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We investigate the relation between the topology of a nucleon and its spin composition. We
approach this question in 1+1 dimensional single-flavor QCD with a large number of color. In this
limit the theory can be shown to be dual to the exactly solvable sine-Gordon model. The spectrum
of baryons and mesons is known analytically, and the baryon is a topological kink of the sine-
Gordon model. Using the method of solitonic constituents we construct the state of the baryon and
extract its g1 structure function. Due to the topological nature of the baryon state this structure
function is enhanced at low Bjorken x. We propose this enhancement as an experimental probe of
the topological structure of the nucleon state.
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I. INTRODUCTION

Since the establishment of QCD as the theory of strong
interactions one problem remains unsolved: how to pre-
dict the physical properties of hadrons from the funda-
mental theory. One manifestation of this problem is the
lack of understanding of the interplay between the non-
perturbative structure of a baryon and its’ spin decom-
position among constituents, which is sometimes referred
to as “proton spin crisis” [1–6]. In particular, the role of
topology of the baryon for its spin structure is not clearly
identified yet.

We address this question in a simple toy model: QCD
with the large number of colors (in the so-called ’t Hooft
limit) and one flavor in 1+1 spacetime dimensions. This
model shares many important features with actual QCD
in 3+1 dimensions: it has confinement, mass gap gen-
eration and its’ spectrum includes baryons and mesons
[7–10]. In 1+1 dimensions there is no notion of spin,
but there is still the notion of chirality, and axial current
exists as well. This allows us to study chirality distribu-
tions, similar to those entering the proton spin decompo-
sition in QCD4.

At the same time, QCD2 in the ’t Hooft limit is dual

to the exactly solvable Sine-Gordon model [11–13]. In
this dual description, the baryon arises as a topological
kink. We follow the approach of [14] to construct the
quantum state of this kink as a coherent state of con-
stituents carrying the information about the topology.
This approach may be viewed as an improved version of
parton model which accounts for the global topology of
a baryon. We manage to evaluate chirality distribution
in a baryon exactly and identify the contribution coming
from its topological structure.

Due to the format of the proceedings contribution the
presentation has to be shortened and some interesting
details omitted. We refer the interested reader to the
original paper [15] for more details and references.

II. MOTIVATION AND BACKGROUND

Proton spin crisis emerged when the results of EMC
experiment on polarized deep inelastic scattering (pDIS)
appeared. The analysis of pDIS starts with the antisym-
metric part of the operator product expansion (OPE) of
two electromagnetic current operators:

Wµν =
1

4π
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From the OPE one can derive a relation between the
first moment of polarized structure function and axial
charges of the nucleon:

∫ 1

0

dxBg1(xB) =
1

12
a3 +

1

36
a8 +

1

9
a0 , (2)

where g1(xB) is the polarized structure function and the
axial charges are defined as

a3 = 2g3A, a8 = 2
√

3g8A, a0 =
√

6g0A, (3)

2MsµgaA = 〈p, s|jµa5 |p, s〉. (4)

Assuming SU(3) flavor symmetry, the nucleon axial
charges a3 and a8 are independently extracted from the
data on neutron and hyperon decays [16]. Therefore the
measurement of the first moment of g1(xB) leads to de-
termining the singlet axial charge a0. The matrix ele-
ment of singlet axial current entering the definition of
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singlet axial charge cannot be calculated in QCD from
first principles. At the same time, it is important to un-
derstand how the non-perturbative topological structure
of the baryon state manifests itself in this matrix ele-
ment. The goal of this work is to address this question
in a simpler model, QCD in 1+1 dimensions.

The model used in this work contains a non-Abelian
gauge field Aµ ∈ SU(N) and one flavor of fermion q in
the fundamental representation of SU(N)

LQCD2 = −1

4
TrFµνF

µν + iq̄γµ(∂µ− igAµ)q−mq̄q , (5)

where Fµν the gluon field strength tensor and m the mass
of the fermion. We will work in the large N ’t Hooft limit,
defined as

N →∞, g → 0, N · g2 ≡ λ = constant . (6)

In 1+1 dimensional field theories there is a bosoniza-
tion duality, relating theories with fermionic fields to
bosonic theories and vice versa. QCD2 also admits
bosonization, and as was shown in [17] in the leading
order in 1

N the corresponding bosonic model is the well-
known Sine-Gordon model of a single scalar field φ:

L =
1

2
(∂µφ)2 −m′2 cos

(
φ

f

)
. (7)

Parameters of the Sine-Gordon model, f and m′ are
inferred from the original theory parameters:

f =

√
N

4π
, m′ =

√
N√
π
mg. (8)

