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We present analytical calculations of the distribution of non-global jet shapes in Higgs/vector
boson + jet production at hadron colliders. Within the eikonal-limit framework and implementing
various jet algorithms, we compute the full distribution of the particular jet mass shape observable
at 2-loops, including the large single-logarithms known as non-global logs and clustering logs. We
compare our next-to-leading-log analytical resummation to parton showers and, after matching
and including non-perturbative effects, to experimental data. A good agreement is shown for all
comparisons.
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I. INTRODUCTION

The study of jet shapes and jet substructure have recently seen huge attention due to their effectiveness in investigating
both (background) QCD and new physics (signals) (see ref. [1] for a full review). The invariant mass of a jet, in particular,
plays a key role in scrutinising various aspects of QCD including, to mention a few, initial- and final-state radiation, colour
flow, soft and/or collinear regions, hadronisation, and underlying event. The analytical calculations of this jet shape, and
others, are complementary to Monte Carlo (MC) simulations as they address many issues that are vaguely clear in the
latter. These include, for instance, theoretical uncertainties and quantification of missing higher-terms.

The jet mass is a member of a family of observables known as ”non-global” observables (NGO) [2, 3]. Unlike “global”
observables, NGO are sensitive only to particular regions of the phase space (instead of the full phase space). In addition
to the usual soft/collinear large logarithms that arise in the perturbative distribution of jet (and event) observables,
NGO are plagued with other large logarithms known as “non-global logs” (NGLs). Moreover, when jets are clustered
using jet algorithms [4–8] NGO receive another ladder of large logarithms known as ”clustering logs” (CLs). A proper
next-to-leading-log (NLL) resummation of the jet mass distribution has to account for all three types of logs mentioned
above. It is this very task that we address in what follows below.

The resummation of the jet mass observable is performed for the particular process of the production of a single hard
jet in association with a vector boson (W,Z or γ) or a Higgs boson H at the Large Hadron Collider (LHC). Previous
works on the said observable and within the Soft and Collinear Effective Theory (SCET) include: di-jet events [9], γ+jet
events [10] and H+jet events [11]. The current work extends that of Ref. [12] from various aspects including:

� various jet algorithms, namely: anti-kt, kt and Cambridge-Aachen (C-A).

� various processes, namely: Z/W/γ/H + jet.

� full jet-radius dependence of both NGLs and CLs at two-loops order.

� compare results of all four processes (NLL resummation + next-to-leading-order (NLO) matching) with various
parton showers.

� estimating hadronisation and underlying event corrections for the Z+jet process and comparing the full result with
CMS experimental data reported in Ref. [13].

In the next section we present the details of the kinematics of the processes and the observable to be considered herein.
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II. SETUP

The four hadronic processes, i.e., W/Z/γ/H+jet are identical from the point of view of QCD calculations as they all
involve three hard coloured QCD partons and a colour-neutral boson X. They only differ in the corresponding Born
partonic channels: (δ1) : qq̄ → g + X, (δ2) : qg → q + X and (δ3) : gg → g + X. In all of our calculations we shall
assume eikonal (or equivalently soft) approximation with strong ordering in transverse momenta. The said assumptions
significantly simplify the calculations while retaining the necessary NLL accuracy. Recoil effects are also ignored as they
are beyond NLL accuracy. All partons are considered massless throughout.

The normalised (squared) invariant mass observable of a jet j is defined by:
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where pj and pt are the four- and transverse momentum of the outgoing measured jet, ki is the four-momentum of the
ith soft emission and the sum is over all emissions that end up inside the jet after the application of the jet clustering
algorithm. Three jet algorithms are considered in the present work, namely, anti-kt, kt and C-A, as mentioned in the
introduction.

The (differential) distribution of the jet mass for a given Born channel δ is given by:

dΣδ(ρ)
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where dσ0,δ/dBδ is the differential partonic Born cross-section for channel δ with respect to the Born configuration Bδ,

CB,δ(ρ) = 1 +αs C
(1)
B,δ + · · · is a function with non-logarithmically-enhanced terms, and fB,δ(ρ) is a function that resums

all large logarithms

fB,δ(ρ) = exp [Lg1(αsL) + g2(αsL) + · · · ] , (3)

where Lg1 resums leading (double) logs that originate from soft and collinear emissions off the hard parton initiating
the jet, and g2 resums NLL (single) logs that come from various sources, including: (a) hard-collinear emissions from
outgoing hard partons, (b) soft wide-angle emissions from all partons, (c) NGLs from correlated soft wide-angle secondary
emissions, and (d) CLs from soft wide-angle primary emissions when jet algorithms other than anti-kt are used.

Before presenting the NLL resummed form factor for the jet mass observable we first show the fixed-order calculations
for one- and two-gluons emissions.

