O " ! O " .
Antiunitary operators, on the other hand, have the property

U ! U " ! " (7.29)

2 Here we use the notation U ! U ! and U ! ! U .
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unitary

anti-unitary T-reversal, CPT

For continuous symmetries we have Noether’s celebrated theorem:  If 
under infinitesimal transformations, AND WITHOUT USING THE 
EQUATIONS OF MOTION you can show that:

unitary

S[φ] =

�
d4xL(φ, ∂µφ)

116 7 Symmetries I: Continuous Symmetries

When !"qi is applied on a solution to the equations of motion the term inside the
square brackets vanishes and we conclude that there is a conserved quantity

Q 0 with Q
L
qi
!"qi. (7.2)

Notice that in this derivation it is crucial that the symmetry depends on a continuous
parameter since otherwise the infinitesimal variation of the Lagrangian in Eq. (7.1)
does not make sense.
In Classical Field Theory a similar result holds. Let us consider for simplicity a

theory of a single field # x . We say that the variations !"# depending on a contin-
uous parameter " are a symmetry of the theory if, again without using the equations
of motion, the Lagrangian density changes by

!"L µKµ . (7.3)

If this happens then the action remains invariant and so do the equations of motion.
Working out now the variation ofL under !"# we find

!"L
L

µ#
µ!"#

L

#
!"#

µ
L

µ#
!"#

L
# µ

L

µ#
!"# (7.4)

µKµ . (7.5)

If # x is a solution to the equations of motion the last terms in the second line
disappears, and we find that there is a conserved current

µJµ 0 with Jµ
L

µ#
!"# Kµ . (7.6)

A conserved current implies the existence of a charge

Q d3xJ0 t,x (7.7)

which is conserved

dQ
dt

d3x 0J0 t,x d3x iJi t,x 0, (7.8)

provided the fields vanish at infinity fast enough. Moreover, the conserved chargeQ
is a Lorentz scalar. After canonical quantization Q is promoted to an operator that
generates the symmetry on the fields

!# i # ,Q . (7.9)

then there is a conserved current in the theory
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116 7 Symmetries I: Continuous Symmetries
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Noether’s Theorem

In formulas:
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With a conserved charge that generates the symmetry:

116 7 Symmetries I: Continuous Symmetries
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provided the fields vanish at infinity fast enough. Moreover, the conserved chargeQ
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!# i # ,Q . (7.9)Space-time translations -- Energy-Momentum
Lorentz transformation-- Angular momentum and CM motion
Phase rotation -- abelian and non-abelian charges
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Useful examples

118 7 Symmetries I: Continuous Symmetries

Q d3x!"0! d3x! ! . (7.17)

In physics there are several instances of global U(1) symmetries that act as phase
shifts on spinors. This is the case, for example, of the baryon and lepton number
conservation in the Standard Model. A more familiar case is the U(1) local sym-
metry associated with electromagnetism. Notice that although in this case we are
dealing with a local symmetry, # e$ x , the invariance of the Lagrangian holds
in particular for global transformations with $ x constant and therefore there is
a conserved current jµ e!"µ! . In Eq. (4.34) we saw how spinors in QED are
coupled to the photon field precisely through this current. Its time component is the
electric charge density % , while the spatial components make the current density
vector j.
The previous analysis can be extended also to nonabelian unitary global symme-

tries acting on N species of fermions as

!i Ui j! j, (7.18)

where Ui j is a N N unitary matrix, U U UU 1. This transformation leaves
invariant the Lagrangian

L i! j ! j m! j! j, (7.19)

where we sum over repeated indices. If we write the matrix U in terms of the N2
hermitian group generators Ta of U(N) as

U exp i$aTa , Ta Ta, (7.20)

the conserved currents are found to be

jµ a ! iT
a
i j"

µ! j, µ jµ 0. (7.21)

with N2 conserved charges

Qa d3x!i T
a
i j! j (7.22)

The group U(N) of N N unitary matrices admits the decomposition U(N)
U(1) SU(N). The U(1) factor corresponds to the elementU ei$01 that multiplies
all spinor fields by the same phase. The corresponding charge

Q0 d3x!i !i (7.23)

measures, in the quantum theory, the number of fermions minus the number of an-
tifermions. It commutes with the other N2 1 charges associated with the nontrivial
SU(N) part of the global symmetry group.
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all spinor fields by the same phase. The corresponding charge

Q0 d3x!i !i (7.23)

measures, in the quantum theory, the number of fermions minus the number of an-
tifermions. It commutes with the other N2 1 charges associated with the nontrivial
SU(N) part of the global symmetry group.
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Q d3x!"0! d3x! ! . (7.17)
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the conserved currents are found to be

jµ a ! iT
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µ! j, µ jµ 0. (7.21)

with N2 conserved charges

Qa d3x!i T
a
i j! j (7.22)

The group U(N) of N N unitary matrices admits the decomposition U(N)
U(1) SU(N). The U(1) factor corresponds to the elementU ei$01 that multiplies
all spinor fields by the same phase. The corresponding charge

Q0 d3x!i !i (7.23)

measures, in the quantum theory, the number of fermions minus the number of an-
tifermions. It commutes with the other N2 1 charges associated with the nontrivial
SU(N) part of the global symmetry group.

Massive Dirac fermions:
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and are antilinear, i.e.

U a ! b " a U ! b U " , a,b C. (7.30)

To find the transformation of operator matrix elements under an antiunitary trans-
formation we compute

! O " O ! " U " U O ! . (7.31)

Writing now U O ! U O ! and inserting the identity we arrive at the final
result

! O " " U O U 1 ! . (7.32)

Continuous symmetries are implemented only by unitary operators. This is be-
cause they are continuously connected with the identity, which is a unitary operator.
Discrete symmetries, on the other hand, can be implemented by either unitary or
antiunitary operators. An example of the latter is time reversal, that we will study in
detail in chapter 11.
In the previous section we have seen that in canonical quantization the conserved

chargesQa associated with a continuous symmetry by Noether’s theorem are opera-
tors that generate the infinitesimal transformation of the quantum fields. The conser-
vation of the classical charges Qa,H PB 0 implies that the operatorsQa commute
with the Hamiltonian

Qa,H 0. (7.33)

The symmetry group generated by the operators Qa is implemented on the Hilbert
space of the theory by a set of unitary operators U ! , where !a (with a
1, . . . ,dimg) labels the transformation3. That the group is generated by the con-
served charges means that in a neighborhood of the identity, the operators U !
can be written as

U ! ei!
aQa . (7.34)

A symmetry group can be realized in the quantum theory in two different ways,
depending on how its elements act on the ground state of the theory. Implementing it
in one way or the other have important consequences for the spectrum of the theory,
as we will learn now.

Wigner-Weyl realization.

In this case the ground state of the theory 0 is invariant under all the elements
of the symmetry group U ! 0 0 . Eq. (7.34) implies then that the vacuum is

3 A quick survey of group theory can be found in Appendix B.
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as we will learn now.
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In this case the ground state of the theory 0 is invariant under all the elements
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3 A quick survey of group theory can be found in Appendix B.

When U is the identity, we have fermion number, or charge

In the m=0 we have more symmetry: CHIRAL SYMMETRY, rotate L,R fermions independently

L = iψ̄jL /∂ ψLj + iψ̄jR /∂ ψRj

U ∈ U(N) Nthe number of fermions

ψL,R → UL,R ψL,R U(N)L × U(N)R

Friday, 25 March, 2011



Lu
is

 A
lv

ar
ez

-G
au

m
e 

 N
at

al
 L

ec
tu

re
s 

M
ar

ch
 2

3-
26

 2
01

1

45

Wigner-Weyl mode

Imagine we have a symmetry that is a symmetry of the ground state
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Qa|0� = 0

Then the states of the theory fall into multiplets of the symmetry group

7.2 Quantum Mechanical Realizations of Symmetries 121

annihilated by them

Qa 0 0 . (7.35)

The field operators of the quantum theory have to transform according to some
irreducible representation of the symmetry group. It is easy to see that the finite
form of the infinitesimal transformation (7.9) is given by

U ! "iU ! 1 Ui j ! " j, (7.36)

where the matricesUi j ! form the group representation in which the field "i trans-
forms. If we consider now the quantum state associated with the operator "i

i "i 0 (7.37)

we find that, because of the invariance of the vacuum (7.35), the states i have to
transform in the same representation as "i

U ! i U ! "iU ! 1U ! 0 Ui j ! " j 0 Ui j ! j . (7.38)

Therefore the spectrum of the theory is classified in multiplets of the symmetry
group.
Any two states within a multiplet can be “rotated” into one another by a symme-

try transformation. Now, since H,U ! 0 the conclusion is that all states in the
same multiplet have the same energy. If we consider one-particle states, then going
to the rest frame we see how all states in the same multiplet have exactly the same
mass.

Nambu-Goldstone realization.

In our previous discussion we have seen how the invariance of the ground state of a
theory under a symmetry group has as a consequence that the spectrum is classified
in multiplets transforming under irreducible representations of the symmetry group.
This shows in degeneracies in the mass spectrum of the theory.
Nevertheless, the condition (7.35) is not mandatory and can be relaxed by con-

sidering theories where the vacuum state is not preserved by the symmetry

ei!
aQa 0 0 Qa 0 0. (7.39)

In this case it is also said that the symmetry is spontaneously broken by the vacuum.
To illustrate the consequences of (7.39) we consider the example of a number

scalar fields # i (i 1, . . . ,N) whose dynamics is governed by the Lagrangian

L
1
2 µ# i µ# i V # i , (7.40)
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The field operators of the quantum theory have to transform according to some
irreducible representation of the symmetry group. It is easy to see that the finite
form of the infinitesimal transformation (7.9) is given by

U ! "iU ! 1 Ui j ! " j, (7.36)

where the matricesUi j ! form the group representation in which the field "i trans-
forms. If we consider now the quantum state associated with the operator "i

i "i 0 (7.37)

we find that, because of the invariance of the vacuum (7.35), the states i have to
transform in the same representation as "i
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to the rest frame we see how all states in the same multiplet have exactly the same
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Nambu-Goldstone realization.

