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Nucleon spin

Naïve Quark Model

Almost none of nucleon spin
is carried by quarks!

Sea-quarks and gluons? Orbital angular momenta ?

Nucleon spin puzzle!?

Tensor structure  b1 (e.g. deuteron)

b1=0
only S wave

b1≠0
S + D waves

“old” standard model

standard model

?

Tensor-structure puzzle!?

b1
experiment

≠b1
“standard model”



?

Gluon transversity ΔT g

b1  (δTq,  δT g) ≠ 0 ⇔  still ΔT g = 0

S + D waves

p

n

What would be the mechanism(s) 
for creating ΔT g ≠ 0?

Helicity amplitude A(Λ i ,λi ,  Λ f ,λ f ),    conservation Λ i − λi = Λ f − λ f

Longitudinally-polarized quark in nucleon:  Δq(x) ~  A + 1
2
+ 1

2
,  + 1

2
+ 1

2
⎛
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Quark transversity in nucleon:                     ΔTq(x) ~  A + 1
2
+ 1

2
,  − 1

2
− 1

2
⎛
⎝

⎞
⎠ ,     λi = + 1

2
→ λ f = − 1

2
 quark spin flip (Δs = 1) 

Gluon transversity in deuteron:                    ΔT g(x) ~  A +1 +1,  −1 −1( ) ,            A + 1
2
+1,  − 1

2
−1⎛

⎝
⎞
⎠  not possible for nucleon

Note: Gluon transversity does not exist for spin-1/2 nucleons.

Δs = 1



Twist-2 TMDs for spin-1/2 nucleons and spin-1 hadrons

Bacchetta-Mulders, PRD 62 (2000) 114004.Twist-2 TMDs

Twist-2 collinear PDFs [· · ·]= chiral odd

T-even T-odd T-even T-odd T-even T-odd

U f1 [h1]

L g1L [h1L]

T f1T g1T [h1], [h1T]

LL f1LL [h1LL]

LT f1LT g1LT [h1LT], [h1LT]

TT f1TT g1TT [h1TT], [h1TT]

Quark

Hadron

⊥ ⊥

⊥

⊥

⊥

⊥

⊥

U (γ + ) L (γ +γ 5 ) T (iσ i+γ 5 /σ i+ )

T-even T-odd T-even T-odd T-even T-odd

U f1

L g1L (g1)   

T [h1]

LL f1LL (b1)

LT

TT

Quark

Hadron

U (γ + ) L (γ +γ 5 ) T (iσ i+γ 5 /σ i+ )

Spin-1/2 nucleon
(also spin-1 hadrons)

Spin-1 hadrons

*1

*1   Because of the time-reversal invariance, the collinear PDF h1LT (x) vanishes. 
       However, since the time-reversal invariance cannot be imposed
       in the fragmentation functions, we should note that the corresponding
       fragmentation function H1LT (z) should exist as a collinear fragmentation function.
       (see our PRD paper for the details)



TMDs and PDFs
for spin-1 hadrons

up to twist 4

SK and Qin-Tao Song, 
PRD 103 (2021) 014025.

Note:  Higher-twist effects are sizable at a few GeV2 Q2

in tensor-polarized structure functions,
W. Cosyn, Yu-Bing Dong, SK, M. Sargsian, 
PRD 95 (2017) 074036.



TMDs and their sum rules for spin-1 hadrons 

T-even T-odd T-even T-odd T-even T-odd

U f3 [h3]

L g3L [h3L]

T f3T g3T [h3T], [h3T]

LL f3LL [h3LL]

LT f3LT g3LT [h3LT], [h3LT]

TT f3TT g3TT [h3TT], [h3TT]

Quark

Hadron

⊥

⊥

⊥

⊥ ⊥

⊥

⊥

γ − γ −γ 5 σ i−

T-even T-odd T-even T-odd T-even T-odd

U f  
[e] g [h]

L fL
[eL] gL [hL]

T fT, fT
[eT, eT] gT, gT [hT], [hT]

LL fLL
[eLL] gLL [hLL]

LT fLT, fLT
[eLT, eLT] gLT, gLT [hLT], [hLT]

TT fTT, fTT
[eTT, eTT] gTT, gTT [hTT], [hTT]

Quark

Hadron

⊥

⊥

⊥

⊥

⊥

⊥

⊥

⊥

⊥

⊥

⊥

⊥

⊥

⊥

γ i ,  1,  iγ 5 γ +γ 5 σ ij ,  σ −+

⊥

⊥

⊥

⊥

Twist-3 TMDs Twist-4 TMDs

T-even T-odd T-even T-odd T-even T-odd

U f1 [h1]

L g1L [h1L]

T f1T g1T [h1], [h1T]

LL f1LL [h1LL]

LT f1LT g1LT [h1LT], [h1LT]

TT f1TT g1TT [h1TT], [h1TT]

Quark

Hadron

⊥ ⊥

⊥

⊥

⊥

⊥

⊥

U (γ + ) L (γ +γ 5 ) T (iσ i+γ 5 /σ i+ )

Twist-2 TMDs Time-reversal invariance in colliear corrlation functions (PDFs)

              d 2kTΦT-odd (x,kT
2 )∫ = 0

Sum rules for the TMDs of spin-1 hadrons

              d 2kT  h1LT (x,kT
2 )∫ = 0,                d 2kT  gLT (x,kT

2 )∫ = 0,

              d 2kT  hLL(x,kT
2 )∫ = 0,                 d 2kT  h3LT (x,kT

2 )∫ = 0

For example, in the twist-4

              d 2kT  h3LT (x,kT
2 )∫ ≡ d 2kT  ′h3LT (x,kT

2 ) − kT
2

2M 2 h3LT (x,kT
2 )⎡

⎣⎢
⎤
⎦⎥∫ = 0

[ ] = chiral odd

New TMDs

see Appendix I and PRD paper
for the details



New fragmentation functions (FFs) for spin-1 hadrons
Corresponding fragmentation functions exist for the spin-1 haddrons
        simply by changing function names and kinematical variables.
TMD distribution functions:        f ,   g,   h,   e ;      x,   kT ,   S,     T ,    M,    n,   γ + ,   σ i+

                                                                                   ⇓
TMD fragmentation functions:   D,   G,   H,   E ;   z,   kT ,   Sh ,   Th ,   Mh ,   n,   γ − ,   σ i−

Collinear FFs: 
X. Ji, PRD 49, 114 (1994).

T-even T-odd T-even T-odd T-even T-odd

U D1

L G1L

T [H1]

LL D1LL

LT [H1LT]

TT

Quark

Hadron

U (γ + ) L (γ +γ 5 ) T (iσ i+γ 5 /σ i+ )

T-even T-odd T-even T-odd T-even T-odd

U [E]

L [HL]

T GT

LL [ELL] [HLL]

LT DLT GLT

TT

Quark

Hadron

γ i ,  1,  iγ 5 γ iγ 5 σ ij ,  σ −+

T-even T-odd T-even T-odd T-even T-odd

U D3

L G3L

T [H3T]

LL D3LL

LT [H3LT]

TT

Quark

Hadron

γ − γ −γ 5 σ i−

T-even T-odd T-even T-odd T-even T-odd

U D1 [H1]

L G1L [H1L]

T D1T G1T [H1], [H1T]

LL D1LL [H1LL]

LT D1LT G1LT [H1LT], [H1LT]

TT D1TT G1TT [H1TT], [H1TT]

Quark

Hadron

⊥ ⊥

⊥

⊥

U (γ + ) L (γ +γ 5 ) T (iσ i+γ 5 /σ i+ )

⊥

⊥

⊥

T-even T-odd T-even T-odd T-even T-odd

U D  
[E] G [H]

L DL 
[EL] GL [HL]

