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Outline

• Back-to-back limit

• Motivation

• One-loop corrections to dijet production in DIS

Saturation Physics at NLO. Why inclusive dijets in DIS? Review of Leading Order

Framework. NLO Amplitudes. Cancellation of divergences. JIMWLK factorization

Sudakov suppression. The need for kinematic constraint

• Summary & Outlook



Saturation physics at NLO

Beuf, Lappi, Hänninen, Mäntysaari (PRD 2020)
Shi, Wang, Wei, Xiao (2021)

Many developments presented at this very conference!

Structure functions with massive quarks 
(see Tuomas Lappi’s talk)
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see Bowen Xiao’s plenary talk

Exclusive vector meson production in DIS 
 (see Jani Penttala’s talk)

Dihadron production in DIS 
 (see Jamal Jalilian-Marian’s talk)

Single inclusive jet production in pA 
 (see Hao-yu Liu’s talk)

JIMWLK with massive quarks 
 (see Lin Dai’s talk)

This talk: Inclusive dijet in DIS



Why inclusive dijet production in DIS?
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In the back-to-back limit contact with the  
(transverse momentum dependent) TMD formalism 

Weizsäcker-Williams TMD

Complementary process to fully inclusive 
Study dependence on kinematic variables, correlations, etc 

Simplest observable featuring the quadrupole. 
Validity of JIMWLK factorization beyond the dipole
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Suppression of back-to-back peak potential 
signature of gluon saturation (dihadrons)
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Zheng, Aschenauer, Lee, Xiao (PRD 2014)

Dumitru, Skokov, Ullrich (PRC 2019)

Dominguez, Marquet, Xiao, Yuan (PRD 2011)

Jets are better proxies of hard partons (than hadrons)

Kharzeev, Levin, McLerran (Nuc.Phys. A 2005) Marquet (Nuc.Phys. A 2007) 

See also Cyrille Marquet’s talk and Sanjin Benic’s talk



Leading order

Unpolarized differential cross-section:

Anatomy of the cross-section
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dipoles quadrupole
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 splitting to γ* qq̄ interaction with nucleusqq̄
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Differential yield

CGC shows further suppression relative 
to TMD at back-to-back limit

Momentum imbalance azimuthal 
anisotropies

Mäntysaari, Mueller, FS, Schenke (PRL 2020) 
Boussarie, Mäntysaari, FS, Schenke (JHEP 2021)
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Anisotropies modified in ITMD and CGC
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One-loop corrections
General remarks

• Separate regular and instantaneous pieces in the Dirac-Lorentz structures

Inspired from spinor-helicity techniques and LCPT

• Covariant PT (in light-cone gauge) with effective Feynman rules 
for eikonal multiple scattering

• Regularization schemes
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Adjoint Wilson line

Dimensional regularization for transverse integrals 
+ sharp cut-off  in longitudinal momentumΛ−

0

+Small R cone algorithm
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Boussarie, Grabovsky, Szymanowski, Wallon (JHEP 2016)

Roy, Venugopalan (PRD 2019)
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One-loop corrections

Ayala, Hentschinski, Jalilian-Marian, Tejeda-Yeomans 
(Nuc.Phys. B  2017)

Amplitudes
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Altinoluk, Boussarie, Marquet, Taels (JHEP 2020) 
with LCPT and  Q2 = 0

Hänninen, Lappi, and Paatelainen (Annals Phys. 2017) with LCPT

Beuf (PRD 2016) with LCPT 

Taels, Altinoluk, Marquet, Beuf (2022) with LCPT and Q2 = 0
Boussarie, Grabovsky, Szymanowski, Wallon (JHEP 2016) for exclusive dijets

Caucal, FS, Venugopalan (JHEP 2021) 
Computed all diagrams within covariant PT for 

inclusive dijets
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One-loop corrections
Example I: Vertex with gluon crossing SW 
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Perturbative factor:
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One-loop corrections
Example II: Self energy with gluon crossing SW 

UV finite piece

UV divergent piece
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Cancellation of UV divergences

•UV divergent diagrams 
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V1

•UV finite diagrams
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V3

One-loop corrections

IR pole
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Caucal, FS, Venugopalan (JHEP 2021)



One-loop corrections
Cancellation of IR and collinear divergences

IR divergences manifest as double logs               in our calculation (our regularization scheme)