In our previous discussion we have seen how the invariance of the ground state of a
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To illustrate the consequences of (7.39) we consider the example of a number

scalar fields # i (i 1, . . . ,N) whose dynamics is governed by the Lagrangian

L
1
2 µ# i µ# i V # i , (7.40)
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Qa 0 0 . (7.35)

The field operators of the quantum theory have to transform according to some
irreducible representation of the symmetry group. It is easy to see that the finite
form of the infinitesimal transformation (7.9) is given by

U ! "iU ! 1 Ui j ! " j, (7.36)

where the matricesUi j ! form the group representation in which the field "i trans-
forms. If we consider now the quantum state associated with the operator "i

i "i 0 (7.37)

we find that, because of the invariance of the vacuum (7.35), the states i have to
transform in the same representation as "i

U ! i U ! "iU ! 1U ! 0 Ui j ! " j 0 Ui j ! j . (7.38)

Therefore the spectrum of the theory is classified in multiplets of the symmetry
group.
Any two states within a multiplet can be “rotated” into one another by a symme-

try transformation. Now, since H,U ! 0 the conclusion is that all states in the
same multiplet have the same energy. If we consider one-particle states, then going
to the rest frame we see how all states in the same multiplet have exactly the same
mass.

Nambu-Goldstone realization.

In our previous discussion we have seen how the invariance of the ground state of a
theory under a symmetry group has as a consequence that the spectrum is classified
in multiplets transforming under irreducible representations of the symmetry group.
This shows in degeneracies in the mass spectrum of the theory.
Nevertheless, the condition (7.35) is not mandatory and can be relaxed by con-

sidering theories where the vacuum state is not preserved by the symmetry

ei!
aQa 0 0 Qa 0 0. (7.39)

In this case it is also said that the symmetry is spontaneously broken by the vacuum.
To illustrate the consequences of (7.39) we consider the example of a number

scalar fields # i (i 1, . . . ,N) whose dynamics is governed by the Lagrangian

L
1
2 µ# i µ# i V # i , (7.40)

The spectrum of the theory is classified in terms of multiplets of the symmetry group.  This is the 
case of the Hydrogen atom.  The Hamiltonian is rotational invariant, the ground state is an s-wave 
state, hence all excited states fall into degenerate representations of the rotation group: 1s, 2s, 2p, 
2s, 3p, 3d,…  In QM (finite number of d.o.f.) this is always the case (tunnelling, band theory in solids)
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Nambu-Goldstone mode

Sometimes also called hidden symmetry.  The symmetry is 
spontaneously broken by the vacuum
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and are antilinear, i.e.

U a ! b " a U ! b U " , a,b C. (7.30)

To find the transformation of operator matrix elements under an antiunitary trans-
formation we compute

! O " O ! " U " U O ! . (7.31)

Writing now U O ! U O ! and inserting the identity we arrive at the final
result

! O " " U O U 1 ! . (7.32)

Continuous symmetries are implemented only by unitary operators. This is be-
cause they are continuously connected with the identity, which is a unitary operator.
Discrete symmetries, on the other hand, can be implemented by either unitary or
antiunitary operators. An example of the latter is time reversal, that we will study in
detail in chapter 11.
In the previous section we have seen that in canonical quantization the conserved

chargesQa associated with a continuous symmetry by Noether’s theorem are opera-
tors that generate the infinitesimal transformation of the quantum fields. The conser-
vation of the classical charges Qa,H PB 0 implies that the operatorsQa commute
with the Hamiltonian

Qa,H 0. (7.33)

The symmetry group generated by the operators Qa is implemented on the Hilbert
space of the theory by a set of unitary operators U ! , where !a (with a
1, . . . ,dimg) labels the transformation3. That the group is generated by the con-
served charges means that in a neighborhood of the identity, the operators U !
can be written as

U ! ei!
aQa . (7.34)

A symmetry group can be realized in the quantum theory in two different ways,
depending on how its elements act on the ground state of the theory. Implementing it
in one way or the other have important consequences for the spectrum of the theory,
as we will learn now.

Wigner-Weyl realization.

In this case the ground state of the theory 0 is invariant under all the elements
of the symmetry group U ! 0 0 . Eq. (7.34) implies then that the vacuum is

3 A quick survey of group theory can be found in Appendix B.
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forms. If we consider now the quantum state associated with the operator "i

i "i 0 (7.37)
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transform in the same representation as "i
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Therefore the spectrum of the theory is classified in multiplets of the symmetry
group.
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same multiplet have the same energy. If we consider one-particle states, then going
to the rest frame we see how all states in the same multiplet have exactly the same
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Nambu-Goldstone realization.
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theory under a symmetry group has as a consequence that the spectrum is classified
in multiplets transforming under irreducible representations of the symmetry group.
This shows in degeneracies in the mass spectrum of the theory.
Nevertheless, the condition (7.35) is not mandatory and can be relaxed by con-

sidering theories where the vacuum state is not preserved by the symmetry

ei!
aQa 0 0 Qa 0 0. (7.39)

In this case it is also said that the symmetry is spontaneously broken by the vacuum.
To illustrate the consequences of (7.39) we consider the example of a number

scalar fields # i (i 1, . . . ,N) whose dynamics is governed by the Lagrangian

L
1
2 µ# i µ# i V # i , (7.40)

Consider a collection of N scalar fields with a global 
symmetry group G

Sometimes also called hidden symmetry

The minima satisfy
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where the matricesUi j ! form the group representation in which the field "i trans-
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we find that, because of the invariance of the vacuum (7.35), the states i have to
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group.
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try transformation. Now, since H,U ! 0 the conclusion is that all states in the
same multiplet have the same energy. If we consider one-particle states, then going
to the rest frame we see how all states in the same multiplet have exactly the same
mass.

Nambu-Goldstone realization.

In our previous discussion we have seen how the invariance of the ground state of a
theory under a symmetry group has as a consequence that the spectrum is classified
in multiplets transforming under irreducible representations of the symmetry group.
This shows in degeneracies in the mass spectrum of the theory.
Nevertheless, the condition (7.35) is not mandatory and can be relaxed by con-

sidering theories where the vacuum state is not preserved by the symmetry

ei!
aQa 0 0 Qa 0 0. (7.39)

In this case it is also said that the symmetry is spontaneously broken by the vacuum.
To illustrate the consequences of (7.39) we consider the example of a number

scalar fields # i (i 1, . . . ,N) whose dynamics is governed by the Lagrangian

L
1
2 µ# i µ# i V # i , (7.40)
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where we assume that V x is bounded from below and depends on the fields
through the combination ! i! i. Then the theory is globally invariant under the trans-
formations

"! i #a T a i
j!

j, (7.41)

with Ta, a 1, . . . , 12N N 1 the generators of the group SO N .
To analyze the structure of vacua in this theory we begin by constructing its

Hamiltonian

H $ i,! i d3x
1
2
$ i$ i

1
2
%! i %! i V ! i (7.42)

and look for the minimum of the potential energy functional, given by

V ! i d3x
1
2
%! i %! i V ! i . (7.43)

We want the vacuum to preserve translational invariance. Therefore we are looking
for field configurations satisfying%! 0. This means that the vacua of the potential
V ! i coincides with those of V ! i . The corresponding values of the scalar fields
! i we denote by4

! i : V ! i 0, V
! i ! i ! i

0. (7.44)

Let us divide now the generators Ta of SO(N) into two groups: the first one we
denote by H& (& 1, . . . ,h) and consists of those generator satisfying

H& i
j !

j 0. (7.45)

The meaning of this equation is that the vacuum configuration ! i is left invariant
by the group transformations generated by H& . For this reason we will call them
unbroken generators. Notice that the commutator of two unbroken generators also
annihilates the vacuum expectation value, H& ,H'

i j ! j 0. Thus they form a
subalgebra of the algebra of the generators of SO(N). The subgroup they generate
preserves the vacuum and hence it is realized à la Wigner-Weyl. This means in
particular that the spectrum is classified in multiplets with respect to this unbroken
subgroup.
The remaining generators we denote by KA, with A 1, . . . , 12N N 1 h, and

by definition do not preserve the vacuum expectation value of the field

KA i
j !

j 0. (7.46)

4 For simplicity we consider that the minima of V x occur at V 0.
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annihilates the vacuum expectation value, H& ,H'

i j ! j 0. Thus they form a
subalgebra of the algebra of the generators of SO(N). The subgroup they generate
preserves the vacuum and hence it is realized à la Wigner-Weyl. This means in
particular that the spectrum is classified in multiplets with respect to this unbroken
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by definition do not preserve the vacuum expectation value of the field

KA i
j !

j 0. (7.46)

4 For simplicity we consider that the minima of V x occur at V 0.
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particular that the spectrum is classified in multiplets with respect to this unbroken
subgroup.
The remaining generators we denote by KA, with A 1, . . . , 12N N 1 h, and

by definition do not preserve the vacuum expectation value of the field

KA i
j !

j 0. (7.46)
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particular that the spectrum is classified in multiplets with respect to this unbroken
subgroup.
The remaining generators we denote by KA, with A 1, . . . , 12N N 1 h, and

by definition do not preserve the vacuum expectation value of the field

KA i
j !

j 0. (7.46)

4 For simplicity we consider that the minima of V x occur at V 0.

122 7 Symmetries I: Continuous Symmetries

where we assume that V x is bounded from below and depends on the fields
through the combination ! i! i. Then the theory is globally invariant under the trans-
formations

"! i #a T a i
j!

j, (7.41)

with Ta, a 1, . . . , 12N N 1 the generators of the group SO N .
To analyze the structure of vacua in this theory we begin by constructing its

Hamiltonian

H $ i,! i d3x
1
2
$ i$ i

1
2
%! i %! i V ! i (7.42)

and look for the minimum of the potential energy functional, given by

V ! i d3x
1
2
%! i %! i V ! i . (7.43)

We want the vacuum to preserve translational invariance. Therefore we are looking
for field configurations satisfying%! 0. This means that the vacua of the potential
V ! i coincides with those of V ! i . The corresponding values of the scalar fields
! i we denote by4

! i : V ! i 0, V
! i ! i ! i

0. (7.44)

Let us divide now the generators Ta of SO(N) into two groups: the first one we
denote by H& (& 1, . . . ,h) and consists of those generator satisfying

H& i
j !

j 0. (7.45)

The meaning of this equation is that the vacuum configuration ! i is left invariant
by the group transformations generated by H& . For this reason we will call them
unbroken generators. Notice that the commutator of two unbroken generators also
annihilates the vacuum expectation value, H& ,H'

i j ! j 0. Thus they form a
subalgebra of the algebra of the generators of SO(N). The subgroup they generate
preserves the vacuum and hence it is realized à la Wigner-Weyl. This means in
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4 For simplicity we consider that the minima of V x occur at V 0.

brokenunbroken
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Nambu-Goldstone mode

The masses are given by the second derivatives of the potential (assuming  canonical normalisation)

7.2 Quantum Mechanical Realizations of Symmetries 123

These will be called the broken generators. They generate group transformations
that do not preserve the vacuum expectation value of the field. Next we prove a
very important result concerning these broken generators known as the Goldstone
theorem: for each generator broken by the vacuum there is a massless excitation in
the theory.
The mass matrix of the field excitations around the vacuum ! i is determined by

the quadratic part of the potential. Since we have assumed that V ! i 0 and we
are expanding around a minimum, the leading term in the expansion of the potential
around the vacuum expectation values is given by

V ! i! i
2V

! i ! j
! !