T DT, DT
[ET, ET] GT, GT [HT], [HT]

LL DLL
[ELL] GLL [HLL]

LT DLT, DLT 
[ELT, ELT] GLT, GLT [HLT], [HLT]

TT DTT, DTT 
[ETT, ETT] GTT, GTT [HTT], [HTT]

Quark

Hadron

⊥

⊥

⊥

⊥

γ i ,  1,  iγ 5 γ iγ 5 σ ij ,  σ −+

⊥

⊥

⊥

⊥

⊥

⊥

⊥

⊥

⊥

⊥

⊥

⊥

⊥

⊥

T-even T-odd T-even T-odd T-even T-odd

U D3 [H3]

L G3L [H3L]

T D3T G3T [H3T], [H3T]

LL D3LL [H3LL]

LT D3LT G3LT [H3LT], [H3LT]

TT D3TT G3TT [H3TT], [H3TT]

Quark

Hadron

⊥ ⊥

⊥

⊥

γ − γ −γ 5 σ i−

⊥

⊥

⊥

Collinear FFs, twist 2 Collinear FFs, twist 3 Collinear FFs, twist 4

TMD FFs, twist 2 TMD FFs, twist 3 TMD FFs, twist 4

New TMD FFs

[ ] = chiral odd

see arXiv:2201.05397



PDFs for spin-1 hadrons 

Twist-3 PDFs Twist-4 PDFs

Twist-2 PDFs

T-even T-odd T-even T-odd T-even T-odd

U f1

L g1L (g1)   

T [h1]

LL f1LL (b1)

LT

TT

Quark

Hadron

U (γ + ) L (γ +γ 5 ) T (iσ i+γ 5 /σ i+ )

T-even T-odd T-even T-odd T-even T-odd

U [e]

L [hL]

T gT

LL [eLL]

LT fLT

TT

Quark

Hadron

γ i ,  1,  iγ 5 γ +γ 5 σ ij ,  σ −+

*2

*3

*1

T-even T-odd T-even T-odd T-even T-odd

U f3

L g3L

T [h3T]

LL f3LL

LT

TT

Quark

Hadron

γ − γ −γ 5 σ i−

*4

*1: h1LT (x),     *2: gLT (x),     *3: hLL(x),     *4: h3LT (x)
     Because of the time-reversal invariance, the collinear PDF vanishes. 
     However, since the time-reversal invariance cannot be imposed
     in the fragmentation functions, we should note that the corresponding
     fragmentation function should exist as a collinear fragmentation function.

[ ] = chiral odd

New collinear PDFs



Twist-2 relation and sum rule 
for PDFs of spin-1 hadrons

(analogous to the Wandzura-Wilczek relation 
and the Burkhardt-Cottingham sum rule)

SK and Qin-Tao Song, 
JHEP 09 (2021) 141.



PDFs for spin-1 hadrons 

Twist-3 PDFs Twist-4 PDFs

Twist-2 PDFs

T-even T-odd T-even T-odd T-even T-odd

U f1

L g1L (g1)   

T [h1]

LL f1LL (b1)

LT

TT

Quark

Hadron

U (γ + ) L (γ +γ 5 ) T (iσ i+γ 5 /σ i+ )

T-even T-odd T-even T-odd T-even T-odd

U [e]

L [hL]

T gT

LL [eLL]

LT fLT

TT

Quark

Hadron

γ i ,  1,  iγ 5 γ +γ 5 σ ij ,  σ −+

*2

*3

*1

T-even T-odd T-even T-odd T-even T-odd

U f3

L g3L

T [h3T]

LL f3LL

LT

TT

Quark

Hadron

γ − γ −γ 5 σ i−

*4

We derived analogous relations to 
Wandzura-Wilczek relation and 
Burkhardt-Cottingham sum rule
for fLT and f1LL. 

SK and Qin-Tao Song (2021)

[ ] = chiral odd



Wandzura-Wilczek and Burkhardt-Cottingham relations for g1 and g2

Structure functions:   d(P+ξ − )
2π∫ eixP

+ξ −

 P,S  ψ (0)γ µγ 5ψ (ξ )  P,S
ξ + =
!
ξT =0

= 2MN g1L(x)n µS ⋅n + gT (x)ST
µ + g3L(x) MN

2

(P+ )2 n
µS ⋅n⎡

⎣⎢
⎤
⎦⎥

                                                      Sµ = SL
P+

M
n µ − SL

MN

2P+ n
µ + ST

µ ,     Pµ = P+n µ + MN
2

2P+ n
µ ,     S ⋅n = SL

P+

MN

                                                      g1(x) = 1
2
g1L(x) + g1L(−x)[ ],     g1(x) + g2 (x) = 1

2
gT (x) + gT (−x)[ ]

Operators:    Rσ {µ1⋅⋅⋅µn−1 } = in−1ψγ σγ 5D
 {µ1 ⋅ ⋅ ⋅Dµn−1 }ψ = R{σµ1⋅⋅⋅µn−1 } + R[σ {µ1 ]⋅⋅⋅µn−1 } = twist 2 + twist 3

                                          R{σµ1⋅⋅⋅µn−1 } = 1
n
SσP {µ1Pµ2 ⋅ ⋅ ⋅Pµn−1 } + Sµ1P {σPµ2 ⋅ ⋅ ⋅Pµn−1 } + Sµ2P {µ1Pσ ⋅ ⋅ ⋅Pµn−1 } + ⋅ ⋅ ⋅⎡⎣ ⎤⎦

                                           R[σ {µ1 ]⋅⋅⋅µn−1 } = 1
n

(n −1)SσP {µ1Pµ2 ⋅ ⋅ ⋅Pµn−1 } − Sµ1P {σPµ2 ⋅ ⋅ ⋅Pµn−1 } − Sµ2P {µ1Pσ ⋅ ⋅ ⋅Pµn−1 } − ⋅ ⋅ ⋅⎡⎣ ⎤⎦

                                                         P,S  R{σµ1⋅⋅⋅µn−1 }
  P,S = 2

n
anMN SσPµ1 ⋅ ⋅ ⋅Pµn−1 + Pµ1Sσ ⋅ ⋅ ⋅Pµn−1 + ⋅ ⋅ ⋅⎡⎣ ⎤⎦

                                                         P,S  R[σ {µ1 ]⋅⋅⋅µn−1 }
  P,S = 2

n
dnMN (SσPµ1 − PσSµ1 )Pµ2 ⋅ ⋅ ⋅Pµn−1 + (SσPµ2 − PσSµ2 )Pµ1 ⋅ ⋅ ⋅Pµn−1 + ⋅ ⋅ ⋅⎡⎣ ⎤⎦

1
2MN (P+ )n−1 nµ1

⋅ ⋅ ⋅nµn−1
 P,S  Rσ {µ1⋅⋅⋅µn−1 }

  P,S = nσ (S ⋅n) dxxn−1

−1

1

∫ g1L(x) + ST
σ dxxn−1

−1

1

∫ gT (x)

                            = 1
2MN (P+ )n−1 nµ1

⋅ ⋅ ⋅nµn−1
 P,S  R{σµ1⋅⋅⋅µn−1 }

  P,S + 1
2MN (P+ )n−1 nµ1

⋅ ⋅ ⋅nµn−1
 P,S  R[σ {µ1 ]⋅⋅⋅µn−1 }

  P,S

→ dxxn−1

−1

1

∫ g1L(x) = an ,       dxxn−1

−1

1

∫ gT (x) = 1
n
an +

n −1
n
dn

→ dxxn−1

0

1

∫ g1(x) = dxxn−1

−1

1

∫
1
2
g1L(x) = 1

2
an ,       dxxn−1

0

1

∫ [g1(x) + g2 (x)] = dxxn−1

−1

1

∫
1
2
gT (x) = 1

2n
an +

n −1
2n

dn

→ dxxn−1

0

1

∫ g2 (x) = dxxn−1

0

1

∫ −g1(x) + dy
yx

1

∫ g1(y)⎡
⎣⎢

⎤
⎦⎥
+ n −1

2n
dn

If we write g2 (x) = g2
WW (x) + g2 (x) = −g1(x) + dy

yx

1

∫ g1(y) + g2 (x)

→  g2
WW (x) = −g1(x) + dy

yx

1

∫ g1(y) (Wandzura-Wilczek relation),    dxxn−1

0

1

∫ g2 (x) = n −1
2n

dn

→  dx
0

1

∫  g2 (x) = 0 (Burkhardt-Cottingham sum rule)

Note:  Twist-3 operators R[σ {µ1 ]⋅⋅⋅µn−1 }  are obtained 
           by the Tayler expansion of  ξµψ (0)(∂µγ σ − ∂σ γ µ )γ 5ψ (ξ ),
           which needs to be investigated in details
           for finding the details of twist-3 terms.

