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Introduction to Axions

• Axions originally introduced to solve the strong CP problem: 

• U(1) PQ symmetry spontaneously broken at high scale 
 
 

•    Axion mass is small  (QCD effects) 
 
 
  as are couplings to the Standard Model        
 
 
        good cold DM candidate 
 

Experiments need to  
scan over masses

Slow, loss of constraining power 
Ciaran O'Hare
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Introduction to Axions

Experiments need to  
scan over masses

Slow, loss of constraining power 
Ciaran O'Hare

Can we predict the axion mass?
It depends.
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Post- vs Pre-inflationary scenario
Two different scenarios can be considered: 

Breaking the PQ symmetry before or after inflation
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Post- vs Pre-inflationary scenario
Two different scenarios can be considered: 

Breaking the PQ symmetry before or after inflation

Hubble-sized patches 
(uniform within a horizon)

Axion field 
 after breaking the PQ symmetry:

Spontaneous symmetry breaking:
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Post- vs Pre-inflationary scenario
Two different scenarios can be considered: 

Breaking the PQ symmetry before or after inflation

Observable Universe

Inflation

PQ broken before inflation:

Hubble-sized patches 
(uniform within a horizon)

Axion field 
 after breaking the PQ symmetry:
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Post- vs Pre-inflationary scenario
Two different scenarios can be considered: 

Breaking the PQ symmetry before or after inflation

PQ broken after inflation:
PQ broken before inflation:

Observable Universe Hubble-sized patches 
(uniform within a horizon)
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Post- vs Pre-inflationary scenario
Two different scenarios can be considered: 

Breaking the PQ symmetry before or after inflation

PQ broken after inflation:
PQ broken before inflation:

Two free parameters: One free parameter:
.
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Post- vs Pre-inflationary scenario
Two different scenarios can be considered: 

Breaking the PQ symmetry before or after inflation

PQ broken after inflation:

We can predict 
the axion mass!

One free parameter:
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Post- vs Pre-inflationary scenario
Two different scenarios can be considered: 

Breaking the PQ symmetry before or after inflation

PQ broken after inflation:

We can predict 
the axion mass!

Requires us to understand the 
cosmological evolution of  

the axion field

One free parameter:

Assumptions:
• PQ symmetry broken after inflation
• Domain wall number N=1
• Standard Cosmology (Axions all of DM)
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Big Bang
Cosmological history of the post-inflationary axion
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What are axion strings?

• Axion strings are topological defects
• String width given by
• Created during PQ breaking
• Destroyed during the QCD phase transition
• Strings produce axions Need to understand their evolution!
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Why is simulating axion strings hard?
Approach: Solve equations of motions on a 3D lattice 
                    (in comoving coordinates)
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Why is simulating axion strings hard?

Two competing scales: 1. Width of string decreases with time (given by radial mode mass)
2. Size of string increases with time (given by Hubble)

Approach: Solve equations of motions on a 3D lattice 
                    (in comoving coordinates)
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Why is simulating axion strings hard?

Comoving coordinates

Approach: Solve equations of motions on a 3D lattice 
                    (in comoving coordinates)

Two competing scales: 1. Width of string decreases with time (given by radial mode mass)
2. Size of string increases with time (given by Hubble)
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Why is simulating axion strings hard?

Scale separation characterized 
by             which increases in time

By the time the string network 
decays have 

Comoving coordinates

Extrapolations will be needed

Approach: Solve equations of motions on a 3D lattice 
                    (in comoving coordinates)

Two competing scales: 1. Width of string decreases with time (given by radial mode mass)
2. Size of string increases with time (given by Hubble)
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Why is simulating axion strings hard?
Our approach: Adaptive Mesh RefinementHigh resolution only needed 

close to the string:

We are able to maintain 
a high string resolution 

AND 
simulate for longer

(Three orders of magnitude 
leap in dynamic range)
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Why is simulating axion strings hard?
Our approach: Adaptive Mesh RefinementHigh resolution only needed 
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Simulation performed at NERSC 
69,632 CPU cores for 3+ days

100 TB of RAM needed
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Properties we need to understand:
1. Evolution of the total string length
2. Evolution of the axion spectrum