! i ! i ! j ! j O ! ! 3 (7.47)

and the mass matrix is

M2
i j

2V
! i ! j

! !
. (7.48)

In order to avoid a cumbersome notation we do not indicate explicitly the depen-
dence of the mass matrix on ! i .
To extract some information about the possible zero modes of the M2

i j, we write
down the conditions that follow from the invariance of the potentialV ! i under the
field transformations "! i #a T a i

j!
j. At first order in #a

"V ! #a
V
! i

T a i
j!

j 0. (7.49)

Differentiating this expression with respect to !k we arrive at

2V
! i !k

T a i
j!

j V
! i

T a i
k 0. (7.50)

Now we evaluate this expression in the vacuum ! i ! i . Then the derivative in
the second term cancels while the second derivative in the first one gives the mass
matrix. Hence we have found

M2
ik T

a i
j !

j 0. (7.51)

Now we can write this expression for both broken and unbroken generators. For the
unbroken ones, since H$ i

j !
j 0, we find a trivial identity 0 0. Things are

more interesting for the broken generators, for which we have

M2
ik K

A i
j !

j 0. (7.52)

Since KA i
j !

j 0 this equation implies that the mass matrix has as many zero
modes as broken generators. Therefore we have proven Goldstone’s theorem: as-
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For every broken 
generator there is a 
massless scalar field

The argument works at the full 
quantum level

The fields acquiring a VEV 
need not be elementary

L =
1

2
∂µφ∂µφ

φ → φ+ c

Simplest example:

L =
1

2
∂µφ∂µφ

φ → φ+ c

Its own NG-boson
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Phonons are NG bosons

A liquid is translationally invariant

The crystal after solidification has discrete translational symmetry

The low energy excitation of the lattice contain acoustic phonons

Their dispersion relation is as for NG bosons

They propagate at the speed of sound

ω(k) = 2ω| sin(ka/2)|
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Order parameters

! The notion of symmetry breaking is intimately connected with the theory 
of phase transitions in CMP

! It is quite frequent that in going from one phase to another the 
symmetry of the ground state (vacuum) changes

! In real physical systems this is what we see with magnetic domains in 
magnetic material below the Curie point

! In going from one phase to the other, some parameters change in a 
noticeable way.  These are the order parameters.

! In liquid-solid transition it is the density 

! In magnetic materials it is the magnetisation

! In the Ginsburg-Landau theory of superconductivity, the Cooper pairs 
acquire a VEV.  This breaks U(1) inside the superconductor and thus explains 
among other things the Meissner effect.  The Cooper pairs are pairs of 
electrons bound by the lattice vibrations.  In ordinary superconductors their 
size is several hundred Angstroms.

! The order parameters need not be elementary fields...
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Misconceptions, vacuum degeneracy
By abuse of language we often hear, or say that in theories with SSB there is vacuum degeneracy.  
This is fact is not the case, at least in LQFT.  In understanding this we will also understand why 
there are massless states in theories with SSB.  N is the volume in the example.  The Heisenberg 
model of magnetism.  H is rotational invariant above the critical temperature, and magnetised 
below  it

|0� |θ�

�0|θ� = (cos(θ/2))N

→ 0 N → ∞

H = −J

�

<i,j>

si · sj

By making the transitions very 
slowly we can manage to make 
this configuration to have as 
small an energy as we wish.  
Hence we have a continuum 
spectrum above zero.  This is the 
sign of a massless particle, the 
NG-boson
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Pions
In HEP they provide the only observed NG bosons

The order parameter is not an elementary field

To find other NG bosons in the SM we have to go to 
the Higgs sector, and there they are “eaten” to provide 
masses for the W and Z vector bosons

In QCD there are no fundamental scalars.  Consider just two flavors u,d.  We have chiral 
symmetry

7.3 The Brout-Englert-Higgs Mechanism. 125

that cannot be done by any local operator of the theory. Notice that this is radically
different from our expectations based on the Quantum Mechanics of a system with
a finite number of degrees of freedom.
A typical example of a Goldstone boson in high energy physics is the pion, as-

sociated with the spontaneous breaking of the global chiral isospin SU(2)L SU(2)R
symmetry and that we will study in some detail in Chapter 8. This symmetry acts
independently in the left- and right-handed u and d quark spinors as

uL,R
dL,R

ML,R
uL,R
dL,R

, ML,R SU 2 L,R (7.55)

Because quarks are confined at low energies, this symmetry is expected to be spon-
taneously broken by a nonvanishing value of the vacuum expectation values of the
quark bilinears of the type uRuL 0.
This breaking of the global SU(2)L SU(2)R symmetry to the diagonal SU(2) act-

ing in the same way on the two chiralities has a Goldstone mode which is identified
as the pion (see Section 8.3). This identification, however, might seem a bit puzzling
at first sight, because pions are massive contrary to what is expected of a Goldstone
boson. The solution to this apparent riddle is that the SU(2)L SU(2)R would be an
exact global symmetry of the QCD Lagrangian only in the limit when the masses
of the quarks are zero mu,md 0. Because these quarks have nonzero masses the
chiral symmetry is only approximate and as a consequence the correspondingGold-
stone bosons are not strictly massless. That is why pions have masses, although they
are the lightest particle among the hadrons.
The phenomenon of spontaneous symmetry breaking is not confined to high en-

ergy physics, but appears also frequently in condensed matter [1]. For example,
when a solid crystallizes from a liquid the translational invariance that is present in
the liquid phase is broken to a discrete group of translations that represent the crystal
lattice. This symmetry breaking has associated Goldstone bosons that are identified
with phonons, which are the quantum excitation modes of the vibrational degrees of
freedom of the lattice.

7.3 The Brout-Englert-Higgs Mechanism.

Gauge symmetry seems to prevent a vector field from having a mass. This is obvious
once we realize that a term in the Lagrangian like m2AµAµ is incompatible with
gauge invariance.
However certain physical situations seem to require massive vector fields. This

became evident during the 1960s in the study of weak interactions. The Glashow
model gave a common description of both the electromagnetic and weak forces
based on a gauge theory with group SU(2) U(1). However, in order to reproduce
Fermi’s four-fermion theory of the ! -decay, it was necessary that two of the vector

G = SU(2)L × SU(2)R� �� �×U(1)B × U(1)A

SU(2)V

qfα f = u, d, α = 1, 2, 3

�q̄f · qf
�
� = Λ3

χSB δff
�

q̄f · qf
�
� Λ3

χSB eiπ
aσa/fπ

These are the pions.
This is an IR property of QCD, not accessible to Pert. Th.
Low-E pion theorems, chiral Lagrangians….
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The BEH mechanism
Notice we say the mechanism, not necessary the particle!  In gauge 
theories one cannot just add a mass for the gauge bosons.  This 
badly destroys the gauge symmetry and the theory is inconsistent.  

BEH showed that in gauge theories with SSB the NG bosons are 
“eaten” by the gauge bosons to become massive but preserving the 
basic properties of the gauge symmetry. Ex. Abelian Higgs model

126 7 Symmetries I: Continuous Symmetries

fields involved would be massive. Also in condensed matter physics massive vector
fields are required to describe certain systems, most notably in superconductivity.
The way out to this situation was found independently by Brout and Englert [3]

and by Higgs [2] using the concept of spontaneous symmetry breaking discussed
above5: if the consistency of the quantum theory requires gauge invariance this can
also be realized à la Nambu-Goldstone. When this happens the full gauge symmetry
is not explicitly present in the effective action constructed around the particular
vacuum chosen by the theory. This makes possible the existence of mass terms for
gauge fields without jeopardizing the consistency of the full theory, which is still
invariant under the whole gauge group.
To illustrate the Higgs mechanism we study the simplest example, the Abelian

Higgsmodel: a U(1) gauge field coupled to a self-interacting charged complex scalar
field ! with Lagrangian

L
1
4
Fµ"Fµ" Dµ! Dµ!