III. FIXED-ORDER CALCULATIONS

A. One-gluon emission

The three Born channels mentioned above with a soft emission k1 may be schematically represented as

a+ b→ j +X + k1. (4)

The jet mass perturbative distribution at one-loop may be cast in the form:

f
(1)
B,δ(ρ) = −

∫
dΦ1WR

1,δ Θ(%1 − ρ) Ξin(k1), (5)

where the expressions the phase space factor dΦ1 and the one-loop eikonal amplitude squared (for real emission) WR
1,δ

are given in our paper [14]. The clustering function Ξin(k1) restricts the soft emission k1 to be inside the jet for it to
contribute to its mass. The final result reads

f
(1)
B,δ(ρ) = −(Caj + Cbj)ᾱs

L2

4
− ᾱsL

[
Cab

R2

2
+ (Caj + Cbj)h(R)

]
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where Cij is the colour factor associated with the dipole (ij): Cqq̄ = 2CF − CA = −1/Nc, Cqg = Cgg = CA = Nc with CF

and Nc having their usual meaning, L = ln
(
R2/ρ

)
is the large log to be resummed, and h(R) = R2/8 +R4/576 +O(R8).
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B. Two-gluon emissions

The eikonal squared amplitude at two-loops order consists of two parts: a reducible part which corresponds to primary
emissions off the three-hard-legs Born configuration and accounts for global Abelian logarithms and CLs if kt and C-A
are used; and an irreducible part which corresponds to secondary non-Abelian emissions and accounts for NGLs. The jet
mass distribution at two-loops may be written as

f
(2)
B,δ(ρ) =

1

2!

(
f

(1)
B,δ

)2

+ C2,δ(ρ) + S2,δ(ρ), (7)

where C2,δ(ρ) accounts for CLs and S2,δ(ρ) accounts for NGLs.
Unlike pure global Abelian logarithms that are resummed by the famous Sudakov form factor, CLs are not captured

by the said form factor and need to be computed at each perturbative order. At two-loops they are given by

C2,δ(ρ) =
1

2!
ᾱ2
sL

2 Fδ2 (R). (8)

The expressions of Fδ2 (R) for the various Born channels are given in our paper [14]. Recall that for anti-kt CLs are absent.
NGLs, on the other hand, are given at two-loops, by

S2,δ(ρ) =
1

2!
ᾱ2
sL

2 Gδ2(R). (9)

The expressions of Gδ2(R) for all three jet algorithms and all Born channels are given in our paper [14]. As is well
established by now, the effect of jet clustering algorithms, other than anti-kt, is twofold: on one hand, they reduce the
size of NGLs, and on the other hand, they introduce CLs into the distribution.

Figure 1 shows the overall coefficient of CLs and NGLs in the jet mass distribution at two-loops. The two large logs
tend to balance each other out for large jet radii (R & 1). We remark that for small values of R one recovers results found

FIG. 1. Combined effect of CLs and NGLs at two-loops with kt clustering.

in e+e− → di-jet events [15].

IV. RESUMMATION AND COMPARISON TO PARTON SHOWERS

The NLL-resummed jet mass distribution is given, after including NGLs and CLs, by:

dΣδ(ρ)

dBδ
=

dσ0,δ

dBδ
fglobal
B,δ (ρ)Cδ(ρ)Sδ(ρ)CB,δ(ρ), (10)

where Cδ(ρ) and Sδ(ρ) resum CLs and NGLs, respectively, and are approximated by the exponential of the two-loop
result. They may be determined to all-orders only numerically both at large- and finite-Nc for a few observables (not
including our jet mass observable) [16, 17]. An estimate of the NLO effect on the distribution is included in eq. (10) via

the term C
(1)
B,δ obtained from the fixed-order program MCFM [18]. Figure 2 presents comparisons of the NLL-resummed

formula (10) to various parton showers for the processes Z/H/W/γ + jet. There is generally a good agreement of the
resummed + C(1) distribution with Pythia 8 parton shower for all four processes and for the values of R considered.
NGLs and CLs are sizeable for R = 0.6 compared to R = 1.0, as was hinted at in the previous section. Moreover, the

inclusion of the one-loop constant term C
(1)
B,δ seems to improve the distribution both at the peak and tail regions. We note

that discrepancies between the two parton showers may be lifted off once non-perturbative effects are included, which we
consider in the next section.
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FIG. 2. Comparisons of the resummed formula (10) for the various processes to parton showers.

V. COMPARISON TO CMS DATA

To compare to experimental data from CMS [13, 19] we first match our NLL-resummed formula (10) to NLO exact
distribution taken from MCFM. We then analytically estimate the size of the two dominating non-perturbative (NP) effects,
namely, hadronisaion and underlying-event using the method of the shift in the mean value of the jet mass [20]. Figure
3 shows the comparison of the NLL-resummed and matched formula with associated NP corrections with CMS data and
results from MadGraph 5 [21] interfaced to Pythia 8 [22] and Herwig 7 for Z+jet in anti-kt with R = 0.7 and jet pt in the
range 300 < pt < 450 GeV. A good agreement is shown between resummed prediction, CMS data and event generators
over a wide range of the observable. The cut-off at around 40 GeV of the NLL+NLO+NP distribution is a manifestation
of the shift method, which renders the distribution valid only to the right of the peak.

VI. SUMMARY

In this proceeding, we have presented analytical calculations of an important jet-shape observable, namely, the invariant
mass of a jet, both at fixed-order and to all-orders in perturbation theory. The latter observable being of non-global
nature poses delicate challenges to resum. We have shown how one can overcome such challenges and presented an NLL
resummation that includes all-orders estimate of NGLs and CLs. Comparisons to various parton showers as well as to
experimental data confirm our calculations for a wide range of values of the observable considered. As future work, it
is worth investigating other jet-shapes and other hadronic processes that constitute important backgrounds to numerous
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FIG. 3. Comparison of analytical calculations, parton showers and CMS experimental data for the (un-normalised) jet mass variable
mj .

new physics signals.
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