Dark matter density set by 
axion number density

Simulation performed at NERSC 
69,632 CPU cores for 3+ days

100 TB of RAM needed
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Properties we need to understand:
1. Evolution of the total string length
2. Evolution of the axion spectrum

Dark matter density set by 
axion number density

Simulation performed at NERSC 
69,632 CPU cores for 3+ days

100 TB of RAM needed
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String length evolution

String length per 
Hubble volume

Logarithmic increase
(Consistent with previous simulations,

e.g. Gorghetto et al. [2007.04990])

Extrapolates to 

70
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Evolution of the axion spectrum
Emission spectra can be described 

by a power-law:
• IR emission (q>1) contributes to  

relic density 
- lots of axions with little energy

• UV emission (q<1) redshifts away 
- few axion with high energy
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Evolution of the axion spectrum

IR emission

UV emission

• No evidence for q evolving. Fits are consistent with q~1:
• This disagrees with simulations by Gorghetto et al. (2007.04990)  

but is be favored by theoretical arguments (see e.g. Dine et al., 2012.13065)
• More work needed to fully understand evolution of spectrum!
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Evolution of the axion spectrum

IR emission

UV emission

Gorghetto et al.

• No evidence for q evolving. Fits are consistent with q~1:
• This disagrees with simulations by Gorghetto et al. (2007.04990)  

but is be favored by theoretical arguments (see e.g. Dine et al., 2012.13065)
• More work needed to fully understand evolution of spectrum!
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Scale separation at time of 
QCD phase transition

String length per Hubble volume  
at QCD phase transition

Breaking scale (axion mass)

Determined from axion spectrumAxion density from strings

Predicting the axion mass
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Scale separation at time of 
QCD phase transition

String length per Hubble volume  
at QCD phase transition

Breaking scale (axion mass)

Determined from axion spectrumAxion density from strings

Predicting the axion mass

Contains (subleading) contribution 
from string network decay 

at QCD phase transition

MB, J. Foster, B. Safdi, arXiv:1906.00967
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Predicting the axion mass

Ciaran O'Hare

Our prediction
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Summary

• Axion mass can be predicted if PQ symmetry  
is broken after inflation 

• Simulations are required to study evolution of  
the axion string network 

• We use adaptive mesh refinement to achieve  
three orders of magnitude improvement in  
dynamic range over previous simulations 

• We find logarithmically increasing string  
length but scale invariant axion spectrum 

•



QUESTIONS?
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What are axion strings?

• Axion strings are topological defects
• String width given by
• Created during PQ breaking
• Destroyed during the QCD phase transition
• Strings produce axions Need to understand their evolution!



What if scaling solution assumption strongly violated?Axions with AMReX

start new refinement level to 
maintain resolution

static lattice lose 
resolution to strings at late 

times



How to calculate the DM relic abundance

⌦str
a / axion number density at QCD phase transition

⌦str
a / ⇠⇤ ⇥ hH

k
i

leaving off 
dependence on 
string tension

number of strings 
per Hubble at QCD

inverse axion 
wavelength from 
string radiation at 
QCD



How to calculate the DM relic abundance

⌦str
a / ⇠⇤ ⇥ hH

k
i

How to compute <H/k>: Numerically integrate 
spectrum in IR, power-law fit in UV 4
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Figure 3. (Above) Example fits to the instantaneous emis-
sion spectrum calculated at logmr/H = 8.75. In our fiducial
analysis, the instantaneous emission spectra are calculated
using a timestep corresponding to � logmr/H = 0.25, and
a power-law model is fit to the data at k between the IR
and UV cuto↵s of kIR = 50H and kUV = mr/16. The data
included in this fit range is shown in grey with the best-fit
power law depicted in black. We also illustrate two system-
atic variations, one in which we extend our IR cuto↵ down to
kIR = 30H (“Extended IR Data”), and another where we ex-
tend our UV cuto↵ upward to kUV = mr/12 (“Extended UV
data”). For clarity, the data are down-binned by a factor of 2
in k/H. (Below) The evolution of the fitted power-law index
q as a function of logmr/H. The best fit indices obtained in
our fiducial analysis are shown in black, with red showing the
indices computed using � logmr/H = log 2. In our fiducial
analysis we constrain q = 1.02 ± 0.03, which is shaded. For
comparison, the best fit linear growth of q obtained in [27] is
shown in dotted grey.