The most important property of the Sine-Gordon
model for us is that it admits certain classical solutions
which are called topological kinks. Since the potential
of the model is periodic in field φ, there are infinitely
many degenerate vacua. Therefore one can build a static
finite-energy solution which at spatial −∞ is at one vac-
uum and at spatial +∞ is at the neighboring vacuum, as
shown at Fig. 1. The explicit solution (for a stationary
kink centered at x = 0) is:

φc(x) =

√
4N

π
arctan e

√
4π
N m′x . (9)

Classical energy of the kink (since the kink is station-
ary, we will refer to it as the kink’s mass) is

Mkink = 4

√
N

π
m′. (10)

To convince ourselves that the Sine-Gordon kink is to
be identified with the baryon, let us calculate its vector

FIG. 1. Left: potential of the Sine-Gordon model. Right:
spatial field profile of the kink solution.

charge. In terms of the bosonic field φ the fermionic
vector current jµ = ψ̄γµψ is

jµ =

√
N

π
εµν∂νφ , (11)

therefore the total vector charge of the kink is

Q =

√
N

π
[φ(x→∞)− φ(x→ −∞)] = N . (12)

Since the charge is N , it means that the kink consists of
N quarks and hence represents the baryon in the bosonic
language.

Finally, since our goal is to calculate the matrix ele-
ment of the axial current, it is useful to remember the
connection between axial and vector currents in 1+1 di-
mensions and the corresponding bosonized version of the
axial current:

jµ5 = εµνjν =⇒ jµ5 =

√
N

π
∂µφ. (13)

III. CHIRALITY DISTRIBUTION INSIDE A
KINK IN THE SINE-GORDON MODEL

Our goal is to study the matrix element of axial current
over a baryon state. As we have seen in the previous
section, baryon in the bosonized version of QCD2 is a
topological kink, so we are going to compute

〈kink|j5µ|kink〉. (14)

First, we need to clarify what is meant by the quantum
state |kink〉. Following the approach of [14] let us define
the kink state such that

〈kink|φ̂(x)|kink〉 = φc(x), (15)
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where φ̂ is the quantum field operator and φc is the kink
profile (9). Following the usual approach of canonical
field quantization we can introduce a decomposition of

the quantum field operator φ̂ into creation and annihila-
tion operators along with a Fourier decomposition of the
classical soliton profile φc(x):

φ̂(x) =

∫
dk

2π

1√
2ω(k)

(asolk eikx + asol†k e−ikx), (16)

φc(x) =

∫
dk

2π

1√
2ω(k)

(αke
ikx + α∗ke

−ikx) . (17)

Here asolk , asol†k are correspondingly annihilation and
creation operators of the so-called solitonic constituents,

satisfying the usual commutation relations [asolk , asol†k′ ] =
2πδ(k − k′); αk are Fourier coefficients of the classical
soliton configuration.

Comparing the decompositions of the field operator
and the classical field profile, we see that the definition
of kink state (15) will be satisfied if

〈kink|asolk |kink〉 = αk . (18)

Therefore we should define the kink state as a prod-
uct of coherent states, each corresponding to a particular
momentum:

|kink〉 =
⊗
k

|αk〉, (19)

where |αk〉 is a coherent state for momentum k, defined
by asolk |αk〉 = αk|αk〉.

A useful way to further understand the structure of the
coherent baryon state, first suggested in [14], is to decom-
pose the Fourier coefficients into a product of “topology”
and “energy”:

αk = tkck , tk =
i
√
ω(k)

k
, ck = −

√
πN

2

1

cosh
√

N
4π

πk
2m′

.

The pole at k = 0 means that there are infinitely
many bosonic topological constituents at zero momen-
tum, which are necessary to encode topology. The corre-
sponding splitting in position space is a convolution:

φc(x) =

√
N

π
(sign ∗ sech)

(√
N

4π
m′x

)
+
π

2
, (20)

where the sign function encodes the topology of the field
profile and “energy” is the rest.

The same procedure can be repeated for a kink in the
infinite momentum frame. Let us boost the kink with
β → 1, then the field profile becomes

φb(x, t) −−−→
β→ 1

√
N

4π
4 arctan e

√
4π
N m′γ

√
2x+

, (21)

with light-cone coordinates x± =
1√
2

(t ± x), and γ =

1√
1− β2

, as usual.

Same as for a stationary kink, field operator can be
decomposed into light-cone constituents and state of the
kink constructed as a coherent state of these constituents.
The constituent occupation number turns out to be

Nk+ = |αk+ |2 =
πN√

2xBp+

1

cosh [NxB ]
2 , (22)

where we introduced p+ =
√

2γMkink and Bjorken xB =
k+
p+

. The occupation number is divergent at small xB ,

which once again is a manifestation of the kink’s topol-
ogy.

