
Lu
is

 A
lv

ar
ez

-G
au

m
e 

 N
at

al
 L

ec
tu

re
s 

M
ar

ch
 2

3-
26

 2
01

1

65

Scale invariance, renormalisation

×λ−1

Renormalisation deals with the scale dependence of the the 
physics even if the original theory is scale invariant.

Virtual phenomena can get more complicated or simplify as 
we move to larger and shorter distances

158 9 Renormalization

of renormalizable theories without mass terms. These theories are scale invariant at
the classical level because the action does not contain any dimensionful parameter.
In this case the running of the coupling constants can be seen as resulting from a
quantum breaking of classical scale invariance: different energy scales in the theory
are distinguished by different values of the coupling constants. Remembering what
we learned in Section 8, we conclude that classical scale invariance is an anomalous
symmetry. One heuristic way to see how the conformal anomaly comes about is to
notice that the regularization of an otherwise scale invariant field theory requires
the introduction of an energy scale (e.g. a cutoff). This breaking of scale invariance
cannot be restored after renormalization.
Nevertheless, scale invariance is not lost forever in the quantum theory. It is re-

covered at the fixed points of the beta function where, by definition, the coupling
does not run. To understand how this happens we go back to a scale invariant clas-
sical field theory whose field ! x transform under coordinate rescalings as

xµ "xµ , ! x " #! " 1x , (9.23)

where # is called the canonical scaling dimension of the field. An example of such
a theory is a massless !4 theory in four dimensions

L
1
2 µ! µ!

g
4!
!4, (9.24)

where the scalar field has canonical scaling dimension # 1. The Lagrangian den-
sity transforms as

L " 4L ! (9.25)

and the classical action remains invariant3.
We look at the free theory g 0 for a moment. Now there are no divergences

and all correlation functions can be exactly computed. In particular we consider the
momentum space n-point correlation function

G0 p1, . . . , pn 2$ 4% 4 p1 . . . pn

d4x1 . . .d4xn eip1 x1 ... ipn xn 0 T !0 x1 . . .!0 xn 0 , (9.26)

where by !0 x we denote the free field operator. Applying the rescaling (9.23) we
find the following transformation for the correlation function

G0 p1, . . . , pn " 4 n 1 n#G0 " p1, . . . ," pn . (9.27)

3 In a D-dimensional theory the canonical scaling dimensions of the fields coincide with its engi-
neering dimension: # D 2

2 for bosonic fields and # D 1
2 for fermionic ones. For a Lagrangian

with no dimensionful parameters classical scale invariance follows then from dimensional analysis.
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managed to rewrite the partition function solely in terms of this new (renormalized)
spin variables s 1 interacting through a new Hamiltonian H 1

Z
s 1

e !H 1 s 1a . (9.43)

Let us now think about the space of all possible Hamiltonians for our statistical
system including all kinds of possible couplings between the individual spins com-
patible with the symmetries of the system. If denote byR the decimation operation,
our previous analysis shows thatR defines a map in this space of Hamiltonians

R :H H 1 . (9.44)

At the same time the operation R replaces a lattice with spacing a by another one
with double spacing 2a. As a consequence the correlation length in the new lattice
measured in units of the lattice spacing is divided by two, R : " "

2 .
Now we can iterate the operation R an indefinite number of times. Eventually

we might reach a Hamiltonian H that is not further modified by the operationR

H R H 1 R H 2 R
. . .