a systematic variation where we use � logmr/H = log 2
when computing F . We compare our results to the best-
fit model obtained in [27], who claimed evidence that
q evolves logarithmically in time, with q > 1 at late
times. In particular, Ref. [27] fit the evolution model
q(t) = q1 log(mr/H) + q0 to their q data and found evi-
dence for non-zero q1, claiming q1 = 0.053 ± 0.005. Fit-
ting this model to our q data (see Methods for details)
yields q1 = �0.04 ± 0.08 and q0 = 1.36 ± 0.69, which is
in tension with the results in [27]. (The best-fit model
in that work is inconsistent at the level ⇠1.8� with our
measured q values). Given that we do not find evidence
for logarithmic growth of q, we impose q1 = 0 and find
q0 = 1.02 ± 0.04, which is interestingly consistent with
the scale invariant spectrum q0 = 1, suggested in [13], to
within ⇠5%. An additional argument in favor of q0 = 1 is
that the string loops appear logarithmically distributed
in size, as shown in Fig. S3 and as expected for a network
of intersecting strings (see Methods).

One di↵erence between [27] and this work that may

contribute to the di↵erence in q is that Ref. [27] used
xUV = 4; in Supp. Fig. S4 we show that using xUV = 4
in our fits also leads to positive q1 at non-trivial signif-
icance (see Supp. Tab. S2); however, as illustrated in
Supp. Fig. S8 at large logmr/H and xUV = 4 the fits
become visibly poor at large k/H because the spectrum
F (k/H) begins to drop rapidly for k ⇠ mr. The fact
that [27] is only resolving the string cores by around one
grid site at large logmr/H may also play a role. We test
the importance of the string-core resolution by perform-
ing an alternate simulation where we do not add extra
refinement levels after logmr/H ⇡ 5.3, such that � is
resolved by one grid site at logmr/H ⇡ 8.1 (see Supp.
Fig. S1). As illustrated in Supp. Fig. S10, in this case
the spectrum becomes distinctly biased towards larger q

at larger log, where the string-core resolution is low.
Our result that q1 is consistent with zero is robust

to changes to xUV (Supp. Fig. S4 and Tab. S2), for
32 � xUV & 8, to xIR (Supp. Fig. S5 and Tab. S1), for
the range 30  xIR  100 that we consider, to the � log
size used in computing F (Supp. Fig. S6 and Tab. S3), for
0.125  � log  log 2, and to the method used for regu-
lating the string cores when computing F (Supp. Fig. S7
and Tab. S4).

DARK MATTER DENSITY

The axion EOM during the QCD epoch generi-
cally violates number density conservation. In partic-
ular, the non-linear axion potential is a function of
cos(a/fa), which implies that non-linear terms in the
EOM are important if |a/fa| & ⇡. Given the in-
stantaneous spectrum F (k/H) we may compute the
average field value squared at a given time t by
h(a/fa)2i ⇡ 4⇡

R t
(dt

0
/t)⇠(t0)h(H 0

/k
0)2i logmr/H

0, with
h(H 0

/k
0)2i being the expected value of H/k at time

t
0 computed from the distribution F (k/H) (see Meth-
ods and note that this is accurate to leading order in
logmr/H). We expect h(H/k)2i to be proportional to
H

2
/k

2

IR
, with kIR/H /

p
⇠ being the e↵ective IR cut-

o↵ for F (k/H) that arises from the typical separation of
strings ⇠k

�1

IR
; note that this implies that as ⇠(t) grows

with time, the e↵ective IR cut-o↵ moves towards the UV
like

p
⇠ because the strings become more closely packed

together. Let us define a dimensionless coe�cient � by
the relation h(H/k)2i�1 = � ⇠; a fit of this functional
form to the spectral data leads to � = 840 ± 70 for
q = 1.06 (see Supp. Fig. S9). Note that smaller values of
q lead to larger values of � and that q = 1.06 is the maxi-
mum value of q allowed at 1� from our analysis. In terms
of this coe�cient h(a/fa)2i ⇡ (4⇡/�) logmr/H . 1.1
(for logmr/H . 70), which implies that non-linear num-
ber changing processes are at most marginally relevant.
(Non-linear corrections to the linearized force are at most
⇠15%.) This justifies our use of number density conser-
vation below in estimating the DM abundance.
To compute the axion number density we need to com-

p
⇠IR cut-off moves to UV like (maximum string curvature scale)
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Figure 4. Evolution of the axion number density. The
inverse expectation value hH/ki