Double logs             cancel as in 
Beuf (PRD 2016)�⇤
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Sum V3xLO + R2xR2’ is free of  double logs

Double logs also occur in V3xLO and R2xR2’ (and c.c.) by examining singular part of zg
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Slow gluon limit and JIMWLK factorization

13

One-loop corrections

<latexit sha1_base64="6/HvSCyUqWPjEl5hl1JlYZFuts8="></latexit>

d��
NLO

d2k1?d⌘1d2k2?d⌘2

����
slow

<latexit sha1_base64="c7fR+DF+Qo5IcI1rt/ObWHRqA8Q="></latexit>

=
↵eme2fNc

(2⇡)6
�(1� zq � zq̄)

Z
dX?R�

LO
(rxy, rx0y0) ln

✓
zf
z0

◆

<latexit sha1_base64="Io9HrnymmHS1Sm2/4Q9zX50z8Hw="></latexit>

⇥↵sNc

4⇡2

*Z
d2z?

(
r2xy

r2zxr
2
zy

(2Dxy � 2DxzDzy +DzyQy0x0,xz +DxzQy0x0,zy �Qxy,y0x0 �DxyDy0x0)

+
r2x0y0

r2zx0r2zy0
(2Dy0x0 � 2Dy0zDzx0 +Dzx0Qxy,y0z +Dy0zQxy,zx0 �Qxy,y0x0 �DxyDy0x0)

+
r2xx0

r2zxr
2
zx0

(Dzx0Qxy,y0z +DxzQy0x0,zy �Qxy,y0x0 �Dxx0Dy0y)

+
r2yy0

r2zyr
2
zy0

(Dy0zQxy,zx0 +DzyQy0x0,xz �Qxy,y0x0 �Dxx0Dy0y)

+
r2xy0

r2zxr
2
zy0

(Dxx0Dy0y +DxyDy0x0 �Dzx0Qxy,y0z �DzyQy0x0,xz)

+
r2x0y

r2zx0r2zy
(Dxx0Dy0y +DxyDy0x0 �Dy0zQxy,zx0 �DxzQy0x0,zy)

)+

Y

JIMWLK LL Hamiltonian acting on LO color structure

Small-x evolution of dipole and quadrupole!
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Evolution of quadrupole can be found in 
Dominguez, Mueller, Munier, and Xiao (Phys.Lett.B 2011)

Caucal, FS, Venugopalan (JHEP 2021)
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Cancellation of soft and collinear divergences

One-loop corrections

14

Collinear pole

Collinear poles from R2  R2  and R2’  R2’ cancel against IR pole of virtual contributions (see Slide 21)!× ×

It is possible to show that               cancel with the out-cone contribution.
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• Implement a jet algorithm* (small cone) 
excluding slow gluon divergence
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Phase space for collinear 
non-slow gluon

•Collinear divergence cancels against IR divergence left 
in virtual contributions

Collinearity variable:

Small-cone condition:

See Taels, Altinoluk, Marquet, Beuf (2022) for an explicit cancellation.

Caucal, FS, Venugopalan (JHEP 2021)



In the back-to-back limit we expect the appearance of double and single 
Sudakov logarithms

Back-to-back limit

15
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Origin of Sudakov double logs
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Double log but with opposite sign!

In the back-to-back limit (in-cone+out-cone contribution):

Back-to-back limit
Where is the Sudakov in our computation?
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• Systematic analysis of one-loop corrections to semi-inclusive 
dijet production in DIS within the CGC

• Proved LL JIMWLK high energy factorization of rapidity 
divergence, and isolated impact factor

Summary

• Need of kinematic constraints in the back-to-back limit 
to reproduce Sudakov double log



Outlook
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• Semi-inclusive dihadron production (more suitable for EIC?)

• Massive quarks: heavy quark and quarkonia production

• Alternative way to distinguish soft/rapidity divergences 
using SCET

See Jamal Jalilian-Marian’s talk

Combine with results from Tuomas Lappi’s talk?