R H . (9.45)

The fixed point Hamiltonian H is scale invariant because it does not change as
R is performed. Notice that because of this invariance the correlation length of the
system at the fixed point do not change under R. This fact is compatible with the
transformation " "

2 only if " 0 or " . Here we will focus in the case of
nontrivial fixed points with infinite correlation length.
The space of Hamiltonians can be parametrized by specifying the values of the

coupling constants associated with all possible interaction terms between individual
spins of the lattice. If we denote byOa si these (possibly infinite) interaction terms,
the most general Hamiltonian for the spin system under study can be written as

H si
a 1

#aOa si , (9.46)

where #a R are the coupling constants for the corresponding operators. These con-
stants can be thought of as coordinates in the space of all Hamiltonians. Therefore
the operationR defines a transformation in the set of coupling constants

R : #a # 1
a . (9.47)

For example, in our case we started with a Hamiltonian in which only one of the
coupling constants is different from zero (say #1 J). As a result of the decima-
tion #1 J J 1 while some of the originally vanishing coupling constants
will take a nonzero value. Of course, for the fixed point Hamiltonian the coupling
constants do not change under the scale transformationR.
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square lattice as the one depicted in Fig 9.2. In terms of the spin variables si 1
2 ,

where i labels the lattice site, the Hamiltonian of the system is given by

H J
i, j
si s j, (9.35)

where i, j indicates that the sum extends over nearest neighbors and J is the cou-
pling constant between neighboring spins (here we consider that there is no external
magnetic field). The starting point to study the statistical mechanics of this system
is the partition function defined as

Z
si

e !H , (9.36)

where the sum is over all possible configurations of the spins and ! 1
T is the

inverse temperature. For J 0 the Ising model presents spontaneous magnetization
below a critical temperature Tc, in any dimension higher than one. Away from this
temperature correlations between spins decay exponentially at large distances

sis j e
xi j
" , (9.37)

with xi j the distance between the spins located in the i-th and j-th sites of the lat-
tice. This expression serves as a definition of the correlation length " which sets the
characteristic length scale at which spins can influence each other by their interac-
tion through their nearest neighbors.

Fig. 9.3 Decimation of the spin lattice. Each block in the upper lattice is replaced by an effective
spin computed according to the rule (9.39). Notice also that the size of the lattice spacing is doubled
in the process.
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O
Fig. 9.4 Example of a renormalization group flow.

perturbations the system flows either to the free theory at the origin or to a theory
with infinite values for the couplings.

9.4 The Renormalization Group in Quantum Field Theory

Let us see now how these ideas of the renormalization group apply to Field Theory.
Let us begin with a quantum field theory defined by the Lagrangian

L "a L0 "a
i
giOi "a , (9.49)

whereL0 "a is the kinetic part of the Lagrangian and gi are the coupling constants
associated with the operators Oi "a . In order to make sense of the quantum the-
ory we introduce a cutoff in momenta # . In principle we include all operators Oi
compatible with the symmetries of the theory.
In section 9.2 we saw how in the cases of QED and QCD, the value of the cou-

pling constant changed with the scale from its value at the scale # . We can under-
stand now this behavior along the lines of the analysis presented above for the Ising
model. If we would like to compute the effective dynamics of the theory at an en-
ergy scale µ # we only have to integrate out all physical models with energies
between the cutoff # and the scale of interest µ . This is analogous to what we did
in the Ising model by replacing the original spins by the block spins. In the case of
field theory the effective action S "a,µ at scale µ can be written in the language of
functional integration as

eiS "a,µ

µ p #
a

D"a eiS "a,# . (9.50)

Here S "a,# is the action at the cutoff scale

In relativistic QFT we seem to get only fixed points, no limit 
cycles nor strange attractors
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9.2 The Beta-Function and Asymptotic Freedom 155

run in the loop (MW MZ). Taking this into account, as well as threshold effects,
the value of the electron charge at the scaleMZ is found to be [1]

! Mz
e MZ

2

4"
1

128.9
. (9.18)

This growing of the effective fine structure constant with energy can be under-
stood heuristically by remembering that the effect of the polarization of the vac-
uum shown in the diagram of Eq. (9.2) amounts to the creation of a plethora of
electron-positron pairs around the location of the charge. These virtual pairs behave
as dipoles that, as in a dielectric medium, tend to screen this charge and decreasing
its value at long distances (i.e. lower energies).
The variation of the coupling constant with energy is usually encoded in Quan-

tum Field Theory in the beta function defined by

# g µ
dg
dµ

. (9.19)