�1 is computed using the in-
stantaneous axion spectrum F (k/H) by numerically integrat-
ing the spectrum to k/H = xmax = 50 and then analytically
integrating the power law distribution F (x) / x

�q from xmax

to the UV cut-o↵ at k/H ⇠ e
log⇤ for log⇤ ⇡ 65. The data are

illustrated along with their 68% uncertainties. For q > 1 the
expectation value does not strongly depend on the UV cut
o↵ but is instead a function of the e↵ective IR cut-o↵, which
is set by ⇠ such that hH/Ki

�1 = �
p
⇠ for some parameter

�, which we determine by fitting this model to the numerical
data as illustrated here. Smaller values of � correspond to
larger axion number densities and thus large axion DM den-
sities. Here, we illustrate the result for the maximum allowed
q of 1.06, which leads to the smallest � consistent with our
simulation results.

strings ⇠k
�1
IR ; note that this implies that as ⇠(t) grows

with time, the e↵ective IR cut-o↵ moves towards the
UV like

p
⇠ because the strings become more closely

packed together. Let us define a dimensionless coe�-
cient � by the relation h(H/k)2i�1 = � ⇠; a fit of this
functional form to the spectral data leads to � = 840±70
for q = 1.06 (see Supplementary Fig. 9). Note that
smaller values of q lead to larger values of � and that
q = 1.06 is the maximum value of q allowed at 1� from
our analysis. In terms of this coe�cient h(a/fa)2i ⇡
(4⇡/�) logmr/H . 1.1 (for logmr/H . 70), which im-
plies that non-linear number changing processes are at
most marginally relevant. (Non-linear corrections to the
linearized force are at most ⇠15%.) This justifies our use
of number density conservation below in estimating the
DM abundance.

To compute the axion number density we need to com-
pute the expectation value hH/ki over the distribution
F (k/H). Following the justification in the previous para-
graph we may parameterize this expectation value in
terms of the IR cut-o↵ and thus ⇠, hH/ki�1 = �

p
⇠,

for a dimensionless parameter �. In Fig. 4 we illustrate
the hH/ki�1 data, assuming q = 1.06, as a function of
logmr/H along with the best fit model, which leads to
� = 113 ± 7; note that smaller values of q lead to larger
values of �. To compute hH/ki�1 (and also h(H/k)2i�1)
we numerically integrate the spectrum up to k/H =
xmax, with xmax = 50, and then analytically integrate
the power-law functional form F (k/H) / 1/k

q from xmax

to k/H ⇠ e
log⇤ , with log⇤ ⇠ 60 � 70. The axion number

density at the epoch of the QCD phase transition is then,
to leading order in log⇤, n

string
a ⇡ (8⇡f

2
aH/�)

p
⇠⇤ log⇤.

If the spectrum is exactly scale invariant at large k,
such that q = 1, then � / log(mr/H). Defining � =
�1 log(mr/H) in this case we compute �1 = 6.2 ± 0.4.
The axion number density from strings is then n

string
a ⇡

(8⇡f
2
aH/�1)

p
⇠⇤. At 1� we find that q could be as low as

q ⇡ 0.98. For q < 1 the quantity � increases for increasing
UV cut-o↵s like (mr/H)1�q; in particular, for q = 0.98
and logmr/H = 70 we calculate � = 820 ± 50. Thus,
accounting for the uncertainty on q from our simulations
we find that � is in the range � 2 (106, 870).
Let us more precisely define the time t⇤ as the time

when the axion field becomes dynamical, which is when
3H(t⇤) = ma(t⇤), for a time-dependent mass ma(t)
that is increasing rapidly during the QCD phase tran-
sition [30]. The axion string network is observed to col-
lapse around t⇤ (see, e.g., [26]), meaning that at times
t & t⇤ axion number density is conserved. Assuming ax-
ion number density conservation allows us to relate the
present-day DM abundance to the expression for n

string
a

at t⇤ (see Methods):