J. Kodaira and K. Tanaka,
Prog. Theor. Phys. 101 (1999) 191.



Twist-2 relation and sum rule
•   Twist-3 matrix element in terms of tensor-polarized PDFs

           P,T  ψ (0)(∂µγ α − ∂α γ µ )ψ (ξ )  P,T = 2MSLT
α dx

−

1

∫  e− ixP
+ξ −

− 3
2
f1LL(x) + fLT (x) −

d
dx

xfLT (x){ }⎡
⎣⎢

⎤
⎦⎥

•   Twist-3 operator in terms of gluon field tensor

          ξµ ψ (0)(γ α ∂µ − γ µ ∂α )ψ (ξ )⎡⎣ ⎤⎦ = g dt  
0

1

∫ ψ (0) i t − 1
2

⎛
⎝

⎞
⎠ G

αµ tξ( ) − 1
2
γ 5G!

αµ
tξ( )⎧

⎨
⎩

⎫
⎬
⎭
ξµ ξψ (ξ )

•   Matrix element of field tensor in terms of twist-3 multiparton distribution functions

          d(P ⋅ξ )
2π

eix1P⋅ξ P,T g dt
0

1

∫  ∫ ψ (0) i t − 1
2

⎛
⎝

⎞
⎠  Gµν (tξ ) − 1

2
γ 5 !G

µν (tξ )⎧
⎨
⎩

⎫
⎬
⎭

 ξµ ξψ (ξ ) P,T ξ + =
!
ξT =0

                      = −2MSLT
ν P dx20

1

∫
1

x1 − x2
∂
∂x1

FG ,LT (x1,x2 ) +GG ,LT (x1,x2 ){ } + ∂
∂x2

FG ,LT (x2 ,x1 ) +GG ,LT (x2 ,x1 ){ }⎡

⎣⎢
⎤

⎦⎥

− − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − −

x dfLT (x)
dx

= − 3
2
f1LL(x) − fLT

(HT )(x),    Higher-twist:  fLT
(HT )(x) = −P dy

0

1

∫
1
x − y

∂
∂x

FG ,LT (x, y) +GG ,LT (x, y){ } + ∂
∂y

FG ,LT (y,x) +GG ,LT (y,x){ }⎡
⎣⎢

⎤
⎦⎥

          → fLT (x) = 3
2

dy
yx

ε (x )

∫ f1LL(y) +
dy
yx

ε (x )

∫ fLT
(HT )(y),    ε (x) = i

π
P dy

−∞

∞

∫
1
y
e− ixy = +1      x > 0

−1      x < 0
⎧
⎨
⎩

Define  f + (x) = f (x) + f (x) = f (x) − f (−x),    f = f1LL ,   fLT ,   fLT
(HT ) ,   x > 0

          → fLT
 + (x) = 3

2
dy
yx

1

∫ f1LL
 + (y) + dy

yx

1

∫ fLT
(HT )+ (y)   → Twist-2 relation:   fLT

 + (x) = 3
2

dy
yx

1

∫ f1LL
 + (y)

If we define  f2LT (x) = 2
3
fLT (x) − f1LL(x),

          f2LT
 + (x) = − f1LL

 + (x) + dy
yx

1

∫ f1LL
 + (y) + 2

3
dy
yx

1

∫ fLT
(HT )+ (y)   → Twist-2 relation:    f2LT

 + (x) = − f1LL
 + (x) + dy

yx

1

∫ f1LL
 + (y),    Wandzura-Wilczek like 

                                                                                                → Sum rule:    dx  
0

1

∫ f2LT
 + (x) = 0,                                         Burkhardt-Cottingham like

If  the parton-model sum rule without the tensor-polarized antiquark distributions dx  f1LL
 + (x) = 2

3
dx  b1

 + (x) = 0 
0

1

∫  
0

1

∫ is valid,   → Sum rule:    dx  
0

1

∫ fLT
 + (x) = 0

Summary on the twist-2 relation and sum rule

         g2 (x) = −g1(x) + dy
yx

1

∫ g1(y) (Wandzura-Wilczek relation),       dx
0

1

∫  g2 (x) = 0 (Burkhardt-Cottingham sum rule)

For tensor-polarized spin-1 hadrons, we obtained

         f2LT
 + (x) = − f1LL

 + (x) + dy
yx

1

∫ f1LL
 + (y),                                                  dx  

0

1

∫ f2LT
 + (x) = 0,               f2LT (x) ≡ 2

3
fLT (x) − f1LL(x)

                                                                                                                dx  
0

1

∫ fLT
 + (x) = 0  if dx  f1LL

 + (x) = 2
3

dx  b1
 + (x) = 0 

0

1

∫  
0

1

∫
Existence of multiparton distribution functions:  FG ,LT (x1,x2 ),  GG ,LT (x1,x2 ),  HG ,LL

⊥ (x1,x2 ),  HG ,TT (x1,x2 )

dx∫ b1
D (x) = lim

t→0
− 5
12

t
M 2 FQ(t) + ei

2

i
∑ dxδT∫ qi (x)

                 = 0 ?
F. E. Close and SK, PRD 42 1990( )  2377.

Note:  Twist-3 operators R[σ {µ1 ]⋅⋅⋅µn−1 }  are obtained 
           by the Tayler expansion of  ξµψ (0)(∂µγ σ − ∂σ γ µ )ψ (ξ ),
           which needs to be investigated in details
           for finding the details of twist-3 terms.

see Appendix II for the details



Relations from equation of motion
for PDFs of spin-1 hadrons

(Equation-of-motion and Lorentz-invariance relations)

SK and Qin-Tao Song, 
PLB 826 (2022) 136908.