#
4

! ! µ2
2
, (7.56)

where the covariant derivative is given in Eq. (4.31). This theory is invariant under
the gauge transformations

! ei$ x ! , Aµ Aµ µ$ x . (7.57)

The minimum of the potential is defined by the equation ! µ . Thus, there is a
continuum of different vacua labelled by the phase of the scalar field. None of these
vacua, however, is invariant under the gauge symmetry

! µei%0 µei%0 i$ x (7.58)

and therefore the symmetry is spontaneously broken.
Let us study now the theory around one of these vacua, for example ! µ , by

writing the field ! in terms of the excitations around this particular vacuum

! x µ
1
2
& x ei% x . (7.59)

We should keep in mind that the whole Lagrangian is still gauge invariant under
(7.57), independently of which vacuum we have chosen to perturb around. This
means that we are at liberty of performing a gauge transformation with parameter
$ x % x in order to get rid of the phase in Eq. (7.59). Substituting then ! x
µ 1

2& x in Eq. (7.56) we find

L
1
4
Fµ"Fµ" e2µ2AµAµ

1
2 µ& µ&

1
2
#µ2&2

#µ&3
#
4
&4 e2µAµAµ& e2AµAµ&2. (7.60)

5 In condensed matter the idea had been previously implemented by Anderson [4].
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7.3 The Brout-Englert-Higgs Mechanism. 127

We have to ask now about the excitation of the theory around the vacuum !
µ . There is a real scalar field " x with mass #µ2. However, what makes the whole
thing interesting is that the gauge field Aµ has adquired a mass given by

m2$ 2e2µ2. (7.61)

What is really remarkable about this way of giving a mass to the photon is that at no
point we have given up gauge invariance. The symmetry is only hidden. Therefore in
quantizing the theory we can still enjoy all the advantages of having a gauge theory,
while at the same time we have managed to generate a mass for the gauge field.
It might look surprising that in the Lagrangian (7.60) we did not found any mass-

less mode. Since the vacuum chosen by the scalar field breaks the only generator
of U(1) we would have expected from Goldstone’s theorem to have one massless
particle. To understand the fate of the missing Goldstone boson we have to revisit
the calculation leading to the Lagrangian (7.60).Were we dealing with a global U(1)
theory, the Goldstone boson would correspond to excitation of the scalar field along
the valley of the potential and the phase % x would be the massless Goldstone
boson. However in writing the Lagrangian we managed to get rid of % x using a
gauge transformation. With this what we did was to shift the Goldstone mode into
the gauge field Aµ . In fact, by identifying the gauge parameter with the Goldstone
excitation we have completely fixed the gauge and the Lagrangian (7.60) does not
have any residual gauge symmetry.
A massive vector field has three polarizations: two transverse ones k & k, 1

0 with helicities # 1 plus a longitudinal one &L k k. In gauging away the
massless Goldstone boson % x we have transformed it into the longitudinal polar-
ization of the massive vector field. In the literature this is usually expressed say-
ing that the Goldstone mode is “eaten up” by the longitudinal component of the
gauge field. One should not forget that in spite of the fact that the Lagrangian (7.60)
looks pretty different from the one we started with we have not lost any degrees of
freedom. We started with two polarizations of the photon plus the two degrees of
freedom associated with the real and imaginary components of the complex scalar
field ! x . After symmetry breaking we ended up with the three polarizations of the
massive vector field and the degree of freedom represented by the real scalar field
" x .
We can also understand the Higgs mechanism in the light of our discussion of

gauge symmetry in Chapter 4 (see Section 4.5). In the Higgs mechanism the invari-
ance of the theory under infinitesimal gauge transformations is not explicitly broken,
and this implies that Gauss’ law is satisfied quantummechanically,' Ea phys 0.
Thus, the theory remains invariant under gauge transformations belonging to the
connected component of the identity G0, the ones generated by Gauss’ law. How-
ever, this does not prevent possible breaking of the invariance of the theory with
respect to transformations that cannot be continuously deformed to the identity. In
other words, in the Higgs mechanism the invariance under gauge transformation that
are not in the connected component of the identity, G G0, can be broken.

The simplest example is the GL and BCS theory of superconductivity, in this case the 
“Higgs” particle is composite, it is an object of charge made of two bound electrons 
that get a “VEV” (Cooper pairs) that get a VEV in the superconducting state.  The 
photon is massive in this state.  This explains among other things the Meissner effect.

Friday, 25 March, 2011



Lu
is

 A
lv

ar
ez

-G
au

m
e 

 N
at

al
 L

ec
tu

re
s 

M
ar

ch
 2

3-
26

 2
01

1

53

The physics that led to the SM is the combined results of many 
people over more than a hundred years, some of the them were 
awarded the Nobel Prize in Physics.  They appear in the pages that 
follow.  We can think of the beginning of the SM Odyssey with the 
discovery of the electron by Thomson in 1897.

Try putting names to the faces as well as the associated 
contributions.

This is an amusing exercise in HEP history

The Standard Model
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Who is who in the Standard Model
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Who is who in the Standard Model
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Who is who in the Standard Model
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Who is who in the Standard Model

How many did you recognise?  
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Gauge couplings: colour

There are three gauge groups in the theory, the colour group SU(3) and the 
electroweak group SU(2)xU(1) of weak isospin and hypercharge.  Y and T3 mix 
to generate electric charge and the photon

SU(3)c × SU(2)× U(1)Y → SU(3)× U(1)Q

QCD by itself is a perfect theory in many ways

5.3 Quantum Chromodynamics 79

quarks and has total spin s 3
2 . Then, its wave function with sz

3
2 has to be

! ;sz 3
2 uuu u ,u ,u . (5.24)

As it stands, the wave function is symmetric under the interchange of any of the
identical three quarks. This is indeed a problem because quarks are fermions and
therefore their total wave function has to be completely antisymmetric. One way
way to avoid the problem is if each quark has an extra index taking three values, ui
with i 1,2,3. Then, the wave function

! ;sz 3
2

1
3!
"i jk ui ,u j ,uk . (5.25)

is antisymmetric under the interchange of any of the constituent quarks, as required
by their fermionic statistics. This new quantum number is called color. The conclu-
sion we have reached is that each quark flavor comes in tree different states labeled
by this new index.
The color quantum number is the key to the formulation of a theory of strong

interaction able to give account of the phenomenology. This theory is called Quan-
tum Chromodynamics (QCD) and is a nonabelian gauge theory based on the gauge
group SU(3). This group acts on the color index of the quark spinor field as

Qf
i U g i j Q f

j , with g SU(3), (5.26)

where f 1, . . . ,6 runs over the six quark flavors and U g is an element of the
fundamental representation of the gauge group. The Lagrangian of the theory can
be constructed using what we learned in section 4.4

LQCD
1
4
Faµ#F

aµ#
6

f 1
Qf iD mf Qf . (5.27)

To keep the notation simple we have omitted the color indices. The nonabelian
gauge field strength Faµ# (with a 1, . . . ,8) and the covariant derivative Dµ are
given in terms of the SU(3) gauge field Aaµ by (4.38) and (4.45) respectively. In the
latter case the generators TaR are the Gell-Mann matrices listed in equation (B.16).
The QCD Lagrangian (5.27) leads to a theory where the interaction between

quarks have the features required to explain both quark confinement and the deep
inelastic scattering experiments. Unfortunately, at this point we cannot be more ex-
plicit because we still have to learn quite a lot about how to quantize an interacting
field theory such as QCD. The most we can say now is that quantum effects in
this theory result in an effective force between quarks that grows at large distances,
whereas it tends to zero at short distances. The clarification of this statement will
have to wait until chapter 9.
From the point of view of the quark model it seems rather arbitrary that hadrons

results form bound states of either a quark and an antiquark or of three quarks. Why
not, let us say, having hadrons made of two quarks? QCD offers an explanation of
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this fact. What happens is that hadrons are colorless objects, i.e., they transform
as singlets under SU(3). Then, since quarks (resp. antiquarks) transform under the
fundamental 3c (resp. antifundamental 3c) of SU(3) it is impossible to produce a
colorless object out of two quarks

3c 3c 6c 3c. (5.28)

Here, to avoid confusion with the notation of previous sections, we have introduced
a subscript to indicate that we are referring to irreducible representations of color
SU(3). On the other hand, using the well-known identities

3c 3c 8c 1c,
3c 3c 3c 10c 8c 8c 1c, (5.29)

we find that there is no problem in constructing colorless mesons and baryons. One
example is the ! wave function shown in equation (5.25). Notice that on purely
group theoretical grounds there ways different from (5.29) of producing color sin-
glets. For example the product of four fundamental and one antifundamental rep-
resentations of SU(3) contains a singlet. These exotic baryons, however, have not
been to date experimentally observed.
QCD includes, besides the six quarks, eight gauge fields mediating the strong in-

teraction, one for each generator of SU(3). These intermediate vector bosons are the
gluons. It is rather counterintuitive that a short-ranged force such as the strong inter-
action is mediated by massless particles. However, we have to recall that the strong
nuclear force that we referred to in section 5.1 is a force between colorless hadrons.
The nuclear force between nucleons emerges as a residual interaction very much in
the same fashion as the van der Waals force emerges in molecular physics between
electrically neutral molecules: the Coulomb force produces a residual potential that
falls off as r 6. The problem is that in the case of QCD the complication of the
theory makes very difficult to give concrete form to this general idea. In spite of
recent progresses [5] there is still no precise understanding of how nuclear effective
potentials emerge from the gluon-mediated QCD interaction between quarks.
The approximate symmetries of the strong interaction as (approximate) global

symmetries of the QCD Lagrangian. Focusing on the two lightest quark flavors, u
and d, the fermionic piece of this Lagrangian can be written as

L u,d
iD mu md

2 0
0 iD mu md

2

u
d

mu md
2

u,d
1 0
0 1

u
d

. (5.30)

In the limit when mu md the second term can be ignored and the Lagrangian is
approximately invariant under the global SU(2)I isospin transformations
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Isospin as an approximate symmetry:

Once the electroweak sector is included the story of the masses is far more 
complicated (see later)
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Gauge couplings: EW sector

The EW group has four generators

82 5 Theories and Lagrangians III: The Standard Model

with g a dimensionless coupling constant. At energies below the mass m the gauge
field becomes nonpropagating and the kinetic term can be ignored. Solving the equa-
tions of motion for Aµ and substituting the result in Lagrangian (5.35) we arrive at
the low energy “contact” interaction

Lint
g2

2m2
JµJµ . (5.36)

Extrapolation of this result to the weak interaction leads to the conclusion that both
charged and neutral weak currents are mediated by massive gauge bosons2.
The construction of a theory of weak interactions based in the interchange of

vector bosons leads in fact to the unification of the weak and electromagnetic inter-
action based on a gauge theory with gauge group SU(2) U(1)Y . This has four gen-
erators: two charged and one neutral bosons, responsible respectively for charged
and neutral weak currents, and the photon. As group generators we use T ,T 3,Y .
The first three are the ladder generators (B.10) of the SU(2) factor, called the weak
isospin. In addition, the so-called weak hypercharge is the generator of the U(1)Y
factor where the subscript is intended to avoid confusion with the electromagnetic
U(1) gauge group. It is important to keep in mind that despite their similar names
the weak isospin and hypercharge are radically different from the strong interaction
namesakes introduced in section 5.1. This notwithstanding, the value of the weak
hypercharge of the different fields will be fixed in such a way that the analog of the
Gell-Mann-Nishijima is satisfied