⌦str
a ⇡ 0.12h

�2

✓
fa

4.3 · 1010GeV

◆1.17 107

�

r
⇠⇤
17

log⇤
70

. (2)

Axions produced from domain wall and misalignment dy-
namics during the QCD phase transition provide a sub-
dominant contribution to the DM density [26]: ⌦QCD

a ⇡
0.017h

�2(fa/4.3 · 1010 GeV)1.17. The DM abundance as
measured by the Planck Observatory using the cosmic
microwave background is ⌦DM = (0.12 ± 0.0012)h�2,
with h the Hubble rate scaling factor [37]. Adding in
the contribution from the QCD phase transition ⌦QCD

a ,
and assuming q 2 (0.98, 1.06), we find that the fa that
gives rise to the observed DM abundance should be in the
range fa 2 (3.1 ⇥ 1010, 1.4 ⇥ 1011) GeV (ma 2 (40, 180)
µeV), where for the lower fa bound we have conserva-
tively allowed for the possibility that at t⇤ the remaining
energy density in strings is instantaneously deposited into
axions with spectrum F , raising the string-induced DM
density by a factor of 3/2, though in actuality this contri-
bution is likely smaller since the spectrum shifts towards
the UV as ma(t) increases. If the index is scale invariant
(q = 1), then we predict ma = 65 ± 6 µeV.

DISCUSSION

In this work we provide the largest and highest-
resolution simulation of the axion string network to-date
by making use of an AMR framework that allows us to
resolve the axion string cores while maintaining lower res-
olution over the majority of the simulation volume. Our
AMR approach may be used in the future to simulate the
axion dynamics at the QCD epoch where domain walls
form and the string network collapses [26] and to study

Numerically integrate spectrum in IR, power-law fit in UV 



Systematic Tests: UV cut-off in fitting q
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Supplementary Figure 8. Systematic variations to the instantaneous emission spectrum fitting range. (Top)
Example fits to the instantaneous emission spectrum at log(mr/H) = 8.75 for our three largest choices of the UV cuto↵ for the
fitting range. The data indicated in grey corresponds to the range k 2 (30H, mr/8), with associated fit in black. In red, which
show the fit obtained with the range k 2 (30H, mr/6), which includes the grey and additionally light-red data. In dark blue,
we show the fit obtained with the range k 2 (30H, mr/4), which includes the grey, light-red, and light-blue data. Error bars
have been obtained in a data-driven way from the fits using the procedure described in Methods Sec. I. Visible mismodeling
at large k/H biases the fitted power-law towards artificially larger q. This can be contrasted with the results shown in Fig. 3,
where a more conservative choice of UV cuto↵ does not result in apparent mismodeling at an identical time. (Bottom) The time
evolution of the emission spectrum index for these large choices of UV cuto↵ for the fitting range. A clear trend of increasing
q is obtained for the largest UV cuto↵, suggesting that choices of large UV cuto↵ may result in unphysical growth in the fitted
spectral index. Evidence for the linear growth of q in log(mr/H) was claimed in [1] based on analysis performed with the fitting
range k 2 (30H, mr/4). Error bars correspond to the normally distributed 68% confidence intervals.

Supplementary Figure 9. Evolution of the inverse axion momentum squared over time. The inverse expectation value
h(H/k)2i�1 computed using the axion spectrum F (k/H) by numerically integrating the spectrum to k/H = xmax = 50 and
then analytically integrating the power law distribution F (x) / x

�q from xmax to the UV cut-o↵ at k/H ⇠ e
log⇤ for log⇤ ⇡ 65

(as in Fig. 4). Smaller values of � correspond to larger axion field values. Here, we illustrate the result for the maximum
allowed q of 1.06, which leads to the smallest � consistent with our simulation results. Error bars correspond to the normally
distributed 68% confidence intervals.

