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Introduction

CFTs in the large charge Q regime are described semiclassically by a
superfluid EFT [Hellerman,Orlando,Reffert,Watanabe,’15]

[Monin,Pirtskhalava,Rattazzi,Seibold,’16]

In cases where there is a small control parameter like ε,
1

N
, that

semiclassical expansion can be performed in a perturbative way in a double
scaling limit

ε→ 0, Q →∞, εQ = fixed

[Badel,Cuomo,Monin,Rattazzi,’19], [Antipin,Bersini,Sannino,Wang,Zhang,’20]
[Alvarez-Gaumé,Orlando,Reffert,’19]

A key ingredient is mapping the theory to the cylinder using the
state-operator correspondence
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State-operator correspondence

Consider the scalar U(1) model in 3− ε dimensions at the WF fixed point

L = ∂φ̄∂φ+
λ2

36
(φ̄φ)3

Mapping to the cylinder

xµ = eτnµ, τ = ln |x |, |n| = 1

φ(x) = e−∆φτ φ̂(τ,~n), φ̄(x) = e−∆φτ ˆ̄φ(τ,~n)

The anomalous dimension of φn is given by energy of the lowest charge-n
state

〈φ̄n(xf )φn(xi )〉 ∝
1

|xi − xf |2∆φn

(τf−τi )→∞−−−−−−−→ N e−(τf−τi )∆φn

〈ψn|e−H(τf−τi )|ψn〉
(τf−τi )→∞−−−−−−−→ Ñ e−(τf−τi )∆φn
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Semiclassical expansion

The latter can be represented as a path integral on the cylinder

φ̂ =
ρ√
2
e iχ, ˆ̄φ =

ρ√
2
e−iχ

Scyl[ρ, χ] =

∫
dτdΩd−1

(
1

2
(∂ρ)2 +

1

2
ρ2(∂χ)2 +

1

2
m2ρ2 +

λ2

288
ρ6

)
− in(χf − χi )

Ωd−1

One expands around the non-trivial saddle as

ρ(τ,~n) = f + r(τ,~n), χ(τ,~n) = −iµτ +
π(τ,~n)

f
√

2

f 2 =
n

µΩd−1
, µ2(µ2 −m2) =

λ2n2

48Ω2
d−1

, m =
d − 2

2
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The leading order is given by evaluating the action on the saddle

∆
(LO)
φn =

∆−1(λ∗n)

λ∗
=

1

τf − τi
S [f ,−iµτ ] =

n

3

(
2µ+

m2

µ

)
The NLO is given by the casimir energy of fluctuations around the saddle.
Use the quadratic action

S (2)[r , π] =

∫
dτdΩd−1

(
1

2
(∂r)2 +

1

2
(∂π)2 − 2iµr∂τπ + 2(µ2 −m2)r2

)
to get the spectrum of said fluctuations

ω2
A(`) = J2

` + 2(2µ2 −m2)− 2
√

J2
` µ

2 + (2µ2 −m2)2

ω2
B(`) = J2

` + 2(2µ2 −m2) + 2
√
J2
` µ

2 + (2µ2 −m2)2
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Definition of the superfluid excitations

(
r
π

)
=


2µ

ω2
B(0)

pπ

π̂ − ipπτ

(
1− 4µ2

ω2
B(0)

)
Y00

+
∞∑
`=1

∑̀
m=−`

(
VA(`)A`me

−ωA(`)Y`m + h.c .
)

+
∞∑
`=0

∑̀
m=−`

(
VB(`)B`me

−ωB(`)Y`m + h.c .
)

where VA,B(`) are vectors fixed by the quadratic EOM.