Q T 3 Y. (5.37)

Once the gauge group is chosen, we begin studying the intermediate gauge
bosons of the theory. For this we introduce the Lie algebra valued gauge fields

Wµ Wµ T Wµ T W3
µT 3, Bµ BµY. (5.38)

Using the Gell-Mann-Nishijima formula (5.37) and the commutation relations of
the SU(2) algebra shown in Eq. (B.10) we have that

Q,T T , Q,T 3 Q,Y 0. (5.39)

This means that the gauge fieldsWµ are electrically charged intermediate bosons,
whileW 3

µ and Bµ are neutral fields.
We still have to identify the electromagnetic U(1) in the gauge group of the elec-

troweak theory. Since the photon has no electric charge, the Maxwell gauge field Aµ
should be somehow a combination of the two neutral gauge bosons,W 3

µ and Bµ . We
define then a new pair of neutral gauge fields Aµ ,Zµ by

2 At the end of this chapter we will see that this is itself not free of problems. How these are
overcome will be explained in chapter 10.
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Aµ Bµ cos!w W3
µ sin!w, (5.40)

Zµ Bµ sin!w W3
µ cos!w,

where the transformation is parametrized by an angle !w called the weak mixing
angle. The form of the linear combination is not arbitrary: it is the most general one
that guarantees that the new gauge fields Aµ and Zµ have canonical kinetic terms
in the action. The field Aµ is now identified with the electromagnetic potential. In
short, what we have done is to parametrize our ignorance of how QED is embedded
in the electroweak gauge theory by introducing the weak mixing angle. Its value
will have to be experimentally determined. The fact that is nonzero indicates that
the weak and electromagnetic interactions are in fact mixed.
We are done, for the time being, with the gauge bosons. Next we fix the rep-

resentation of the matter fields, i.e. how matter fields transform under the gauge
group. Here the experiment is our guiding principle. For example we know that
chargedweak currents couple left-handed leptons to their corresponding left-handed
neutrinos. Because these interactions are mediated by the charged gauge fields
Wµ Wµ T , we are led to include both fields in a SU(2) doublet

"e
e L

,
"µ
µ L

,
"#
# L

. (5.41)

In addition we also know that the right-handed component of the electron does not
take part in interactions mediated by weak charged currents. This indicates that they
should be taken to be singlets under the SU(2) factor.
The Gell-Mann-Nishijima formula can be used now to fix the hypercharge of the

leptons, i.e. their transformations under the U(1) factor of the gauge group. Using
that the left-handed isodoublets (5.41) transform in the fundamental (s 1

2 ) repre-
sentation of SU(2) where T 3 1

2$
3, we have

Y "!
1
2
, Y !

1
2
, (5.42)

where ! denotes e , µ or # . In the case of the right-handed lepton, being a singlet
under SU(2), we have that T 3 0 and therefore

Y !R 1. (5.43)

We summarize the results in table 5.1. There we have introduced the compact no-
tation Li and !i to denote respectively the left-handed isodoublets and right-handed
singlets.
In all this discussion we have ignored the possibility of having a right-handed

component for the neutrino. Being a SU(2) singlet and having zero charge this par-
ticle would have also vanishing hypercharge.Thus, such a particle would be a singlet
under all gauge groups of the standard model. This is called a sterile neutrino and
would only interact gravitationally, what makes their detection extremely difficult.
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Leptons
i (generation) 1 2 3 T 3 Y

Li !e
e L

!µ
µ L

!"
" L

1
2
1
2

1
2

!iR eR µR "R 0 1

Table 5.1 Transformation properties of the lepton fields under the electroweak gauge group
SU(2) U(1)Y . In the last two columns on the right the values of the weak isospin and the hy-
percharge are shown for the different fields.

In the case of quarks we proceed along similar lines. We look first at the charged
weak current that couples protons with neutrons. Taking into account the quark
content of these particles we see how this current in fact couples the u and d quark,
suggesting that they form an isodoublet. This structure is repeated for the three quark
generations3

u
d L

,
c
s L

,
t
b L

. (5.44)

As with leptons, the right-handed quark components are singlet under SU(2). The
hypercharges of the different quarks are shown in table 5.2, where the notation Qi,
Ui
L and Di

L is respectively introduced to denote the left-handed doublets and right-
handed SU(2) singlets.
The next task is to determine the couplings of the different matter fields (lep-

tons and quarks) to the intermediate vector bosons. From Eq. (4.45) the covariant
derivative acting on the matter fields in a representation R of the gauge field is of
the form

Dµ µ igWµ ig Bµ
µ igWµ TR igWµ TR igW3

µT 3R ig BµYR, (5.45)

where the generators are in the representation of the corresponding matter fields
on which the covariant derivative acts. It is important to notice that we have intro-
duced two distinct coupling constants g and g associated with the two factors of the
gauge group, SU(2) and U(1)Y . This is because gauge transformations do not mix
the gauge field Wµ with Bµ and therefore gauge invariance does not require that

3 A word of warning is in order here. Although denoted by the same letter, the fields in the quark
doublets are not necessarily the same ones that appear as the hadron constituents in the quark
model. The two are related by a linear combination. This for the time being cryptic remark will
find clarification in chapter 10 (see page 173).
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Quarks
i (generation) 1 2 3 T 3 Y

Qi u
d L

c
s L

t
b L

1
2
1
2

1
6

Ui
R uR cR tR 0 2

3

Di
R dR sR bR 0 1

3

Table 5.2 Transformation properties of the quarks in the electroweak sector of the standard model.

both coupling constants should be related. Applying Eq. (5.41) we express Dµ in
terms of the gauge fields Aµ and Zµ

Dµ µ igWµ TR igWµ TR iAµ gsin!wT 3R g cos!wYR
iZµ gT 3R cos!w g YR sin!w . (5.46)

We have identified Aµ with the electromagnetic gauge field. Thus the third term
in the covariant derivative gives the coupling of the matter field to the electromag-
netism and, as a consequence, it should be of the form ieQAµ , with Q the charge
operator. With this in mind and using once more the Gell-Mann-Nishijima relation
(5.37) we conclude that the electric charge e is related to the coupling constants g
and g by

e gsin!w g cos!w. (5.47)

This equation gives the physical interpretation of the weak mixing angle that ap-
peared above in a rather mysterious way. It measures the ratio between the two
independent coupling constants in the electroweak sector of the standard model:

tan!w
g
g

. (5.48)

Precise calculations with the standard model requires writing an Lagrangian from
where to start a quantization of the theory. A first piece contains that dynamics
of gauge fields and can be constructed using what we learned in chapter 4 about
nonabelian gauge fields
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Precise calculations with the standard model requires writing an Lagrangian from
where to start a quantization of the theory. A first piece contains that dynamics
of gauge fields and can be constructed using what we learned in chapter 4 about
nonabelian gauge fields
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Lgauge
1
2
Wµ!W µ! 1

4
Zµ!Zµ!

1
4
Fµ!Fµ! ig

2
cos"wWµ W! Zµ!

ie
2
Wµ W! Fµ! g2

2
Wµ W µ Wµ W µ Wµ W µ 2 (5.49)

where we have introduced the notation

Wµ! µW! !Wµ ie Wµ A! W! Aµ igcos"w Wµ Z! W! Zµ

Zµ! µZ! !Zµ , (5.50)

while Fµ! is the familiar field strength of the Maxwell field Aµ . The gauge piece of
the Lagrangian that just wrote might look a bit cumbersome at first sight. This is
only because we have chosen to write it in terms of the fields Aµ and Zµ . Although
it is there the SU(2) U(1)Y gauge symmetry is not obvious, but as a compensation
we have an action that is explicitly invariant under the gauge transformations of
electromagnetism.We have also eliminated the coupling constant g in favor of g and
the weak mixing angle "w. Moreover, whenever the combination gsin"w appeared
we further used (5.47) and wrote the electric charge e.
For the matter fields, on the other hand, we can write the following gauge invari-

ant Lagrangian

Lmatter

3

i 1
iL jDL j i! jRD!

j
R

iQ jDQ j iU j
RDU

j
R iDj

RDD
j
R . (5.51)

The covariant derivatives that appear in this Lagrangian can be written explicitly
from (5.46) taking into account the representation for the different matter fields.
A glimpse at the LagrangiansLgauge and Lmatter and at the covariant derivative

(5.46) shows the coupling between the standard model particles. As right-handed
fields are singlets under SU(2) we see that theW boson only couples to the left-
handed doublets. Using the expression of the T generators in the fundamental
representation of SU(2) we see that the terms in the standard model Lagrangian
coupling theW boson to the leptons are of the form

gWµ !!#
µ!L, gWµ !L#µ!!. (5.52)

Notice that the strength of these couplings is given by g.
In the case of the Z0 we notice that in the covariant derivative it appears together

with a combination of the two generators of the Cartan subalgebra of the gauge
group SU(2) U(1)Y , namely T 3 and Y . Since they can be taken diagonal we see
that this gauge boson couples fermions of the same kind. In the case of the leptons
these are

g
2cos"w

Zµ!!#
µ!!,

g
cos"w

1
2

sin2 "w Zµ!L#µ!L, (5.53)

86 5 Theories and Lagrangians III: The Standard Model

Lgauge
1
2
Wµ!W µ! 1

4
Zµ!Zµ!

1
4
Fµ!Fµ! ig

2
cos"wWµ W! Zµ!

ie
2
Wµ W! Fµ! g2

2
Wµ W µ Wµ W µ Wµ W µ 2 (5.49)

where we have introduced the notation

Wµ! µW! !Wµ ie Wµ A! W! Aµ igcos"w Wµ Z! W! Zµ

Zµ! µZ! !Zµ , (5.50)

while Fµ! is the familiar field strength of the Maxwell field Aµ . The gauge piece of
the Lagrangian that just wrote might look a bit cumbersome at first sight. This is
only because we have chosen to write it in terms of the fields Aµ and Zµ . Although
it is there the SU(2) U(1)Y gauge symmetry is not obvious, but as a compensation
we have an action that is explicitly invariant under the gauge transformations of
electromagnetism.We have also eliminated the coupling constant g in favor of g and
the weak mixing angle "w. Moreover, whenever the combination gsin"w appeared
we further used (5.47) and wrote the electric charge e.
For the matter fields, on the other hand, we can write the following gauge invari-

ant Lagrangian

Lmatter

3

i 1
iL jDL j i! jRD!