Relations from equation of motion and Lorentz-invariance relation
for spin-1 hadrons

We explain derivations on relations from equation of motion for quarks

• xfLT (x) − dy
−1

+1

∫ FD ,LT (x, y) +GD ,LT (x, y)⎡⎣ ⎤⎦ = 0,   xfLT (x) − f1LT
 (1) (x) −P dy

−1

+1

∫
FG ,LT (x, y) +GG ,LT (x, y)

x − y
= 0   

• xeLL(x) − 2 dy
−1

+1

∫ HD ,LL
⊥ (x, y) − m

M
f1LL(x) = 0,     xeLL(x) − 2P dy

−1

+1

∫
HG ,LL

⊥ (x, y)
x − y

− m
M
f1LL(x) = 0   

and the Lorentz-invariance relation

• df1LT
 (1) (x)
dx

− fLT (x) + 3
2
f1LL(x) − 2P dy

−1

+1

∫
FG ,LT (x, y)
(x − y)2 = 0,      transverse-momemtum moment of TMD:  f (1)(x) = d 2kT

!
kT

2

2M 2∫ f (x,kT
2 )

Twist-3 PDFs

T-even T-odd T-even T-odd T-even T-odd

U [e]

L [hL]

T gT

LL [eLL]

LT fLT

TT

Quark

Hadron

γ i ,  1,  iγ 5 γ +γ 5 σ ij ,  σ −+

*1

T-even T-odd T-even T-odd T-even T-odd

U f1

L g1L (g1)   

T [h1]

LL f1LL (b1)

LT

TT

Quark

Hadron

U (γ + ) L (γ +γ 5 ) T (iσ i+γ 5 /σ i+ )

Twist-2 PDFs Twist-3 TMDs

T-even T-odd T-even T-odd T-even T-odd

U f1 [h1]

L g1L [h1L]

T f1T g1T [h1], [h1T]

LL f1LL [h1LL]

LT f1LT g1LT [h1LT], [h1LT]

TT f1TT g1TT [h1TT], [h1TT]

Quark

Hadron

⊥ ⊥

⊥

⊥

⊥

⊥

⊥

U (γ + ) L (γ +γ 5 ) T (iσ i+γ 5 /σ i+ )

Lorentz invariance = frame independence of twist-3 observables

[ ] = chiral odd

see Appendix III 
for works on spin-1/2 nucleon



0 = (iDµγ
µ −m)ψ = (iD+γ − + iD−γ + + iDαγ

α −m)ψ ,            α = 1,2 (transverse index)

iσ +α ⋅ (this equation of motion),    use σ αµγ ρ = i(g ρµγ α − g ραγ µ ) − ε αµρσγ σγ 5 ,     ε 0123 = +1

→  i(γ +Dα − γ αD+ ) + iεT
αµγ µγ 5iD

+ − iεT
αµγ +γ 5iDTµ + imσ

+α⎡⎣ ⎤⎦ψ = 0

0 = dξ −

2π∫ eixP
+ξ −

 P,T   ψ (0) γ +iDα − γ α iD+ + iεT
αµγ µγ 5iD

+ − iεT
αµγ +γ 5iDTµ + imσ

+α⎡⎣ ⎤⎦ψ (ξ − )  P,T

→  0 = P+Tr ΦD
α (x,P,T )γ +⎡⎣ ⎤⎦ − P

+Tr ΦD
+ (x,P,T )γ α⎡⎣ ⎤⎦ + iεT

αµP+Tr ΦD
+ (x,P,T )γ µγ 5⎡⎣ ⎤⎦ − iεT

αµP+Tr ΦDµ (x,P,T )γ +γ 5⎡⎣ ⎤⎦ + imTr Φ(x,P,T )σ +α⎡⎣ ⎤⎦   

            "Equation of motion" expressed by multiparton correlation functions,    P : momentum,   T : tensor polarization
− − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − −

Multiparton correlation functions:  (ΦX
µ )ij (y,x,P,T ) = dξ1

−

2π
dξ2

−

2π∫ eiyP
+ξ1

−

ei(x− y)P+ξ2
−

 P,T  ψ j (0)Y µ (ξ2
− )W(0,ξ − )ψ i (ξ1

− )  P,T

                                                                              X  (Y µ ) = G (gG+ µ ),   A (gAµ ),   D (iDµ ),   Dµ = ∂µ − igAµ ,    W(0,ξ − ) = Pexp −ig dξ −A+ (ξ )
0

ξ −

∫⎡
⎣⎢

⎤
⎦⎥ξ + =

!
ξT =0

Collinear correlation function:  (ΦD
µ )ij (x,P,T ) ≡ dy

−1

+1

∫ (ΦD
µ )ij (y,x,P,T ) = 1

P+

dξ −

2π∫ eixP
+ξ −

 P,T   ψ j (0)iDµ (ξ − )W(0,ξ − )ψ i (ξ
− )  P,T

             ΦD
α (x,P,T ) = dy

−1

+1

∫ ΦD
α (y,x,P,T ),     ΦD

α (y,x,P,T ) = M
2P+ SLT

α FD ,LT (y,x) + iεT
αµSLT ,µγ 5GD ,LT (y,x) + SLLγ

αHD ,LL
⊥ (y,x) + STT

αµγ µHD ,TT (y,x)⎡⎣ ⎤⎦ n

                                                                                                               Expression in terms of multiparton distribution functions.
                                    FD ,LT (x, y) = FD ,LT (y,x),  GD ,LT (x, y) = −GD ,LT (y,x),  HD ,LL

⊥ (x, y) = −HD ,LL
⊥ (y,x),  HD ,TT (x, y) = −HD ,TT (y,x)

             ΦD
+ (x,P,T ) = dy

−1

+1

∫ ΦD
+ (y,x,P,T ) = dy

−1

+1

∫ δ (y − x)yΦ(y,P,T ) = xΦ(x,P,T )

                          Φ ij (x,P,T ) = dξ −

2π∫ eixP
+ξ −

 P,T  ψ j (0)W(0,ξ − )ψ i (ξ )  P,T
ξ + =
!
ξT =0

= 1
2
SLL n  f1LL(x) + M

P+ SLLeLL(x) + M
P+ SLT fLT (x) + M 2

(P+ )2 SLL n  f3LL(x)⎡
⎣⎢

⎤
⎦⎥ ij

      

                                   Refs.   SK, Qin-Tao Song, PRD 103 (2021) 014025; JHEP 09 (2021) 141; PLB 826 (2022) 136908.

→  xfLT (x) − dy
−1

+1

∫ FD ,LT (x, y) +GD ,LT (x, y)⎡⎣ ⎤⎦ = 0

             ΦG
α (x,P,T ) = M

2
i SLT

α FG ,LT (x1,x2 ) + iεT
αµSLT ,µγ 5GG ,LT (x1,x2 ) + SLLγ

αHG ,LL
⊥ (x1,x2 ) + STT

αµγ µHG ,TT (x1,x2 )⎡⎣ ⎤⎦ n

             FD ,LT (x, y) = δ (x − y) f1LT
 (1) (x) +P 1

x − y
⎛
⎝⎜

⎞
⎠⎟
FG ,LT (x, y),   GD ,LT (x, y) =P

1
x − y

⎛
⎝⎜

⎞
⎠⎟
GG ,LT (x, y),    f (1)(x) = d 2kT

!
kT

2

2M 2∫ f (x,kT
2 )

→  xfLT (x) − f1LT
 (1) (x) −P dy

−1

+1

∫
FG ,LT (x, y) +GG ,LT (x, y)

x − y
= 0,    transverse-momemtum moment of TMD:   f (1)(x) = d 2kT

!
kT

2

2M 2∫ f (x,kT
2 )

Equation of motion for quarks I

see Appendix IV
for the details



 xfLT (x) − f1LT
 (1) (x) −P dy

−1

+1

∫
FG ,LT (x, y) +GG ,LT (x, y)

x − y
= 0            (1)       from equation of motion I

 x dfLT (x)
dx

= − 3
2
f1LL(x) +P dy

−1

+1

∫
1
x − y

∂
∂x

FG ,LT (x, y) +GG ,LT (x, y){ } + ∂
∂y

FG ,LT (y,x) +GG ,LT (y,x){ }⎡
⎣⎢

⎤
⎦⎥

          (2)    from Wandzura-Wilczek-type studies

d
dx

 of (1)  and use (2):     fLT (x) + x dfLT (x)
dx

− f1LT
 (1) (x)
dx

−P dy
−1

+1

∫
FG ,LT (y,x) −GG ,LT (y,x)

(y − x)2 + 1
y − x

∂FG ,LT (y,x)
∂x

−
∂GG ,LT (y,x)