Important to be far away from the UV cut-off when fitting 
power-law for q
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Supplementary Figure 3. Distribution of string loop lengths. (Left) The total string length in string loops smaller than
`, ⇠`, versus ` for various values of logmr/H. It is clear that as time progresses the string loop distribution is approaching an
attractor solution. We perform a power-law fit of the form ⇠` = D`

m to the string loop distribution within the attractor regime
(dashed lines). (Right) Distribution of the index m. The result is joint assuming no time dependence finding m = 0.97± 0.03
(gray band). As argued in the text, this attractor solution leads to an axion spectrum with q = 1. Error bars correspond to
the normally distributed 68% confidence intervals.

1.0 1.1 1.2 1.3
q

mr/32

mr/28

mr/24

mr/16

mr/12

mr/8

mr/6

mr/4

U
V

C
ut

o�
V

ar
ia

ti
on

s

log
�

mr

H

�
= 8.75

log
�

mr

H

�
= 8.25

�0.3 �0.2 �0.1 0.0 0.1 0.2
q1 [Linear Fit]

This Work

w/o Systematic

Supplementary Figure 4. Fit results for the axion emission spectral evolution over time with varying UV cut-o↵s.

(Left) A comparison of the best-fit values for the index q of string emission at selected times for several choices of the UV
cuto↵ of the fit range. (Right) Same as left but for q1. All index evolution results for these variations are presented in detail
in Tab. II. Note that the “w/o Systematic” data points do not include the systematic nuisance parameter � as given in the
likelihood in (25). Error bars correspond to the normally distributed 68% confidence intervals.

Coe�cient xIR = 30 xIR = 50 xIR = 75 xIR = 100

q1 0.07± 0.07 �0.04± 0.08 �0.06± 0.13 �0.32± 0.26

q0 0.41± 0.58 1.36± 0.69 1.5± 1.12 3.68± 2.21

q
const.
0 0.98± 0.04 1.02± 0.04 1.0± 0.05 1.02± 0.07

Table I. Fit results for the spectral evolution with di↵erent IR cuto↵s. Results of the fits to the spectral evolution
holding all our fiducial analysis choices fixed but for various IR cuto↵s xIR. We provide the fits and uncertainties for the q1

and q0 in the linearly growing index model and the best fit constant for q
const.
0 in the constant index model. Our fiducial choice

of xIR = 50 is shown in bold.

previous simulations

our work

Systematic Tests: UV cut-off in fitting q
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Supplementary Figure 10. Dependence of the instantaneous emission spectrum on the simulation resolution. As
in Fig. 3, but comparing fits to the emission spectrum and index evolution for our fiducial simulation output and a lower-
resolution simulation. The two simulations are identical until logmr/H ⇡ 5.3 when the low-resolution simulation stops adding
extra refinement levels. The low-resolution simulation is then run until logmr/H ⇡ 8, when we saturate the mr�x . 1
resolution requirement. (Top) A comparison of the emission spectra and fits for the fiducial simulation (data in grey, fit in
black) and the lower-resolution simulation (data in light red, fit in maroon) at logmr/H ⇡ 7.75, which is the final emission
spectrum obtained in our lower-resolution simulation. The lower-resolution simulation prefers a larger power-law index in the fit,
and the data-driven errors are somewhat larger than in our fiducial simulation. (Bottom) A comparison of the best-fit emission
spectrum index as a function of logmr/H for the fiducial and lower-resolution simulation. Over the range of logmr/H to which
we are sensitive in the lower-resolution simulation, the emission spectra realize larger indices, suggesting that resolution loss
in a uniform resolution simulation that saturates the resolution criteria may lead to a systematic bias towards index growth.
Error bars correspond to the normally distributed 68% confidence intervals.

Coe�cient xUV = 4 xUV = 6 xUV = 8 xUV = 12 xUV = 16 xUV = 24 xUV = 28 xUV = 32

q1 0.17± 0.05 0.08± 0.04 0.04± 0.05 �0.01± 0.06 �0.04± 0.08 0.08± 0.09 0.08± 0.12 �0.2± 0.2

q0 �0.22± 0.37 0.39± 0.32 0.7± 0.41 1.09± 0.51 1.36± 0.69 0.36± 0.78 0.34± 1.05 2.74± 1.68

q
const.
0 1.12± 0.05 1.06± 0.03 1.03± 0.03 1.03± 0.03 1.02± 0.04 1.05± 0.04 1.05± 0.04 1.03± 0.05

Table II. Fit results for the spectral evolution with di↵erent UV cuto↵s. As in Tab. I, but for varying UV cuto↵ xUV

with all other parameters fixed to their fiducial values. Our fiducial choice of xUV = 16 is shown in bold.