[A`m,A
†
`′m′ ] = δ``′δmm′ , [B`m,B

†
`′m′ ] = δ``′δmm′ , [π̂, pπ] = i
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∆
(NLO)
φn =

∆−1(λ∗n)

λ∗
+ ∆0(λ∗n)

=
n

3

(
2µ+

m2

µ

)
+

1

2

∞∑
`=0

n` [ωA(`) + ωB(`)− 2ω0(`)]

with ω0(`) = `+
d − 2

2
and n` =

(2l + d − 2)Γ(`+ d − 2)

Γ(`+ 1)Γ(d − 1)
.
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Spectrum of fluctuations

This computation directly yields the spectrum of charge-n states made of
a few excitations around the saddle, at NLO (only leading order in the
splittings).
Say these excitations are created by acting on the lowest-energy charge-n
state |n〉 with creation operators A†`,m,B

†
`,m∏

i

A†`i ,mi

∏
j

B†˜̀
j ,m̃j
|n〉

that state has energy

∆n({`i}, {˜̀
j}) = ∆

(NLO)
φn +

∑
i

ωA(`i ) +
∑
j

ωB(˜̀
j)

Note : ωA(0) = 0 and ωA(1) = 1 + O(ε).
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Two Fock spaces

Vacuum Fock space Hydrodynamic Fock space

Background Trivial vacuum |0〉 Charge-n |n〉 =
1√
n!

(a†00)n|0〉

Fields φ̂, ˆ̄φ r , π

Creation ops. a†`,m, b
†
`,m A†`,m,B

†
`,m

Can we express the operators corresponding to the latter picture, in terms
of the elementary fields φ, φ̄ and derivatives ?
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Identifying Large Charge Operators

At small charge (λn� 1) the operators which have definite anomalous
dimension can be computed perturbatively. [Brown,1980]

At large charge however (λn� 1), it is not clear what an operator
expression means.

In all cases, operators are organized into conformal multiplets formed by
one primary and all its descendents. At fixed large charge, this structure
parallels the hydrodynamick Fock space.



Introduction Free theory classification of charge n primaries Mapping of the two Fock spaces

Identifying Large Charge Operators

By continuity of the operator spectrum in the coupling, we can consider

families of operators O(n,`,α)
λ (x) living across all couplings. The idea is

then to label each family by its λ = 0 instance.

Since the conformal multiplet structure is independent of λ, classification
of operators can be achieved by classifying charge-n primaries in free
theory.
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State-operator correspondence

We consider the free CFT in 3 dimensions

L = ∂ ˆ̄φ∂φ̂+
1

4
ˆ̄φφ̂

The state-operator correspondence is given by

a†`m|0〉 =

√
2`+ 1

`!

∫
dΩ2 Y`mn

µ1 · · · nµ`∂µ1 · · · ∂µ`φ(0)|0〉

b†`m|0〉 =

√
2`+ 1

`!

∫
dΩ2 Y`mn

µ1 · · · nµ`∂µ1 · · · ∂µ` φ̄(0)|0〉

In this picture the correspondence is simple, thus we can express primary
operators in terms of creation-annihilation operators.
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Charge-n primary states

Expressing the conformal generators in terms of creation-annihilation
operators, e.g.

K3 =
∞∑
`=0

∑̀
m=−`

√
(`+ 1)2 −m2

(
a†`ma`+1,m + b†`mb`+1,m

)
their action is easy to compute by commutation relations. We find directly
two sets of primary operators

A†`,` =
∑̀
k=0

γk,`(a
†
00)`−k−1(a†1,1)ka†`−k,`−k , 2 ≤ ` ≤ n

B†`,` =
∑̀
k=0

γk,`(a
†
00)`−k+1(a†1,1)kb†`−k,`−k , 0 ≤ ` ≤ n
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Charge-n primary states

These can be lowered using J−, building the full SO(3) multiplets

A†`,m,B
†
`,m. These operators have charge equal to spin `.

Any state (
a†00

)n−nA−nB ∏
i

A†`i ,mi

∏
j

B†˜̀
j ,m̃j
|0〉

is primary and corresponds to an operator of charge n and with nA + nB

derivatives
(
nA =

∑
i

`i and nB =
∑
j

˜̀
j

)
.