∂x
⎧
⎨
⎩

⎫
⎬
⎭

⎡

⎣
⎢

⎤

⎦
⎥ = 0

                                         = fLT (x) − 3
2
f1LL(x) +P dy

−1

+1

∫
1
x − y

∂
∂x

FG ,LT (x, y) +GG ,LT (x, y){ } + ∂
∂y

FG ,LT (y,x) +GG ,LT (y,x){ }⎡
⎣⎢

⎤
⎦⎥

                                                                     − df1LT
 (1) (x)
dx

−P dy
−1

+1

∫
FG ,LT (y,x) −GG ,LT (y,x)

(y − x)2 + 1
y − x

∂FG ,LT (y,x)
∂x

−
∂GG ,LT (y,x)

∂x
⎧
⎨
⎩

⎫
⎬
⎭

⎡

⎣
⎢

⎤

⎦
⎥  

                                         = fLT (x) − df1LT
 (1) (x)
dx

− 3
2
f1LL(x) + 2P dy

−1

+1

∫
FG ,LT (x, y)
(x − y)2 ,       FG ,LT (y,x) = −FG ,LT (x, y),   GG ,LT (y,x) = GG ,LT (x, y)

df1LT
 (1) (x)
dx

− fLT (x) + 3
2
f1LL(x) − 2P dy

−1

+1

∫
FG ,LT (x, y)
(x − y)2 = 0

Lorentz-invariance relation for tensor-polarized PDFs 

0 = (iDµγ
µ −m)ψ = (iD+γ − + iD−γ + + iDαγ

α −m)ψ ,            α = 1,2 (transverse index)

γ + ⋅ (this equation of motion),     (iD+ − iσ + µ iDµ −mγ
+ )ψ = 0

0 = dξ −

2π∫ eixP
+ξ −

 P,T   ψ (0) iD+ − iσ + µ iDµ −mγ
+⎡⎣ ⎤⎦ψ (ξ − )  P,T

→  0 = P+Tr ΦD
+ (x,P,T )⎡⎣ ⎤⎦ − P

+iTr ΦD
+ (x,P,T )σ +−⎡⎣ ⎤⎦ − P

+iTr ΦDα (x,P,T )σ +α⎡⎣ ⎤⎦ −mTr Φ(x,P,T )γ +⎡⎣ ⎤⎦
− − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − −

             ΦD
α (x,P,T ) = dy

−1

+1

∫ ΦD
α (y,x,P,T ),   ΦD

α (y,x,P,T ) = M
2P+ SLT

α FD ,LT (y,x) + iεT
αµSLT ,µγ 5GD ,LT (y,x) + SLLγ

αHD ,LL
⊥ (y,x) + STT

αµγ µHD ,TT (y,x)⎡⎣ ⎤⎦ n

                                    FD ,LT (x, y) = FD ,LT (y,x),  GD ,LT (x, y) = −GD ,LT (y,x),  HD ,LL
⊥ (x, y) = −HD ,LL

⊥ (y,x),  HD ,TT (x, y) = −HD ,TT (y,x) 

             ΦD
+ (x,P,T ) = xΦ(x,P,T ),    Φ(x,P,T ) = 1

2
SLL n  f1LL(x) + M

P+ SLLeLL(x) + M
P+ SLT fLT (x) + M 2

(P+ )2 SLL n  f3LL(x)⎡
⎣⎢

⎤
⎦⎥

      

→  xeLL(x) − 2 dy
−1

+1

∫ HD ,LL
⊥ (x, y) − m

M
f1LL(x) = 0,    HD ,LL

⊥ (x, y) =P
1
x − y

⎛
⎝⎜

⎞
⎠⎟
HG ,LL

⊥ (x, y)

→  xeLL(x) − 2P dy
−1

+1

∫
HG ,LL

⊥ (x, y)
x − y

− m
M
f1LL(x) = 0   

Equation of motion for quarks II



Summary on relations from equation of motion
and a Lorentz-invariance relation
• We derived relations among tensor-polarized PDFs and multiparton distribution functions

by using the equation of motion for quarks and also showed a Lorentz-invariance relation.

Relations from equation of motion for quarks

•   xfLT (x) − dy
−1

+1

∫ FD ,LT (x, y) +GD ,LT (x, y)⎡⎣ ⎤⎦ = 0,     xfLT (x) − f1LT
 (1) (x) −P dy

−1

+1

∫
FG ,LT (x, y) +GG ,LT (x, y)

x − y
= 0   

•   xeLL(x) − 2 dy
−1

+1

∫ HD ,LL
⊥ (x, y) − m

M
f1LL(x) = 0,       xeLL(x) − 2P dy

−1

+1

∫
HG ,LL

⊥ (x, y)
x − y

− m
M
f1LL(x) = 0   

Lorentz-invariance relation

•   df1LT
 (1) (x)
dx

− fLT (x) + 3
2
f1LL(x) − 2P dy

−1

+1

∫
FG ,LT (x, y)
(x − y)2 = 0



Future prospects 
and summary



Spin-1 deuteron experiments from the middle of 2020’s
JLab

Proposal (approved),
Experiment: middle of 2020’s

Proposal, 
Fermilab-PAC: 2022
Experiment: 2020’s

Fermilab NICA

EIC/EicC2030’s

LHCspin

Prog. Nucl. Part. Phys. 
119 (2021) 103858,
Experiment: middle of 2020’s

arXiv:1901.08002,
Experiment: ~2028

R. Abdul Khalek et al.
arXiv:2103.05419.

D. P. Anderle et al., 
Front. Phys. 16 (2021) 64701.

see Appendix V 
for some history
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Summary
Spin-1 structure functions of the deuteron (additional spin structure to nucleon spin)   

•  Tensor structure in quark-gluon degrees of freedom
•  Tensor-polarized structure function b1 and PDFs, gluon transversity

Experiments at JLab, Fermilab, NICA, LHCspin/AMBER, EIC/EicC, • • •

•  New signature beyond “standard” hadron physics?

•  TMDs up to twist 4
•  Higher-twist effects could be sizable at Q2 of a few GeV2

→ Our relations (WW-like, BC-like, from eq. of motion, Lorentz invariance)
could become valuable for future experimental analyses.

•  Not discussed: GPDs, GDAs (Generalized Distribution amplitudes = timelike GPDs), • • •

There are various experimental projects on the polarized spin-1 deuteron 
in 2020’s and 2030’, and “exotic” hadron structure could be found 
by focusing on the spin-1 nature.

standard model

?



Appendix



TMD correlation functions for spin-1 hadrons
Spin vector:  Sµ = SL

P+

M
n µ − SL

M
2P+ n

µ + ST
µ

Tensor:   T µν = 1
2

4
3
SLL

(P+ )2

M 2 n
µnν + P

+

M
n {µSLT

ν } − 2
3
SLL n

{µnν } − gT
µν( ) + STTµν − M

2P+ n
{µSLT

ν } + 1
3
SLL

M 2

(P+ )2 n
µnν⎡

⎣⎢
⎤
⎦⎥

Tensor part (twist-2):  Bacchetta, Mulders, PRD 62 (2000) 114004

             Φ(k,  P,  T ) = A13

M
I + A14

M 2 P + A15

M 2 k + A16

M 3 σ ρσP
ρkσ⎛

⎝
⎞
⎠ kµkνT

µν + A17γ ν +
A18

M
Pρ + A19

M
k ρ⎛

⎝
⎞
⎠ σνρ +

A20

M 2 ετνρσP
ρkσγ τγ 5

⎡
⎣⎢

⎤
⎦⎥
kµT

µν

Tensor part (twist-2, 3, 4):  nµ  dependent terms are added for up to twist 4.
                         [For the spin-1/2 nucleon:  Goeke, Metzand, Schlegel, PLB 618 (2005) ,90; Metz, Schweitzer, Teckentrup, PLB 680 (2009) 141.]
             Kumano-Song-2021, for the details see PRD 103 (2021) 014025 