In the case of QED the beta function can be computed from Eq. (9.15) with the
result

# e QED
e3

12"2
. (9.20)

The fact that the coefficient of the leading term in the beta-function is positive
#0 1

6" 0 gives us the overall behavior of the coupling as we change the scale.
Eq. (9.20) means that, if we start at an energy where the electric coupling is small
enough for our perturbative treatment to be valid, the effective charge grows with
the energy scale. This growing of the effective coupling constant with energy means
that QED is infrared safe, since the perturbative approximation gives better and bet-
ter results as we go to lower energies. Actually, because the electron is the lighter
electrically charged particle and has a finite nonvanishing mass the running of the
fine structure constant stops at the scale me in the well-known value 1

137 . Would
other charged fermions with masses below me be present in Nature, the effective
value of the fine structure constant in the interaction between these particles would
run further to lower values at energies below the electron mass.
On the other hand if we increase the energy scale e µ 2 grows until at some

scale the coupling is of order one and the perturbative approximation breaks down.
In QED this is known as the problem of the Landau pole but in fact it does not pose
any serious threat to the reliability of QED perturbation theory: a simple calculation
shows that the energy scale at which the theory would become strongly coupled is
$Landau 10277 GeV. However, we know that QED does not live that long! At much
lower scales we expect electromagnetism to be unified with other interactions, and
even if this is not the case we will enter the uncharted territory of quantum gravity
at energies of the order of 1019 GeV.
So much for QED. The next question that one may ask at this stage is whether it

is possible to find quantum field theories with a behavior opposite to that of QED,

Fixed points beta functions
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!"# ve$"ue
e2

4%q2
vµ$#uµ !"# ve$"ue

e2

4%q2
& q2 vµ$#uµ

!"# ve$"ue
e2

4%q2
1

e2

12%2
log

q2

'2
vµ$#uµ . (9.11)

Now let us imagine that we are performing a e e µ µ with a center of mass
energy µ . From the previous result we can identify the effective charge of the parti-
cles at this energy scale e µ as

!"# ve$"ue
e µ 2

4%q2
vµ$#uµ . (9.12)

This charge, e µ , is the quantity that is physically measurable in our experiment.
Now we can make sense of the formally divergent result (9.11) by assuming that
the charge appearing in the classical Lagrangian of QED is just a “bare” value that
depends on the scale ' at which we cut off the theory, e e ' bare. In order to
reconcile (9.11) with the physical results (9.12) we must assume that the dependence
of the bare (unobservable) charge e ' bare on the cutoff ' is determined by the
identity

e µ 2 e ' 2
bare 1

e ' 2
bare

12%2
log

µ2

'2
. (9.13)

If we still insist in removing the cutoff, ' we have to send the bare charge to
zero e ' bare 0 in such a way that the effective coupling has the finite value given
by the experiment at the energy scale µ . It is not a problem, however, that the bare
charge is small for large values of the cutoff, since the only measurable quantity is
the effective charge that remains finite. Therefore all observable quantities should
be expressed in perturbation theory as a power series in the physical coupling e µ 2

and not in the unphysical bare coupling e ' bare.

9.2 The Beta-Function and Asymptotic Freedom

We can look at the previous discussion, an in particular Eq. (9.13), from a different
point of view. In order to remove the ambiguities associated with infinities we have
been forced to introduce a dependence of the coupling constant on the energy scale
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i.e. such that they become weakly coupled at high energies. This is not a purely
academic question. In the late 1960s a series of deep-inelastic scattering experiments
carried out at SLAC showed that the quarks behave essentially as free particles
inside hadrons. The apparent problem was that no theory was known at that time
that would become free at very short distances: the example set by QED seem to be
followed by all the theories that were studied. This posed a very serious problem for
Quantum Field Theory as a way to describe subnuclear physics, since it seemed that
its predictive power was restricted to electrodynamics but failed miserably when
applied to describe strong interactions.
Nevertheless, this critical time for Quantum Field Theory turned out to be its

finest hour. In 1973 David Gross and Frank Wilczek [2] and David Politzer [3]
showed that nonabelian gauge theories can actually display the required behavior.
For the QCD Lagrangian in Eq. (8.37) the beta function is given by2