j
R

iQ jDQ j iU j
RDU

j
R iDj

RDD
j
R . (5.51)

The covariant derivatives that appear in this Lagrangian can be written explicitly
from (5.46) taking into account the representation for the different matter fields.
A glimpse at the LagrangiansLgauge and Lmatter and at the covariant derivative

(5.46) shows the coupling between the standard model particles. As right-handed
fields are singlets under SU(2) we see that theW boson only couples to the left-
handed doublets. Using the expression of the T generators in the fundamental
representation of SU(2) we see that the terms in the standard model Lagrangian
coupling theW boson to the leptons are of the form

gWµ !!#
µ!L, gWµ !L#µ!!. (5.52)

Notice that the strength of these couplings is given by g.
In the case of the Z0 we notice that in the covariant derivative it appears together

with a combination of the two generators of the Cartan subalgebra of the gauge
group SU(2) U(1)Y , namely T 3 and Y . Since they can be taken diagonal we see
that this gauge boson couples fermions of the same kind. In the case of the leptons
these are

g
2cos"w

Zµ!!#
µ!!,

g
cos"w

1
2

sin2 "w Zµ!L#µ!L, (5.53)

86 5 Theories and Lagrangians III: The Standard Model

Lgauge
1
2
Wµ!W µ! 1

4
Zµ!Zµ!

1
4
Fµ!Fµ! ig

2
cos"wWµ W! Zµ!

ie
2
Wµ W! Fµ! g2

2
Wµ W µ Wµ W µ Wµ W µ 2 (5.49)

where we have introduced the notation

Wµ! µW! !Wµ ie Wµ A! W! Aµ igcos"w Wµ Z! W! Zµ

Zµ! µZ! !Zµ , (5.50)

while Fµ! is the familiar field strength of the Maxwell field Aµ . The gauge piece of
the Lagrangian that just wrote might look a bit cumbersome at first sight. This is
only because we have chosen to write it in terms of the fields Aµ and Zµ . Although
it is there the SU(2) U(1)Y gauge symmetry is not obvious, but as a compensation
we have an action that is explicitly invariant under the gauge transformations of
electromagnetism.We have also eliminated the coupling constant g in favor of g and
the weak mixing angle "w. Moreover, whenever the combination gsin"w appeared
we further used (5.47) and wrote the electric charge e.
For the matter fields, on the other hand, we can write the following gauge invari-

ant Lagrangian

Lmatter

3

i 1
iL jDL j i! jRD!

j
R

iQ jDQ j iU j
RDU

j
R iDj

RDD
j
R . (5.51)

The covariant derivatives that appear in this Lagrangian can be written explicitly
from (5.46) taking into account the representation for the different matter fields.
A glimpse at the LagrangiansLgauge and Lmatter and at the covariant derivative

(5.46) shows the coupling between the standard model particles. As right-handed
fields are singlets under SU(2) we see that theW boson only couples to the left-
handed doublets. Using the expression of the T generators in the fundamental
representation of SU(2) we see that the terms in the standard model Lagrangian
coupling theW boson to the leptons are of the form

gWµ !!#
µ!L, gWµ !L#µ!!. (5.52)

Notice that the strength of these couplings is given by g.
In the case of the Z0 we notice that in the covariant derivative it appears together

with a combination of the two generators of the Cartan subalgebra of the gauge
group SU(2) U(1)Y , namely T 3 and Y . Since they can be taken diagonal we see
that this gauge boson couples fermions of the same kind. In the case of the leptons
these are

g
2cos"w

Zµ!!#
µ!!,

g
cos"w

1
2

sin2 "w Zµ!L#µ!L, (5.53)

86 5 Theories and Lagrangians III: The Standard Model

Lgauge
1
2
Wµ!W µ! 1

4
Zµ!Zµ!

1
4
Fµ!Fµ! ig

2
cos"wWµ W! Zµ!

ie
2
Wµ W! Fµ! g2

2
Wµ W µ Wµ W µ Wµ W µ 2 (5.49)

where we have introduced the notation

Wµ! µW! !Wµ ie Wµ A! W! Aµ igcos"w Wµ Z! W! Zµ

Zµ! µZ! !Zµ , (5.50)

while Fµ! is the familiar field strength of the Maxwell field Aµ . The gauge piece of
the Lagrangian that just wrote might look a bit cumbersome at first sight. This is
only because we have chosen to write it in terms of the fields Aµ and Zµ . Although
it is there the SU(2) U(1)Y gauge symmetry is not obvious, but as a compensation
we have an action that is explicitly invariant under the gauge transformations of
electromagnetism.We have also eliminated the coupling constant g in favor of g and
the weak mixing angle "w. Moreover, whenever the combination gsin"w appeared
we further used (5.47) and wrote the electric charge e.
For the matter fields, on the other hand, we can write the following gauge invari-

ant Lagrangian

Lmatter

3

i 1
iL jDL j i! jRD!

j
R

iQ jDQ j iU j
RDU

j
R iDj

RDD
j
R . (5.51)

The covariant derivatives that appear in this Lagrangian can be written explicitly
from (5.46) taking into account the representation for the different matter fields.
A glimpse at the LagrangiansLgauge and Lmatter and at the covariant derivative

(5.46) shows the coupling between the standard model particles. As right-handed
fields are singlets under SU(2) we see that theW boson only couples to the left-
handed doublets. Using the expression of the T generators in the fundamental
representation of SU(2) we see that the terms in the standard model Lagrangian
coupling theW boson to the leptons are of the form

gWµ !!#
µ!L, gWµ !L#µ!!. (5.52)

Notice that the strength of these couplings is given by g.
In the case of the Z0 we notice that in the covariant derivative it appears together

with a combination of the two generators of the Cartan subalgebra of the gauge
group SU(2) U(1)Y , namely T 3 and Y . Since they can be taken diagonal we see
that this gauge boson couples fermions of the same kind. In the case of the leptons
these are

g
2cos"w

Zµ!!#
µ!!,

g
cos"w

1
2

sin2 "w Zµ!L#µ!L, (5.53)

86 5 Theories and Lagrangians III: The Standard Model

Lgauge
1
2
Wµ!W µ! 1

4
Zµ!Zµ!

1
4
Fµ!Fµ! ig

2
cos"wWµ W! Zµ!

ie
2
Wµ W! Fµ! g2

2
Wµ W µ Wµ W µ Wµ W µ 2 (5.49)

where we have introduced the notation

Wµ! µW! !Wµ ie Wµ A! W! Aµ igcos"w Wµ Z! W! Zµ

Zµ! µZ! !Zµ , (5.50)

while Fµ! is the familiar field strength of the Maxwell field Aµ . The gauge piece of
the Lagrangian that just wrote might look a bit cumbersome at first sight. This is
only because we have chosen to write it in terms of the fields Aµ and Zµ . Although
it is there the SU(2) U(1)Y gauge symmetry is not obvious, but as a compensation
we have an action that is explicitly invariant under the gauge transformations of
electromagnetism.We have also eliminated the coupling constant g in favor of g and
the weak mixing angle "w. Moreover, whenever the combination gsin"w appeared
we further used (5.47) and wrote the electric charge e.
For the matter fields, on the other hand, we can write the following gauge invari-

ant Lagrangian

Lmatter

3

i 1
iL jDL j i! jRD!

j
R

iQ jDQ j iU j
RDU

j
R iDj

RDD
j
R . (5.51)

The covariant derivatives that appear in this Lagrangian can be written explicitly
from (5.46) taking into account the representation for the different matter fields.
A glimpse at the LagrangiansLgauge and Lmatter and at the covariant derivative

(5.46) shows the coupling between the standard model particles. As right-handed
fields are singlets under SU(2) we see that theW boson only couples to the left-
handed doublets. Using the expression of the T generators in the fundamental
representation of SU(2) we see that the terms in the standard model Lagrangian
coupling theW boson to the leptons are of the form

gWµ !!#
µ!L, gWµ !L#µ!!. (5.52)

Notice that the strength of these couplings is given by g.
In the case of the Z0 we notice that in the covariant derivative it appears together

with a combination of the two generators of the Cartan subalgebra of the gauge
group SU(2) U(1)Y , namely T 3 and Y . Since they can be taken diagonal we see
that this gauge boson couples fermions of the same kind. In the case of the leptons
these are

g
2cos"w

Zµ!!#
µ!!,

g
cos"w

1
2

sin2 "w Zµ!L#µ!L, (5.53)

Friday, 25 March, 2011



Lu
is

 A
lv

ar
ez

-G
au

m
e 

 N
at

al
 L

ec
tu

re
s 

M
ar

ch
 2

3-
26

 2
01

1

60

Fermion quantum numbers
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SU(2) U(1)Y . In the last two columns on the right the values of the weak isospin and the hy-
percharge are shown for the different fields.