             Φ(k,  P,  T | n) = A13

M
I + A14

M 2 P + A15

M 2 k + A16

M 3 σ ρσP
ρkσ⎛

⎝
⎞
⎠ kµkνT

µν + A17γ ν +
A18

M
Pρ + A19

M
k ρ⎛

⎝
⎞
⎠ σνρ +

A20

M 2 ετνρσP
ρkσγ τγ 5

⎡
⎣⎢

⎤
⎦⎥
kµT

µν

                                          + B21M
P ⋅n

kµ +
B22M

3

(P ⋅n)2 nµ
⎛
⎝⎜

⎞
⎠⎟
nνT

µν + iγ 5ε µτρσP
ρ B23

(P ⋅n)M
kτnσkν +

B24M
(P ⋅n)2 k

τnσnν
⎛
⎝⎜

⎞
⎠⎟
T µν

                                          + B25

P ⋅n
nkµkν +

B26M
2

(P ⋅n)2 n + B28

P ⋅n
P + B30

P ⋅n
k⎛

⎝⎜
⎞
⎠⎟
kµnν +

B27M
4

(P ⋅n)3 n + B29M
2

(P ⋅n)2 P + B31M
2

(P ⋅n)2 k
⎛
⎝⎜

⎞
⎠⎟
nµnν +

B32M
2

P ⋅n
γ µnν

⎡

⎣
⎢

⎤

⎦
⎥T

µν

                                          − ε µτρσγ
τPρ B34

P ⋅n
nσkν +

B33

P ⋅n
kσnν +

B35M
2

(P ⋅n)2 n
σnν

⎛
⎝⎜

⎞
⎠⎟
+ ελτρσk

λγ τPρnσ B36

P ⋅nM 2 kµkν +
B37

(P ⋅n)2 kµnν +
B38M

2

(P ⋅n)3 nµnν
⎛
⎝⎜

⎞
⎠⎟

⎡

⎣
⎢

⎤

⎦
⎥γ 5T

µν

                                          + ε µτρσk
τPρnσ B39

(P ⋅n)2 kν +
B40M

2

(P ⋅n)3 nν
⎛
⎝⎜

⎞
⎠⎟
nγ 5T

µν

                                          +σ ρσ Pρkσ B41

(P ⋅n)M
kµnν +

B42M
(P ⋅n)2 nµnν

⎛
⎝⎜

⎞
⎠⎟
+ Pρnσ B43

(P ⋅n)M
kµkν +

B44M
(P ⋅n)2 kµnν +

B45M
3

(P ⋅n)3 nµnν
⎛
⎝⎜

⎞
⎠⎟

⎡

⎣
⎢

⎤

⎦
⎥T

µν

                                          +σ ρσ k ρnσ B46

(P ⋅n)M
kµkν +

B47M
(P ⋅n)2 kµnν +

B48M
3

(P ⋅n)3 nµnν
⎛
⎝⎜

⎞
⎠⎟

⎡

⎣
⎢

⎤

⎦
⎥T

µν +σ µσ nσ B49M
P ⋅n

kν +
B50M

3

(P ⋅n)2 nν
⎛
⎝⎜

⎞
⎠⎟
+ B51M

P ⋅n
Pσ + B52M

P ⋅n
kσ⎛

⎝
⎞
⎠ nν

⎡

⎣
⎢

⎤

⎦
⎥T

µν

From this correlation function, new tensor-polarized TMDs are defined 
in twist-3 and 4 in addition to twist-2 ones.

New terms
in our paper
(2021)

Bacchetta
-Mulders

Terms associated with

n = 1
2

(1,  0,  0,  −1)

Φ ij (k,P,T ) = d 4ξ
(2π )4  eik⋅ξ∫  P,T  ψ j (0)W(0,ξ )ψ i (ξ )  P,T

                                     W(0,ξ ) = Pexp −ig dξ ⋅ A(ξ )
0

ξ

∫⎡
⎣⎢

⎤
⎦⎥

Appendix I



Tensor polarization:                          T µν = 1
2

4
3
SLL

(P+ )2

M 2 n
µnν − 2

3
SLL n

µnν + nνnµ − gT
µν( ) + 1

3
SLL

M 2

(P+ )2 n
µnν + P

+

M
(n µSLT

ν + nνSLT
µ ) − M

2P+ (nµSLT
ν + nνSLT

µ ) + STT
µν⎡

⎣⎢
⎤
⎦⎥

Collinear correlation function:         Φ(x,  P,T ) = 1
2
f1LL(x)SLL n + M

P+ eLL(x)SLL +
M
P+ fLT (x)SLT

⎡
⎣⎢

⎤
⎦⎥
,   up to twist-3

Matrix element of vector operator:   P,T  ψ (0)γ µψ (ξ − )  P,T = dx
−1

1

∫  e− ixP
+ξ −

P+Tr Φ ij (x,  P,T )(γ µ ) ji⎡⎣ ⎤⎦ = dx
−

1

∫  e− ixP
+ξ −

2P+ f1LL(x)SLLn
µ + M

P+ SLT
µ fLT (x)⎡

⎣⎢
⎤
⎦⎥

α = 1,2 = transverse:                          P,T  ψ (0)(∂µγ α − ∂α γ µ )ψ (ξ )  P,T = 2MSLT
α dx

−

1

∫  e− ixP
+ξ −

− 3
2
f1LL(x) + fLT (x) − d

dx
xfLT (x){ }⎡

⎣⎢
⎤
⎦⎥

− − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − −

ψ (0)(∂µγ α − ∂α γ µ )ψ (ξ ) =ψ (0)(Dµγ α − Dαγ µ )ψ (ξ ) −ψ (0)γ µψ (ξ )ig dt  t  ξρG
ρα

0

1

∫ (tξ )

                       In the Fock-Schwinger gauge:  ξµA
µ (ξ ) = 0,   we have   Aν (ξ ) = dt  tξµG

µν

0

1

∫ (tξ ),   Gµν = ∂µ Aν − ∂ν Aµ − i  g  [Aµ ,  Aν ]

                       ψ (0)(Dµγ α − Dαγ µ )ψ (ξ ) = − i
2
ψ (0)σ αµ

!
Dψ (ξ ) − i

2
ψ (0)

!
Dσ αµψ (ξ ) − 1

2
g dt  

0

1

∫ ξνG
ρν tξ( )ψ (0)γ ρσ

αµψ (ξ ) + i
2
∂ρ q(0)W(0,  ξ )γ ρσ αµq(ξ ){ }

                       − 1
2
ξµg dt  

0

1

∫ ξνG
ρν tξ( )ψ (0)γ ρσ

αµψ (ξ ) = 1
2
g dt  

0

1

∫ ψ (0) −iξµG
αµ tξ( ) ξ + ξµG!

αµ
tx( ) ξγ 5 − ξ 2G!

ασ
tξ( ) − ξµx

αG!
µσ
tx( )⎡

⎣
⎤
⎦γ σγ 5{ }ψ (x)

                       ∂ρ q(0)W(0,  ξ )γ ρσ αµq(ξ ){ } =ψ (0)
!
Dσ αµψ (ξ ) +ψ (0)

!
Dσ αµψ (ξ ) − ig dt  

0

1

∫ ξνGρν tξ( )ψ (0)γ ρσ αµψ (ξ )

ξµ ψ (0)(∂µγ α − ∂α γ µ )ψ (ξ )⎡⎣ ⎤⎦ = g dt  
0

1

∫ ψ (0) i t − 1
2

⎛
⎝

⎞
⎠ G

αµ tξ( ) − 1
2
G!

αµ
tξ( )γ 5

⎧
⎨
⎩

⎫
⎬
⎭
ξµ ξψ (x) + 1

2
g dt  

0

1

∫ ψ (0) ξµξ
αG!