• Numerical predictions for dijets at NLO 

• Connection to RHIC and LHC physics via UPCs 
(photo-production limit)

See Taels, Altinoluk, Marquet, Beuf (2022) for photo-production

See Hao-Yu Liu’s talk for jet production in pA



Back-up Slides
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Artwork: T. Ullrich

Emergence of an energy and nuclear specie dependent momentum scale

Multiple scattering (higher twist effects)

Non-linear evolution equations (BK/JIMWLK)

Anatomy of nuclear matter in the high-energy limit
Gluon dominance at low-x

20Review of gluon saturation. Morreale, FS (Universe 2021)
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One-loop corrections
Connection to LCPT: an example
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One-loop corrections
Connection to LCPT: an example
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Useful decomposition (dissecting Dirac-Lorentz structure)
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After contour integration  and  one obtains 
light-cone energy denominators in LCPT 
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These perturbative factors have been computed in 
Beuf (2016,2017), Hänninen, Lappi, and Paatelainen (2017) 

Diagrams from Beuf (2016)
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Review of Leading order
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Perturbative factor!

with Dirac/Lorentz structure:

Color correlator

Anatomy of the amplitude

Dissecting amplitude

<latexit sha1_base64="AcV4xk+QCqEejREPAlDgvf7ToxY="></latexit>

N �
�1�2

(r?) = �i(2q�)

Z
d4l

(2⇡)2
eil?·r?N�

�1�2
(l)�(k�1 � l�)

(l2 + i✏)((l � q)2 + i✏)

<latexit sha1_base64="h0AC8ZpzIGTA66vQJUyiBXByWBA="></latexit>

qµ =

✓
� Q

q�
, q�,0?

◆

<latexit sha1_base64="LyOHq+yWsL6G+ui0/oZw4B2LddY="></latexit>

kµ1 =

✓
k2
1?

2z1q�
, z1q

�,k1?

◆

<latexit sha1_base64="j450OlginRepBkPBEliHSnXVLg8="></latexit>

kµ2 =

✓
k2
2?

2z2q�
, z2q

�,k2?

◆

23

<latexit sha1_base64="SHPwLi8/TlnyhDyWB9utlYaU3lw="></latexit>

eefq�

⇡

Z

x?,y?

e�ik1?·x?e�ik2?·y?
⇥
V (x?)V

†(y?)�
⇤
ij
N �

�1�2
(x? � y?)

<latexit sha1_base64="SL61nQmRHQ5iG1hN5HVtGinUspc="></latexit>

M�
LO,ij,�1�2

=



Leading order
Anatomy of the amplitude

• Compute  integral using eikonal delta function l− δ(k−
1 − l−)

• Evaluate Dirac/Lorentz structure with basic gamma matrix manipulations

• Compute  via contour integration using residuesl+

• Compute  with 2D Fourier transform l⊥
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where  and  are Bessel functions (exponential decaying like)K0 K1
24

<latexit sha1_base64="7VBcZ1QvnzY1pXqCHgpuWlQ3YYw="></latexit>

N�=0
�1�2

(l) = �2Q(z1z2)
3/2��1,��2

<latexit sha1_base64="dCIss4ZLjwwLIhjTp6SCqITjhg4="></latexit>

N �=0
�1�2

(r?) = �2(z1z2)
3/2QK0(Q

p
z1z2r?)��1,��2

<latexit sha1_base64="9tzK9E6MepWgruPxJEGax+fDGqM="></latexit>

N�=±1
�1�2

(l) = l? · ✏�?
⇥
z2�

�
�1

� z1�
�
�2

⇤
��1,��2

<latexit sha1_base64="IW9n2e4adVBXfdBsiFYhtuJyZzg="></latexit>

N �=±1
�1�2

(r?) = 2(z1z2)
3/2

⇥
z2�

�
�1

� z1�
�
�2

⇤ iQr? · ✏�?p
z1z2r?

K1(Q
p
z1z2r?)��1,��2



Leading order

 splitting to γ* qq̄ interaction with nucleusqq̄
Unpolarized differential cross-section:

Anatomy of the cross-section
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dipoles quadrupole
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One-loop corrections
Real gluon emission after SW

Perturbative factor:
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One-loop corrections
Self energy with gluon after SW 
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Self-energy contribution vanishes exactly in dim reg (IR and UV pole cancel each other out) 
turns UV divergences into IR (massless quarks)
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One-loop corrections
Vertex with gluon after SW 
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 Slow gluon radiation                                             can be large in resummed by redefining 
 distribution of sources:

Rapidity (slow gluon) divergences and JIMWLK factorization
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