! g
g3

16"2
11
3
Nc

2
3
Nf . (9.21)

In particular, for real QCD (NC 3, Nf 6) we have that ! g 7g3
16"2 0. This

means that for a theory that is weakly coupled at an energy scale µ0 the coupling
constant decreases as the energy increases µ . This explain the apparent free-
dom of quarks inside the hadrons: when the quarks are very close together their
effective color charge tend to zero. This phenomenon is called asymptotic freedom.
Asymptotic free theories display a behavior that is opposite to that found above

in QED. At high energies their coupling constant approaches zero whereas at low
energies they become strongly coupled (infrared slavery). This features are at the
heart of the success of QCD as a theory of strong interactions, since this is exactly
the type of behavior found in quarks: they are quasi-free particles inside the hadrons
but the interaction potential potential between them increases at large distances.
Although asymptotic free theories can be handled in the ultraviolet, they become

extremely complicated in the infrared. In the case of QCD it is still to be under-
stood (at least analytically) how the theory confines color charges and generates the
spectrum of hadrons, as well as the breaking of the chiral symmetry (8.52).
In general, the ultraviolet and infrared properties of a theory are controlled by

the fixed points of the beta function, i.e. those values of the coupling constant g for
which it vanishes

! g 0. (9.22)

Using perturbation theory we have seen that for both QED and QCD one of such
fixed points occurs at zero coupling, g 0. However, our analysis also showed that
the two theories present radically different behavior at high and low energies. From
the point of view of the beta function, the difference lies in the energy regime at

2 The expression of the beta function of QCD was also known to ’t Hooft [4]. There are even earlier
computations in the russian literature [5].

At one loop
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Fig. 9.1 Beta function for a hypothetical theory with three fixed points g1 , g2 and g3 . A pertur-
bative analysis would capture only the regions shown in the boxes.

which the coupling constant approaches its critical value. This is in fact governed
by the sign of the beta function around the critical coupling.
We have seen above that when the beta function is negative close to the fixed

point (the case of QCD) the coupling tends to its critical value, g 0, as the en-
ergy is increased. This means that the critical point is ultraviolet stable, i.e. it is an
attractor as we evolve towards higher energies. If, on the contrary, the beta function
is positive (as it happens in QED) the coupling constant approaches the critical value
as the energy decreases. This is the case of an infrared stable fixed point.
This analysis that we have motivated with the examples of QED and QCD is

completely general and can be carried out for any quantum field theory. In Fig. 9.1
we have represented the beta function for a hypothetical theory with three fixed
points located at couplings g1 , g2 and g3 . The arrows in the line below the plot
represent the evolution of the coupling constant as the energy increases. From the
analysis presented abovewe see that g1 0 and g3 are ultraviolet stable fixed points,
while the fixed point g2 is infrared stable.
In order to understand the high and low energy behavior of a quantum field the-

ory it is then crucial to know the structure of the beta functions associated with its
couplings. This can be a very difficult task, since perturbation theory only allows
the study of the theory around “trivial” fixed points, i.e. those that occur at zero cou-
pling like the case of g1 in Fig. 9.1. On the other hand, any “nontrivial” fixed point
occurring in a theory (like g2 and g3 ) cannot be captured in perturbation theory and
requires a full nonperturbative analysis.
The moral to be learned from our discussion above is that dealing with the ultra-

violet divergences in a quantum field theory has the consequence, among others, of
introducing an energy dependence in the measured value of the coupling constants
of the theory (for example the electric charge in QED). This happens even in the case
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heart of the success of QCD as a theory of strong interactions, since this is exactly
the type of behavior found in quarks: they are quasi-free particles inside the hadrons
but the interaction potential potential between them increases at large distances.
Although asymptotic free theories can be handled in the ultraviolet, they become

extremely complicated in the infrared. In the case of QCD it is still to be under-
stood (at least analytically) how the theory confines color charges and generates the
spectrum of hadrons, as well as the breaking of the chiral symmetry (8.52).
In general, the ultraviolet and infrared properties of a theory are controlled by

the fixed points of the beta function, i.e. those values of the coupling constant g for
which it vanishes