µσ
tξ( ) − ξ 2G!

ασ
tξ( )⎡

⎣
⎤
⎦γ σγ 5ψ (ξ )

                                                         − i
2
ξµψ (0)σ αµ (

!
D −m)ψ (ξ ) − i

2
ξµψ (0)(

!
D +m)σ αµψ (ξ ) + i

2
ξµ ∂ρ ψ (0)W(0,  ξ )γ ρσ αµψ (ξ ){ }

                                                 ! g dt  
0

1

∫ ψ (0) i t − 1
2

⎛
⎝

⎞
⎠ G

αµ tξ( ) − 1
2
G!

αµ
tξ( )γ 5

⎧
⎨
⎩

⎫
⎬
⎭
ξµ ξψ (x)

− − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − −

Multiparton correlation function:  (ΦG
ν )ij (x1,x2 ) = dξ1

−

2π
dξ2

−

2π∫ eix1P
+ξ1

−

ei(x2−x1 )P+ξ2
−

 P,T  ψ j (0) gG+ν (ξ2
− )ψ i (ξ1

− )  P,T

Express ΦG
ν  in terms of possible Lorentz vectors and multiparton distribution functions with the conditions Hermiticity, parity invariance, and time-reversal invariance

ΦG
ν (x1,x2 ) = M

2
iSLT

ν FG ,LT (x1,x2 ) − ε⊥
αµSLTµγ 5GG ,LT (x1,x2 ) + iSLLγ

αHG ,LL
⊥ (x1,x2 ) + iSTT

αµγ µHG ,TT (x1,x2 )⎡⎣ ⎤⎦ n

                        (ΦG
ν )ij (n ) ji :         SLT

ν FG ,LT (x1,x2 ) = − i
2M

g dξ1
−

2π
dξ2

−

2π∫ eix1P
+ξ1

−

ei(x2−x1 )P+ξ2
−

 P,T  ψ (0) nnµG
µν (ξ2

− )ψ (ξ1
− )  P,T  

                        (ΦG
ν )ij (iγ 5 n ) ji :    SLT

ν GG ,LT (x1,x2 ) = i
2M

g dξ1
−

2π
dξ2

−

2π∫ eix1P
+ξ1

−

ei(x2−x1 )P+ξ2
−

 P,T  ψ (0) iγ 5 nnµ
!Gµν (ξ2

− )ψ (ξ1
− )  P,T

d(P ⋅ξ )
2π

eix1P⋅ξ P,T g dt
0

1

∫  ∫ ψ (0) i t − 1
2

⎛
⎝

⎞
⎠  Gµν (tξ ) − 1

2
γ 5
!Gµν (tξ )⎧

⎨
⎩

⎫
⎬
⎭

 ξµ ξψ (ξ ) P,T ξ + =
!
ξT =0 = −2MSLT

ν P dx20

1

∫
1

x1 − x2

∂
∂x1

FG ,LT (x1,x2 ) +GG ,LT (x1,x2 ){ } + ∂
∂x2

FG ,LT (x2 ,x1 ) +GG ,LT (x2 ,x1 ){ }⎡

⎣⎢
⎤

⎦⎥

Collinear PDFs for spin-1 hadrons

Note:  Twist-3 operators R[σ {µ1 ]⋅⋅⋅µn−1 }  are obtained 
           by the Tayler expansion of  ξµψ (0)(∂µγ σ − ∂σ γ µ )ψ (ξ ),
           which needs to be investigated in details
           for finding the details of twist-3 terms.
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Relations from equation of motion and Lorentz-invariance relation
for spin-1/2 nucleons
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Multiparton correlation functions

      (ΦX
µ )ij (x1,x2 ,P,T ) = dξ1

−

2π
dξ2

−

2π∫ eix1P
+ξ1

−

ei(x2−x1 )P+ξ2
−

 P,T  ψ j (0)Y µ (ξ2
− )ψ i (ξ1

− )  P,T ,          X  (Y µ ) = G (gG+ µ ),   A (gAµ ),   D (iDµ ),   Dµ = ∂µ − igAµ

                  ΦD
α (x1,x2 ,P,T ) = M

2P+ SLT
α FD ,LT (x1,x2 ) + iεT

αµSLT ,µγ 5GD ,LT (x1,x2 ) + SLLγ
αHD ,LL

⊥ (x1,x2 ) + STT
αµγ µHD ,TT (x1,x2 )⎡⎣ ⎤⎦ n

                  ΦG
α (x1,x2 ,P,T ) = M

2
i SLT

α FG ,LT (x1,x2 ) + iεT
αµSLT ,µγ 5GG ,LT (x1,x2 ) + SLLγ

αHG ,LL
⊥ (x1,x2 ) + STT

αµγ µHG ,TT (x1,x2 )⎡⎣ ⎤⎦ n

− − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − −
kT -weighted correlation function

      (Φ∂
α )ij (x,P,T ) = d 2kTkT

α∫ Φ ij
[C] (x,kT ,P,T ) = d 2kT∫ kT

α
 
dξ −d 2ξT

(2π )3 eixP
+ξ − −i

!
kT ⋅
!
ξT∫  P,T  ψ j (0)W [C](0,ξ )ψ i (ξ )  P,T

k+ =xP+ ,ξ + =0
= dξ −

2π
eixP

+ξ −

∫  P,T  ψ j (0)i ∂T
α (ξ )W [C](0,ξ )ψ i (ξ )  P,T

k+ =xP+ ,ξ + =
!
ξT =0

                        W [± ](0,ξ ) =U −[0,±∞− ]UT [0T ,∞T ]UT [∞T ,
!
ξT ]U −[±∞− ,ξ − ]

      ∂T
α (ξ )W [± ](0,ξ )

ξ + =
!
ξT =0

=U −[0,ξ − ]DT
α (ξ )

ξ + =
!
ξT =0

+ igU −[0,±∞− ] dη −

±∞−

ξ −

∫ U −[±∞− ,η − ]G+α (η − )U −[η − ,ξ − ],   α = transverse = 1,2

      (Φ∂
[± ]α )ij (x,P,T ) = dξ −

2π
eixP

+ξ −

∫  P,T  ψ j (0)i ∂T
µ (ξ )W [C](0,ξ )ψ i (ξ )  P,T

k+ =xP+ ,ξ + =
!
ξT =0

= dξ −

2π
eixP

+ξ −

∫  P,T  ψ j (0)iDT
α (ξ )ψ i (ξ )  P,T −  P,T  ψ j (0) dη −

±∞−

ξ −

∫ gG+α (η − )ψ i (ξ )  P,T⎡

⎣⎢
⎤

⎦⎥k+ =xP+ ,ξ + =
!
ξT =0

                                             G+α = ∂− A
α (y− )   for A+ = 0     → dη −

±∞−

ξ −

∫ G+α (η − ) = Aα (ξ − ) − Aα (±∞),    iDT
α (ξ − ) = i ∂T

α (ξ − ) + gAT
α (ξ − )

                            = dξ −

2π
eixP

+ξ −

∫  P,T  ψ j (0)i ∂T
α (ξ − )ψ i (ξ )  P,T +  P,T  ψ j (0)gAα (ξ − = ±∞)ψ i (ξ )  P,T⎡

⎣
⎤
⎦k+ =xP+ ,ξ + =

!
ξT =0

Average of Φ∂
[+ ]α  and Φ∂

[− ]α :   

      ( !Φα )ij (x,P,T ) =
(Φ∂

[+ ]α )ij (x,P,T ) + (Φ∂
[− ]α )ij (x,P,T )

2
= dξ −

2π
eixP

+ξ −

 P,T  ψ j (0)i ∂T
α (ξ − )ψ i (ξ )  P,T +  P,T  ψ j (0)g Aα (∞− ) + Aα (−∞− )