In fact, by a combinatorics argument based on the counting of operators,
we are able to show that all free theory primary operators of charge n, and
a maximum of n derivatives, are (linear combinations of terms) of the
above form.
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Equivalent counting in the two Fock spaces

(
a†00

)n−nA−nB ∏
i

A†`i ,mi

∏
j

B†˜̀
j ,m̃j
|0〉

where 2 ≤ `i ≤ n and 0 ≤ ˜̀
j ≤ n is clearly the same number of states as∏
i

A†`i ,mi

∏
j

B†˜̀
j ,m̃j
|n〉

The conformal multiplet classification of operators parallels the
hydrodynamic Fock space structure.
Are they equivalent in the sense that e.g. (a†00)n−`A†`,m|0〉 ≈ A†`,m|n〉 ? Is
this valid for all ` ≤ n ?
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Mapping between the two Fock spaces

Because of the non-linear relation

φ̂ =
f + r√

2
e

1
2
τ+ iπ

f

the mapping is non-trivial. However, it can be derived order-by order in a
n−1 expansion, taking into account the scaling

a00 ∼ O(
√
n), a 6̀=0,m ∼ b`m ∼ O(1)

Leading order

exp

[
i
π̂√
2n

]
=

a†00√
n
, pπ = 0

B`m =
a00b`m√

n
, A`m =

a†00a`m√
n
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Next to leading order

exp

[
i
π̂√
2n

]
=

a†00√
n
, pπ =

(Q − n)Y00

f

The other NLO expressions are complicated and will not be displayed here.

The zero mode exp

[
i
π̂√
2n

]
is charged, it is what makes the transition to

other fixed-charged sectors. That is why the conjugated momentum is
linear in the charge.
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Are primaries equal to hydrodynamic modes ?

We can rewrite the conformal generators in terms of the hydrodynamic
Fock space operators.

At leading order for the special conformal generators, the expression is
simple

K0 =
√
nA1,0, K− = −

√
nA1,−1, K+ =

√
nA1,1

This seems to indicate that, as expected from the spectrum and backed up
by the counting, primary states are precisely those who are created
without any A†1,i .
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Are primaries always equal to hydrodynamic modes ?

Consider a spin-` primary

|n; `, `〉 = (a†00)n−`A†`,`|0〉

= α0

∑̀
k=0

γk,`(a
†
00)n−k−1(a†1,1)ka†`−k,`−k |0〉

The first term corresponds to the leading-order A``

(a†00)n−1a†`,`|0〉 ∼
(
a00a

†
``

)
(a†00)n|0〉 ∝ A†``|n〉
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Are primaries always equal to hydrodynamic modes ?

For `�
√
n, the norm of each successive terms is suppressed,

meaning the hydrodynamic mode description is valid.

For
√
n ≤ `� n, the norm of the terms peak around kmax ∼

2`2

n
,

which means the first term is not dominant; the hydrodynamic
description breaks down.
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Computation of matrix elements

We can nevertheless compute observables exactly on the primary state as
long as `� n. For example at 1� `� n:

〈n; `, `| : ∂pτ
ˆ̄φ(τ,~n)∂pτ φ̂(τ,~n) : |n; `, `〉

=
n

4p+1π

[ (
1 + `−1 + `−2 + . . .

)
+
`+ 1 + `−1 + . . .

n
+
`2 + `+ 1 + . . .

n2
+ . . .

+
`2p− 1

2

n

((
1 + `−1 + . . .

)
+
`+ 1 + . . .

n
+ . . .

)]

The result can reliably be written as a series in `/n.
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Summary

Fluctuations around the large charge saddle form a Fock space
generated by operators A†`m,B

†
`m.

In free theory, the full set of charge-n primary operators with at most
n derivatives is generated by known A†`m,B

†
`m (with the exception of

A†00 and A†1,i ).

In case of spin ` <
√
n, there is a direct correspondence (at leading

order) between A excitations and A operators, and between B

excitations and B operators. In particular A†1,i create descendents.

This direct relation breaks down for ` >
√
n (even though the

counting is still valid), but the computation of observables is still

possible in a series in
`

n
.



Thank you !



Semiclassical computation of 4-point functions

The semiclassical method can also be used to compute correlators of the
form

〈φ̄n(φ̄φ)(φ̄φ)φn〉

Using the properties of CFTs, we are able to deduce the operators entering
in the OPEs. For instance, the NLO computation reveals that the OPE

φn × (φ̄φ)

contains operators of spin ` and energy ∆φn + ω±(`) for all `.
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