! g 0. (9.22)

Using perturbation theory we have seen that for both QED and QCD one of such
fixed points occurs at zero coupling, g 0. However, our analysis also showed that
the two theories present radically different behavior at high and low energies. From
the point of view of the beta function, the difference lies in the energy regime at

2 The expression of the beta function of QCD was also known to ’t Hooft [4]. There are even earlier
computations in the russian literature [5].

β�(g)|g∗ > 0 , µ
dg

dµ
= β�(g − g∗) + . . .

µ ↑ , g ↑

β�(g)|g∗ < 0 , µ
dg

dµ
= β�(g − g∗) + . . .

µ ↑ , g ↓

IR free (QED)

UV free (QCD)

There is a dynamically generated scale 
responsible for most of the mass of the nucleons

180 10 The Origin of Mass

p2 !2QCD. (10.37)

So far we have not made any hypothesis as to the mass of the quarks. Let us now
assume that we are dealing with light quarks. They are defined as those whose mass
satisfies mq !QCD. This is the case of the u, d and s quarks that make up most of
the matter that we see around us. In this case, eq. (10.37) can be recast as

p2 m2q (q u,d,s). (10.38)

This means that light quarks inside the hadrons are relativistic. What is more impor-
tant, eq. (10.37) implies that the typical energy of these quarks if of order!QCD and
therefore we are in regime where QCD is strongly coupled.
There are two conclusions to be extracted from this discussion. The first one

is that we have found the reason behind the technical problems in calculating the
masses of hadrons such as protons or neutrons from first principles: we would have
to deal with a theory in a regime in which perturbation theory does not work. Hence
we have to resort to numerical approaches such as lattice field theory.
The second lesson we have learned is that the Higgs mechanism actually con-

tributes very little to explaining the mass we see around us. In fact, most of the mass
of the atoms comes from the nucleus (from about 99.95% for hydrogen to 99.9997%
for uranium) that is made of protons and neutrons. What we have seen above is that
quark mass parameter mq generated through the Higgs mechanism contributes very
little to the mass of these hadrons: most of the mass of protons and neutrons, and
therefore of the world we see, comes from !QCD.
That all difficulties in computing hadron masses comes from having light quarks

can be seen is a toy model due to Howard Georgi [2]. He imagines a world essen-
tially identical to our own but with a single crucial difference: the masses of the u
and d quarks satisfy

mu md
1
3
mproton !QCD. (10.39)

Because of this fact p2 m2q and the quarks can be treated nonrelativistically.
Thus, the typical energy of the processes inside the proton is mq and the condition
(10.39) implies that theory at this scale is weakly coupled. Tuningmq !QCD we can
even make

"s mq
g mq

2

4#
1
137

. (10.40)

This sets !QCD 10 42mq.
Given all this, it should be possible to study the bound state of the three quarks

in the proton using the techniques of atomic physics. Since the theory is in a cou-
pling regime where perturbation theory can be used, the static potential between the
quarks is obtained from the diagram where the two quarks interchange a gluon. If
fact we do not even have to compute the diagram. It suffices to compare the corre-
sponding processes in QCD and QED

ΛQCD � mu,md
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Farewell

‣ QFT is a vast and complex subject

‣ SM is a big achievement

‣ It summarises our knowledge of the fundamental laws of 
Nature

‣ But also our ignorance

‣ Many puzzles and unanswered questions remain

‣ We may be at the end of a cycle.  Perhaps the symmetry 
paradigm has been exhausted.

‣  Naturalness, a red herring? Higgs or not Higgs

‣Gravity into the picture finally?

‣Hopefully we are entering a golden decade

Thank you
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