2
⎧
⎨
⎩

⎫
⎬
⎭
ψ i (ξ )  P,T

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

∫   

                                               Φ(x,kT ,T )twist-2 =
1
2
f1LL(x,  kT

2 )SLL n − f1LT (x,  kT
2 ) kT ⋅SLT

M
n + f1TT (x,  kT

2 )
kTµ ⋅STT

µν ⋅kTν
M 2

⎡

⎣
⎢ n + g1LT (x,  kT

2 )
εT , µν

Song SLT
µ kT

ν

M
γ 5 n + g1TT (x,  kT

2 )
εT , µν

Song STT
µρkT

νkT ,ρ

M 2 γ 5 n

                                                                 + h1LL
⊥ (x,  kT

2 )SLL
kT
i

M
σ iµnµ + h1LT (x,  kT

2 )SLT
i σ iµnµ + h1LT

⊥ (x,  kT
2 ) SLT

j kT
i kT

j − SLT
i
!
kT

2 / 2
M 2 σ iµnµ + h1TT (x,  kT

2 ) STT
ij kT

j

M
σ iµnµ + h1TT

⊥ (x,  kT
2 ) (STT

lj kT
i kT

l − STT
ij
!
kT

2 / 2)kT
j

M 3 σ iµnµ

⎤

⎦
⎥  

                                               Φ∂
µ (x,T )twist-2 = d 2kTkT

µ∫ Φ(x,kT ,T )twist-2 =
M
2

f1LT
 (1) (x)SLT

α n + g1LT
 (1) (x)εT

αµSLT ,µγ 5 n − h1LL
⊥(1)(x)SLLσ

αµnµ + ′h1TT
(1)(x)STT

αβσ βµn
µ⎡⎣ ⎤⎦

                           = M
4

f1LT
 [+ ](1)(x) + f1LT

 [− ](1)(x)⎡⎣ ⎤⎦SLT
α nij ≡

M
2
f1LT

 (1) (x)SLT
α nij ,     !Φ

α = T-even,   only f1LT
 (1) (x) is T-even,    transverse-momemtum moments of TMDs:   f (1)(x) = d 2kT

!
kT

2

2M 2∫ f (x,kT
2 )

− − − − − − − − − − − − − − − − − − − − − −

                  Lightcone gauge A+ = 0,     G+α = ∂− A
α (y− )   → Aα (y− ) = − dz−

y−

∞

∫ G+α (z− ) + Aα (∞) = − dz−
−∞

∞

∫ θ (z− − y− )G+α (z− ) + Aα (∞),    Aα (y− ) = dz−
−∞

y−

∫ G+α (z− ) + Aα (−∞) = dz−
−∞

∞

∫ θ (y− − z − )G+α (z− ) + Aα (−∞)

                                                 Aα (y− ) = A
α (∞) + Aα (−∞)

2
− 1

2
dz −

−∞

∞

∫ ε (z− − y− )G+α (z− ),   ε (z− − y− ) = θ (z− − y− ) −θ (y− − z − )

      (Φ A
α )ij (x1,x2 ,P,T ) = dξ1

−

2π
dξ2

−

2π∫ eix1P
+ξ1

−

ei(x2−x1 )P+ξ2
−

 P,T   ψ j (0)gAα (ξ2
− )ψ i (ξ1

− )  P,T

                                  = dξ1
−

2π
dξ2

−

2π∫ eix1P
+ξ1

−

ei(x2−x1 )P+ξ2
−

 P,T   ψ j (0)g Aα (∞− ) + Aα (−∞− )
2

− 1
2

dη −

−∞−

∞−

∫ ε (η − − ξ2
− )G+α (η − )⎡

⎣⎢
⎤
⎦⎥
ψ i (ξ1

− )  P,T ,  

                                                     (Φ
A(±∞− )
α )ij (x1,P,T ) = 1

P+

dξ1
−

2π∫ eix1P
+ξ1

−

 P,T   ψ j (0)gAα (ξ2
− = ±∞− )ψ i (ξ1

− )  P,T

                                                     ε (η − − ξ2
− ) = i

π
P dω

−∞

∞

∫
1
ω
e− iω (η− −ξ2

− ) ,    dξ1
−

2π
dξ2

−

2π∫ eix1P
+ξ1

−

ei(x2−x1 )P+ξ2
−

dη −

−∞−

∞−

∫ ε (η − − ξ2
− ) = 2iP 1

(x1 − x2 )P+

dξ1
−

2π∫ eix1P
+ξ1

− dη −

2π−∞−

∞−

∫ ei(x2−x1 )P+η−

                                  = δ (x1 − x2 )
(Φ

A(+∞− )
α )ij (x1,P,T ) + (Φ

A(−∞− )
α )ij (x1,P,T )

2
− 1

2
2iP 1

(x1 − x2 )P+

dξ1
−

2π
dξ2

−

2π∫ eix1P
+ξ1

−

ei(x2−x1 )P+ξ2
−

 P,T   ψ j (0)gG+α (ξ2
− )ψ i (ξ1

− )  P,T

                                  = δ (x1 − x2 )
(Φ

A(+∞− )
α )ij (x1,P,T ) + (Φ

A(−∞− )
α )ij (x1,P,T )

2
−P i

(x1 − x2 )P+ (ΦG
α )ij (x1,x2 ,P,T )   

ΦD
α (x1,x2 ,P,T ) = δ (x2 − x1 ) 1

P+
!Φα (x,P,T ) −P i

(x1 − x2 )P+ ΦG
α (x1,x2 ,P,T )

→ FD ,LT (x1,x2 ) = δ (x1 − x2 ) f1LT
 (1) (x1 ) +P 1

x1 − x2

⎛
⎝⎜

⎞
⎠⎟
FG ,LT (x1,x2 ),   GD ,LT (x1,x2 ) =P

1
x1 − x2

⎛
⎝⎜

⎞
⎠⎟
GG ,LT (x1,x2 ),   HD ,LL

⊥ (x1,x2 ) =P
1

x1 − x2

⎛
⎝⎜

⎞
⎠⎟
HG ,LL

⊥ (x1,x2 ),   HD ,TT (x1,x2 ) =P
1

x1 − x2

⎛
⎝⎜

⎞
⎠⎟
HG ,TT (x1,x2 )

Relations among multiparton distribution functions

ξT

ξ −

ξT

ξ −
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Experimental projects and personal works on spin-1 physics

1990

2000

2010

2020

2030

1989: Hoodbhoy-Jaffe-Manohar on b1−4 
[1983: Frankufurt-Strikman]

1988: EMC spin puzzle on proton

1990: Close and SK on b1 sum rule

1998: Courant’s BNL report on
polarized-deuteron acceleration at RHIC

Personal studies of SK with collaborators

2005: HERMES measurement on b1

1999: Hino and SK on formalism of 
p-d Drell-Yan 

2010: SK on determination of 
tensor-polarized PDFs

2008: SK on projection operators for b1−4

2011: JLab proposal on b1

2016: JLab LoI on gluon transversity

2021: NICA paper on deuteron
2022: Fermilab proposal on deuteron

2025 ~ : JLab, Fermilab, NICA, LHCspin, • • •

2030’s  : EIC/EicC, • • •

2016: SK and Song on tensor-polarized
PDFs in p-d Drell-Yan

2017: Cosyn, Dong, SK, Sargsian,
on convolution estimate on b1

2020: SK and Song on gluon transversity
in p-d Drell-Yan,

2021:        on TMDs and PDFs up to twist 4, 
twist-2 relation and sum rule for PDFs

2022 :       on relations from eq. of motion
and Lorentz-invariance relation

Deuteron spin-1 physics will be developed significantly in 2020’s and 2030’s.

Year
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