From the bosonization dictionary it follows that jµ5 =√
N

π
∂µφ and therefore, in momentum space,

〈kink|j5+(xB)|kink〉 = N
1

cosh [NxB ]
. (23)

As illustrated in Fig. (2), the matrix element of axial
current is dominated by xB ∼ 1

N . At large N this means
that the chirality distribution at small xB is enhanced
while the region xB ∼ 1 is strongly suppressed.

In fact, our treatment allows to see that the enhance-
ment of chirality distribution at small xB arises entirely
from topology of the baryon. Topology can be factored
out in the convolution form (20), which in the infinite
momentum frame is

φb(x
+) =

√
N

π
(sign ∗ sech)

(
πp+x

+

2N

)
. (24)

We introduce a non-topological state (“meson”) by
simply removing the sign function, so only the “energy”
part is left:

φn−tb (x+) =

√
N

π

1

cosh
(
πp+x+

2N

) . (25)

This is not the actual meson of QCD2 and is not a clas-
sical solution of the equations of motion, but a compari-
son to this state will help us clarify the role of topology
for chirality distribution in a baryon. Chirality distribu-
tion in this “meson” is calculated along the lines of the
baryon calculation described above; as a result we get
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FIG. 2. Left panel: The matrix element of the axial current inside a baryon as a function of Bjorken x for different N . For
large N , the xB ∼ 1 region is suppressed while the xB → 0 region is enhanced. Right panel: Same as left panel, but for a
“meson”. The xB → 0 region contribution vanishes, reflecting the lack of baryon topology.

〈non− top.|j5+(xB)|non− top.〉(xB) =
2N2xBi

π cosh(NxB)
.

Chirality distributions in a baryon and in a “meson”
are compared on the left and right panels of Fig. 2. We
see that for a non-topological state chirality vanishes at
xB → 0 which indicates that its enhancement in a baryon
state is entirely a consequence of topology. At the same
time, xB ∼ 1 region is not affected by the differences in
topological structure.

IV. DISCUSSION

In the conventional parton model the only place where
the non-perturbative hadron structure enters parton dis-
tributions is through the initial conditions for the evolu-
tion equations. The perturbative QCD evolution is not
sensitive to the non-perturbative hadron structure, and
in particular it is the same for baryons and mesons. How-
ever, it is important to understand what are the effects
of non-perturbative topological baryon structure on par-
ton distributions. Here we addressed this question in the
exactly solvable QCD2 in the ’t Hooft limit.

QCD2 in the ’t Hooft limit is dual to the Sine-Gordon
model and the baryons are described as topological kinks.
Quantum state of such a kink can be constructed as a
coherent state of solitonic constituents which carry the
information about the kink’s topology. We have calcu-
lated the matrix element of axial current over such a
topological kink state and found that it is enhanced at
small Bjorken xB . Moreover, the enhancement at very
low xB originates entirely from the topology of the state,

as for a non-topological “meson” chirality distribution is
drastically different: it vanishes at xB → 0.

All of our discussion took place in 1+1 dimensions, so
it is natural to wonder whether the results are relevant to
QCD4. Indeed, the relation (13) between axial and vec-
tor currents and most of the derivations of Section III rely
heavily on the theory being (1+1) dimensional. However,
we believe that the results we obtained may be relevant
in the real world. The first reason is that in QCD4 there
is the chiral anomaly [18, 19], which connects the UV and
IR [20]. Therefore, it makes polarized structure functions
sensitive to the IR structure of the baryon, including its
topological structure [21–26]. The second reason is the
factorization between longitudinal and transverse degrees
of freedom in high energy processes, which might make
the (1 + 1) dimensional dynamics considered above di-
rectly relevant in 3+1 dimensions.

In terms of phenomenology, our main prediction is the
drastic difference between spin distributions in baryons
and mesons. We expect that the baryon topological
structure leads to an enhancement of g1(xB) structure
function at small xB while for mesons this effect would
be absent and g1 would be suppressed at small xB . Ex-
perimentally, this prediction can be tested though the
diffractive DIS with a baryon in the target fragmenta-
tion region separated by a rapidity gap from the inelas-
tic final state, which can access meson structure function.
Lattice QCD provides another way to measure and com-
pare polarized structure functions of baryons and mesons
[27–31].

An interesting extension of this work would be to study
chirality distributions in the case of QCD2 with several
flavors, and in particular study how they are related to
the constituent quark picture discussed in [32]. Another
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possible extension would be to study the 1/N corrections.
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