Coe�cient � log = 0.125 �log = 0.25 � log = 0.5 � log = log 2

q1 0.0± 0.09 �0.04± 0.08 �0.05± 0.09 �0.1± 0.06

q0 1.02± 0.72 1.36± 0.69 1.4± 0.73 1.84± 0.46

q
const.
0 1.03± 0.04 1.02± 0.04 1.02± 0.03 1.03± 0.01

Table III. Fit results for the spectral evolution with di↵erent steps in log(mr/H). As in Tab. I, but now holding all
our fiducial analysis choices fixed, with the exception of the size of the step in log(mr/H) used in the finite di↵erence for the
calculation of the instantaneous emission spectrum. We vary between � log(mr/H) 2 {0.125, .25, .5, log(2)}, with the log(2)
di↵erences corresponding to a Hubble time spacing. Our fiducial choice of � log(mr/H) = 0.25 is shown in bold.

Systematic Tests: resolving string cores
same simulation without refinement levels: 
resolve core by 1 grid site at the end
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Coe�cient Eq. 9 Mask Eq. 10 Mask Eq. 11 Mask

q1 �0.04± 0.08 �0.04± 0.08 �0.05± 0.08

q0 1.36± 0.69 1.37± 0.65 1.39± 0.7

q
const.
0 1.02± 0.04 1.02± 0.03 1.02± 0.03

Table IV. Fit results for the spectral evolution with di↵erent string masks. As in Tab. I, but now holding all our
fiducial analysis choices fixed, with the exception of the choice of screening mask. We vary this choice between the screening
functions described in (9), (10), and (11). Our fiducial choice of screening in the form of (9) is shown in bold.
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Supplementary Figure 11. The di↵erence in string lengths per Hubble with and without the AMR framework.

Relative di↵erence between string lengths computed from a simulation with a high-resolution static grid, ⇠static, and an AMR
grid, ⇠AMR, using identical initial states. The di↵erence between both simulations is less than 0.4% and centered around zero
with no observable drift. This provides evidence that the AMR method yields compatible results with the static grid method.
The advantage of AMR, however, is that it is easier to simulate to larger log values.

Supplementary Figure 12. The di↵erence in the instantaneous spectrum with and without the AMR framework.

As in Fig. 11, but for the instantaneous axion emission spectrum F as a function of k/H. The spectrum is computed by
comparing the states between logmr/H = 4.953 and logmr/H = 5.790. The largest k considered in this work, relative to
mr, is k = mr/4, which is indicated in vertical dashed red. Below the k/H = mr/4H, the precision-limited di↵erences in the
emission spectra are below the one-percent level and thus subdominant compared to our statistical uncertainties.

L/kmax 1.8 (1) 1.8 (2) 1.8 (Stacked) 8.8 (1) 8.8 (2) 8.8 (Stacked) 4.8 (Fiducial)

q 0.91± 0.37 0.98± 0.18 0.98± 0.28 0.96± 0.21 1.05± 0.15 1.00± 0.15 0.92± 0.09

Table V. Dependence of the axion radiation spectral index on the initial simulation state. Tabulated results of the
spectral index q for the di↵erent statistical realizations of the simulations using di↵erent initial mode numbers, as described in
Methods Sec. K. We compare the best-fit power-law indices at log = 6.75 for each simulation at L/kmax = 1.8 and L/kmax = 8.8
and their stacked results with our fiducial simulation using L/kmax = 4.8, which all demonstrate mutual compatibility.

Systematic Tests: AMR and static 
lattice simulations give consistent 

results in range of validity 



What are we doing now? 

Perlmutter + GPU acceleration

1. GPU cluster being 
commission now. Already 
5th most powerful 
supercomputer in world

2. our plan: run on few 
thousand GPUs for 
increase in dynamic range