In the case of quarks we proceed along similar lines. We look first at the charged
weak current that couples protons with neutrons. Taking into account the quark
content of these particles we see how this current in fact couples the u and d quark,
suggesting that they form an isodoublet. This structure is repeated for the three quark
generations3

u
d L

,
c
s L

,
t
b L

. (5.44)

As with leptons, the right-handed quark components are singlet under SU(2). The
hypercharges of the different quarks are shown in table 5.2, where the notation Qi,
Ui
L and Di

L is respectively introduced to denote the left-handed doublets and right-
handed SU(2) singlets.
The next task is to determine the couplings of the different matter fields (lep-

tons and quarks) to the intermediate vector bosons. From Eq. (4.45) the covariant
derivative acting on the matter fields in a representation R of the gauge field is of
the form

Dµ µ igWµ ig Bµ
µ igWµ TR igWµ TR igW3

µT 3R ig BµYR, (5.45)

where the generators are in the representation of the corresponding matter fields
on which the covariant derivative acts. It is important to notice that we have intro-
duced two distinct coupling constants g and g associated with the two factors of the
gauge group, SU(2) and U(1)Y . This is because gauge transformations do not mix
the gauge field Wµ with Bµ and therefore gauge invariance does not require that

3 A word of warning is in order here. Although denoted by the same letter, the fields in the quark
doublets are not necessarily the same ones that appear as the hadron constituents in the quark
model. The two are related by a linear combination. This for the time being cryptic remark will
find clarification in chapter 10 (see page 173).
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Quarks
i (generation) 1 2 3 T 3 Y

Qi u
d L

c
s L

t
b L

1
2
1
2

1
6

Ui
R uR cR tR 0 2

3

Di
R dR sR bR 0 1

3

Table 5.2 Transformation properties of the quarks in the electroweak sector of the standard model.

both coupling constants should be related. Applying Eq. (5.41) we express Dµ in
terms of the gauge fields Aµ and Zµ

Dµ µ igWµ TR igWµ TR iAµ gsin!wT 3R g cos!wYR
iZµ gT 3R cos!w g YR sin!w . (5.46)

We have identified Aµ with the electromagnetic gauge field. Thus the third term
in the covariant derivative gives the coupling of the matter field to the electromag-
netism and, as a consequence, it should be of the form ieQAµ , with Q the charge
operator. With this in mind and using once more the Gell-Mann-Nishijima relation
(5.37) we conclude that the electric charge e is related to the coupling constants g
and g by

e gsin!w g cos!w. (5.47)

This equation gives the physical interpretation of the weak mixing angle that ap-
peared above in a rather mysterious way. It measures the ratio between the two
independent coupling constants in the electroweak sector of the standard model:

tan!w
g
g

. (5.48)

Precise calculations with the standard model requires writing an Lagrangian from
where to start a quantization of the theory. A first piece contains that dynamics
of gauge fields and can be constructed using what we learned in chapter 4 about
nonabelian gauge fields

The fundamental fermions come in three families with the 
same quantum numbers with respect to the gauge group

In principle one could 
add sterile neutrinos, 
r i g h t h a n d e d 
neutrinos who are 
singlets under the 
gauge group.  They 
would generate Dirac 
masses for the known 
neutrinos
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Higgs couplings

170 10 The Origin of Mass

Higgs mode discussed in the previous section [see Eq. (7.56)]. We add a massless
fermion ! and couple it to the complex scalar field " x introducing the so-called
Yukawa coupling term

LYukawa c"!! , (10.1)

where c is a real constant. Upon symmetry breaking this term in the Lagrangian
takes the form

LYukawa cµ!!
c
2
#!! . (10.2)

The first term gives a Dirac mass m! cµ to the fermion ! x , while the second
one couples it to the scalar field # x .
This shows the way to solve the problem of giving mass to fermions coupling

to gauge fields in a chiral way without breaking gauge invariance. In Chapter 5 we
learned that in the standard model the left-handed fermions transform as doublets
under the SU(2) factor of the gauge group, whereas the right-handed components
are singlets. Then, the gauge invariance of the Yukawa couplings indicates that the
Higgs field has to be a SU(2) doublet

H H
H0 , (10.3)

where H and H0 are complex scalar fields. Taking this into account we add to the
standard model Lagrangian the piece

L !
Yukawa

3

i, j 1
C !
i j L

iH!
j
R C !

ji !
i
RH L j (10.4)

that is invariant under SU(2) gauge transformations. Here C !
i j are dimensionless

coupling constants and we have used the notation introduced in the table 5.1. The
Yukawa couplings have been constructed in such a way that neutrinos do not get
Dirac masses. How neutrino masses come about will be discussed later.
The masses of the quarks are generated by Yukawa couplings similar to the ones

already written for the leptons. One important difference, however, lies in the fact
that we want to give mass to the two components of the left-handed SU(2) doublets.
To achieve this we need to couple the fermions not only to the Higgs doubletH but
also to its “charge conjugate”

H i#2H H0
H . (10.5)

From the identity

i#2 e ia #
2 eia

#
2 i#2 (10.6)
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follows that the conjugated Higgs field H also transforms as a SU(2) doublet. Then,
the Dirac masses of the quark fields can be obtained from the following Yukawa
couplings

L q
Yukawa

3

i, j 1
C q
i j Q

iHDj
R C q

ji DiRH Q j

3

i, j 1
C q
i j Q

iHU j
R C q

ji Ui
RH Q j . (10.7)

The notation again is the one set in table 5.2.
We have constructed an interaction term between the Higgs field and the fermions

demanding invariance under SU(2) gauge transformations. It is easy to see that the
Yukawa couplings (10.4) and (10.7) are invariant also under the U(1)Y gauge sym-
metry factor provided the Higgs field is assigned the hypercharge Y H 1

2 . The
Gell-Mann-Nishijima formula then implies that

Q H 1, Q H0 0, (10.8)

thus justifying our notation.
To implement symmetry breaking we have to add the following piece to the stan-

dard model Lagrangian

LHiggs DµH DµH V H,H , (10.9)

where Dµ is the corresponding SU(2) U(1)Y covariant derivative (see Chapter 5,
Section 5.4). The potential has to be wisely chosen in such a way that spontaneous
symmetry breaking takes place and solves our problems with the particle masses
in a satisfactory way. In fact, gauge invariance and the condition that the theory is
renormalizable (see chapter 9) imply that the Higgs potential should be of the form

V H,H !
4
H H µ2

2
. (10.10)

The system exhibit spontaneous symmetry breaking if µ2 0. Then, the theory has
a degenerate family of vacua defined by H H µ2.
The only surviving gauge symmetry in the electroweak sector at low energies is

the U(1) invariance of QED. This means that this symmetry is realized à la Wigner-
Weyl and therefore the vacuum has zero electric charge. Taking into account Eq.
(10.8) this means that we are forced to take

H 0
µ

. (10.11)
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The Higgs couplings responsible for the masses of the leptons and 
the current algebra masses of the quarks are:

The most general Lagrangian compatible with the 
gauge symmetry and up to dimension 4, so that 
the theory is renormalisable.  One H gets its VEV 
the masses are generated from the Yukawa 
couplings.  Use unitary gauge.  The gauge fields get 
masses from the kinetic term
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Because Y H 1
2 this vacuum expectation value breaks not only SU(2) but also

U(1)Y . It however preserves the electromagnetic U(1) and therefore implements cor-
rectly the symmetry breaking pattern, SU(2) U(1)Y U(1).
Following the example of the Abelian Higgs model, the fluctuations around this

vacuum can be parametrized as [cf. Eq. (7.59)]

H x eia x
!
2

0
µ 1

2h x
. (10.12)

There are four different fields associated with these fluctuations, here denoted by
a x and h x . The factor eia x !

2 represents the action of the three broken gen-
erators1, and can be eliminated by a SU(2) gauge transformation. This removes
the three would-be Goldstone bosons a x that are transmuted into the longitudinal
components of the massive gauge bosonsW , W and Z0. The remaining propa-
gating degree of freedom h x is the neutral scalar whose elementary excitations we
call the Higgs boson. Inserting

H x
0

µ 1
2h x

(10.13)

in V H,H and expanding the result in powers of the field h x the mass of the
Higgs particle is found to be

mH µ " . (10.14)

The dimensionless coupling " governs the self-interaction of the Higgs bosons.
Plugging Eq. (10.13) in the Yukawa couplings (10.4), and we find, at low ener-

gies, the following lepton mass terms in the Lagrangian

L !
mass eL,µL,#L M !

eR
µR
#R

h.c. (10.15)

We notice that no mass term for the neutrinos is generated through the Higgs mech-
anism, so neutrino masses have to be explained in some other way. On the other
hand, for the quarks we find

L q
mass dL,sL,bL M q

dR
sR
bR

uL,cL,tL M q
uR
cR
tR

h.c. (10.16)

1 It might seem strange that, apparently, we have included only the action of the SU(2) generators
on the vacuum. As a matter of fact this is not the case. What happens is that the electromagnetic
U(1) remains unbroken and therefore Qvac 0. Then, using the Gell-Mann-Nishijima relation, the
action of the hypercharge generator Y on the vacuum can be written in terms of the generators of
SU(2) as Y 2T3 ! 3.
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CKM matrix
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In these expressions the mass matrices are given by

M !,q
i j µC !,q

i j , M q
i j µC q

i j , (10.17)

with C !,q
i j and C q

i j the strength of the Yukawa couplings that, we have to bear in
mind, define general 3 3 complex matrices. We notice as well that the mass scale
of all charged fermion are set by the Higgs vacuum expectation value µ .
So far the we have written the standard model Lagrangian in terms of fields

with well defined transformations under the gauge group (this we call flavor eigen-
states). Now, however, there is no a priori reason for the mass matrices in (10.15)
and (10.16) to be diagonal. This means that the corresponding propagators are not
diagonal and therefore the different flavor eigenstates mix with each other as they
propagate. In order to quantize the theory, however, it is more convenient to work
with fields whose propagators, at low energies, are diagonal and therefore have well-
defined masses. These fields are constructed by noticing that a general complex ma-
trix can always be diagonalized by a biunitary transformation. More precisely, this
means that there are unitary matrices V !,q
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for the leptons, whereas for the quarks we have
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In view of this we define the mass eigenstate quark fields as2
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and similarly for the charged lepton fields, this time using the matrices V !
L,R . By

construction the propagators are diagonal when expressed in terms of the new fields.
The couplings with the gauge fields, on the other hand, can get a dependence of the
unitary matrices involved in the diagonalization of the mass matrices. To see how
this dependence comes about we look, for example, at the quark charged current
that couples to theW bosons

2 Our notation at this point differs from the usual one in the literature in that we use primed fields
to indicate the mass eigenstates. The reason to use this notation to avoid cluttering the equations
with primes both in this chapter and in chapter 5.
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In the quark sector going from to mass eigenstates leaves a matrix of phases 
in the charged currents,  the CKM matrix.  Not for neutral currents GIM

174 10 The Origin of Mass

jµ uL,cL,tL !µ
dL
sL
bL

uL,cL,tL !
µV q

L V q
L

dL
sL
bL

(10.21)

A similar calculation for the neutral quark current shows that it does not depend on
the unitary matrices relating flavor to mass eigenstates.
We have shown that the couplings of the quarks to theW bosons mix the dif-

ferent mass eigenstates. This mixing is given by the 3 3 matrix

V V q
L V q

L , (10.22)

called the Cabibbo-Kobayashi-Maskawa quark mixing matrix. It is immediate to
check that this matrix is unitary and therefore in general complex. In chapter 11 we
will see that this have important physical consequences.
We analyze next the leptonic sector. The charged lepton-neutrino current is then

jµ "eL,"µ L,"# L !µ
eL
µL
#L

"e,L,"µ,L,"#,L !µV
!

L

eL
µL
#L

(10.23)

Were the neutrino massless, the matrixVL ! could be reabsorbed in a redefinition of
the neutrino fields without making the propagator nondiagonal. We know, however,
that the neutrinos are massive and the only question is whether their mass terms are
of Dirac or Majorana type. In either case one has to redefine the neutrino fields to
diagonalize their mass matrix and this results in the introduction of second Cabibbo-
Kobayashi-Maskawa matrix in the leptonic sector.

Higgs couplings

Having learned how masses of the fermions are generated we would like to know
how these states couple to the Higgs field itself. This is important because these
couplings determine both how the Higgs particles can be produced in a scattering
experiment and also what signatures they create upon decay. Looking at the terms
linear in h x in (10.4) we find that the Higgs boson couples to the charged mass
eigenstates f e ,µ ,# ,u ,d ,c ,s ,t ,b according to the vertices

f

f

h
mf

µ

where mf is the mass of the charged fermion. Thus, the Higgs-fermion couplings
are suppressed by the ratio between the fermion masses and the vacuum expectation
value of the Higgs field.
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Discrete symmetries

11.4 Time Reversal 191

q0,p0
T q0, p0

t t

q t ,p t T q t , p t

(11.42)

In the quantum theory this diagram gives the action of the operator T that imple-
ments time reversal on the evolution operator, namely

e itHT e itH T , (11.43)

where H is the Hamiltonian of the theory. Infinitesimally this implies that iH anti-
commutes with time reversal,

iH,T 0. (11.44)

Because of Wigner’s theorem we are now faced with a double choice:T being a
symmetry it has to be either a unitary or an antiunitary operator. In the first case we
find that

HT T H 0, (T unitary). (11.45)

IfT is antiunitary, on the other hand, complex numbers get conjugatedwith passing
through the time reversal operator. In our case this means that

HT T H 0, (T antiunitary). (11.46)

In fact, takingT unitary is a source of trouble. From (11.45) we conclude that if the
!E is a Hamiltonian eigenstate with eigenvalue E , then T !E is an eigenstate as
well with eigenvalue E . Because the original spectrum is unbounded above, the
transformed theory does not have a ground state (i.e., the spectrum is unbounded
below). If, on the other hand, the time reversal operatorT is antiunitary we see that
both !E and T !E has the same eigenvalue and the spectrum is invariant. The
antiunitarity ofT is also necessary for the invariance of the canonical commutation
relations under time reversal.
Any antiunitary operator can be written, in a basis-dependent way, as the product

U K of a unitary operator U and a second operatorK that acts by complex con-
jugation on the numerical coefficients. With the help of this decomposition we can
easily show that the square of an antiunitary operator is unitary. Indeed, using that
K 2 1 we find that

U K 2 U U (11.47)

which is a unitary operator.
Let us briefly study the consequences of time reversal invariance in nonrelativis-

tic quantummechanics. From the transformation of the angular momentum operator

T JT 1 J (11.48)

! In the classical world, we have invariance uncer P,C,T.  
All we had was E&M and gravity.

! In QFT they are not guaranteed in fact P,C,T, CP are 
broken symmetries.  The only one that survives so far is 
CPT.  It has several important consequences.  CP 
violation is fundamental in the generation of matter.  In 
the SM we need at least three families

! The existence of antiparticles with the same mass 
and decay rate

! The connection between spin and statistics

!T-reversal and CPT are the only ones implemented by 
anti-unitary operators
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Anomalous Symmetries
Sometimes symmetries of the classical Lagrangian do not survive quantisation.  There are three examples 
we can cite:

!Global chiral symmetries, responsible for the electromagnetic decay of the neutral pion

!Gauged chiral symmetries.  This happens when left and right multiplets have different representations 
of the gauge group.  At the one-loop level we find a non-trivial conditions among the quantum numbers 
necessary to maintain gauge invariance.  It suffices to satisfy this condition at the one-loop level

!Scale invariance.  The behaviour of the theory under scale transformation.  Rather how physics 
depends on scales is far more interesting that just dimensional analysis.

144 8 Anomalies

where the chiral fermions ! i transform according to the representations "ai, of the
gauge group G (a 1, . . . ,dimG). The covariant derivatives Dµ are then defined
by

Dµ ! i
µ! i igAaµ"

a ! i . (8.59)

As with global symmetries, anomalies in the gauge symmetry appear in the triangle
diagram with one axial and two vector gauge current vertices

0 T jaµA x jb#V x jc$V 0 0
jaµA jb#V

jc$V

symmetric

(8.60)

where gauge vector and axial currents jaµV , jaµA are given by

jaµV
N

i 1
! i "a %µ! i

N

j 1
! j "a %µ! j

,

jaµA

N

i 1
! i "a %µ! i

N

i 1
! j "a %µ! j

. (8.61)

Luckily, we do not have to compute the whole diagram in order to find an anomaly
cancellation condition, it is enough if we calculate the overall group theoretical fac-
tor. In the case of the diagram in Eq. (8.60) for every fermion species running in the
loop this factor is equal to

tr "ai, "bi, ,"ci, , (8.62)

where the sign corresponds respectively to the generators of the representation of
the gauge group for the left and right-handed fermions. Hence the anomaly cancel-
lation condition reads

N

i 1
tr "ai, "bi, ,"ci,

N

j 1
tr "aj, "bj, ,"cj, 0. (8.63)

Knowing this we can proceed to check the anomaly cancellation in the Stan-
dard Model SU(3) SU(2) U(1). Left handed fermions (both leptons and quarks)
transform as doublets with respect to the SU(2) factor whereas the right-handed
components are singlets. The charge with respect to the U(1) part, the hypercharge
Y , is determined by the Gell-Mann-Nishijima formula

Q T3 Y, (8.64)
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Q T3 Y, (8.64)

Anomaly cancellation condition, it has 
highly non-trivial implications for the 
family structure
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Anomalous Symmetries

8.4 Gauge Anomalies 145

where Q is the electric charge of the corresponding particle and T3 is the eigenvalue
with respect to the third generator of the SU(2) group in the corresponding repre-
sentation: T3 1

2!
3 for the doublets and T3 0 for the singlets. For the first family

of quarks (u, d) and leptons (e, "e) we have the following field content

quarks: u#
d# L, 16

u#R, 23
d#R, 23

leptons: "e
e L, 1

2

eR, 1 (8.65)

where # 1,2,3 labels the color quantum number and the subscript indicates the
value of the weak hypercharge Y . Denoting the representations of SU(3) SU(2)
U(1) by nc,nw Y , with nc and nw the representations of SU(3) and SU(2) respec-

tively and Y the hypercharge, the matter content of the Standard Model consists of
a three family replication of the representations:

left-handed fermions: 3,2 L
1
6

1,2 L
1
2

(8.66)
right-handed fermions: 3,1 R

2
3

3,1 R
1
3

1,1 R
1.

In computing the triangle diagram we have 10 possibilities depending on which
factor of the gauge group SU(3) SU(2) U(1) couples to each vertex:

SU(3)3 SU(2)3 U(1)3

SU(3)2 SU(2) SU(2)U(1)

SU(3)2U(1) SU(2)U(1)2

SU(3)SU(2)2

SU(3)SU(2)U(1)

SU(3)U(1)2

It is easy to check that some of them do not give rise to anomalies. For example the
anomaly for the SU(3)3 case cancels because left and right-handed quarks transform
in the same representation. In the case of SU(2)3 the cancellation happens term by
term because of the Pauli matrices identity !a!b $ ab i%abc! c that leads to

tr !a !b,! c 2 tr!a $ bc 0. (8.67)

146 8 Anomalies

However the hardest anomaly cancellation condition to satisfy is the one with three
U(1)’s. In this case the absence of anomalies within a single family is guaranteed by
the nontrivial identity

left
Y 3

right
Y 3 3 2

1
6

3
2

1
2

3
3

2
3

3

3 1
3

3
1 3 3

4
3
4

0. (8.68)

It is remarkable that the anomaly exactly cancels between leptons and quarks. Notice
that this result holds even if a right-handed sterile neutrino is added since such a
particle is a singlet under the whole StandardModel gauge group and therefore does
not contribute to the triangle diagram. Therefore we see how the matter content of
the Standard Model conspires to yield a consistent quantum field theory.
In all our discussion of anomalies we only considered the computation of one-

loop diagrams. It may happen that higher loop orders impose additional conditions.
Fortunately this is not so: the Adler-Bardeen theorem [8] guarantees that the ax-
ial anomaly only receives contributions from one loop diagrams. Therefore, once
anomalies are canceled (if possible) at one loop we know that there will be no new
conditions coming from higher-loop diagrams in perturbation theory.
The Adler-Bardeen theorem, however, only applies in perturbation theory. It is

nonetheless possible that nonperturbative effects can result in the quantum viola-
tion of a gauge symmetry. This is precisely the case pointed out by Witten [9] with
respect to the SU(2) gauge symmetry of the Standard Model. In this case the prob-
lem lies in the nontrivial topology of the gauge group SU(2). The invariance of the
theory with respect to gauge transformations which are not in the connected com-
ponent of the identity makes all correlation functions equal to zero. Only when the
number of left-handed SU(2) fermion doublets is even gauge invariance allows for
a nontrivial theory. It is again remarkable that the family structure of the Standard
Model makes this anomaly to cancel

3 u
d L

1 !e
e L

4 SU(2)-doublets, (8.69)

where the factor of 3 comes from the number of colors.
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Anomalies cancel generation by generation.  In fact the 
hypercharge assignments is completely determined if 
we also impose the traceless-ness of any U(1)
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Scale invariance, renormalisation
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