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We present a lattice QCD calculation of theΔI ¼ 1=2,K → ππ decay amplitudeA0 and ε0, the measure of
directCP violation inK → ππ decay, improvingour 2015 calculation [1] of these quantities. Both calculations
were performed with physical kinematics on a 323 × 64 lattice with an inverse lattice spacing of
a−1 ¼ 1.3784ð68Þ GeV.However, the current calculation includes nearly 4 times the statistics and numerous
technical improvements allowing us tomore reliably isolate the ππ ground state andmore accurately relate the
lattice operators to those defined in the standardmodel.We findReðA0Þ ¼ 2.99ð0.32Þð0.59Þ × 10−7 GeVand
ImðA0Þ ¼ −6.98ð0.62Þð1.44Þ × 10−11 GeV, where the errors are statistical and systematic, respectively. The
former agrees well with the experimental result ReðA0Þ ¼ 3.3201ð18Þ × 10−7 GeV. These results for A0 can
be combined with our earlier lattice calculation of A2 [2] to obtain Reðε0=εÞ ¼ 21.7ð2.6Þð6.2Þð5.0Þ × 10−4,
where the third error represents omitted isospin breaking effects, and ReðA0Þ=ReðA2Þ ¼ 19.9ð2.3Þð4.4Þ. The
first agrees well with the experimental result of Reðε0=εÞ ¼ 16.6ð2.3Þ × 10−4. A comparison of the second
with the observed ratio ReðA0Þ=ReðA2Þ ¼ 22.45ð6Þ, demonstrates the standard model origin of this
“ΔI ¼ 1=2 rule” enhancement.

DOI: 10.1103/PhysRevD.102.054509

I. INTRODUCTION

A key ingredient to explaining the dominance of matter
over antimatter in the observable universe is the breaking of
the combination of charge-conjugation and parity (CP)
symmetries. The amount of CP violation (CPV) in the
Standard Model is widely believed to be too small to
explain the dominance of matter over antimatter, sug-
gesting the existence of new physics not present in the
Standard Model. CPV in the Standard Model is highly

constrained, requiring the presence of all three quark-flavor
doublets and described by a single phase [3]. These
properties imply that the “direct” CPV in K → ππ decays
is a highly suppressed Oð10−6Þ effect in the Standard
Model, making it a quantity which is especially sensitive to
the effects of new physics in general, and new sources of
CPV in particular.
Direct CPV was first observed in K → ππ decays by the

NA48 (CERN) and KTeV (FermiLab) experiments [4,5] in
the late 1990s, and the most recent world average of its
measure is Reðε0=εÞ ¼ 16.6ð2.3Þ × 10−4 [6], where ε is
the measure of indirect CPV [jεj ¼ 2.228ð11Þ × 10−3].
However, despite the impressive success of these experi-
ments, it was only recently that a reliable, first-principles
Standard Model determination of ε0 that could be compared
to the experimental value became available. This is due to
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Motivation

• Baryogenesis: CP violation (CPv) required to generate excess of matter

• Electroweak Phase transition: Standard Model CPv insufficient ⇒ new physics if probe CPv?

• (Indirect) Cronin & Fitch PRL 13, 138 (1964), Nobel Prize 1980.

• (Direct) NA48@CERN (PLB 544, 97 (2002)), and KTeV@FNAL (PRD 092001 (2011))

HEP experiment observes magnitude (and infers phases) of amplitude ratios η00, η+−

η00 = ε− 2ε′ =
〈π0π0|HW |KL〉
〈π0π0|HW |KS〉

=
A(KL → π0π0)

A(KS → π0π0)

η+− = ε + ε
′ =
〈π+π−|HW |KL〉
〈π+π−|HW |KS〉

=
A(KL → π+π−)

A(KS → π+π−)
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CP violation in K → ππ

• KL has both CP even and CP odd components: indirect CPv parametrised by ε

• Complex decay amplitudes give rise to direct CPv parametrised by ε′

|ε| = (2.228± 0.011)× 10−3

Re(ε′/ε) =
1

6

(
1−

∣∣∣∣ η00

η+−

∣∣∣∣) = (16.5± 2.6)× 10−4

Decompose into definite isospin states

|(ππ)I=2〉 =
1
√

6

(
2|π0

π
0〉 − |π+

π
−〉 − |π−π+〉

)
|(ππ)I=0〉 =

1
√

3

(
|π0
π

0〉 + |π+
π
−〉 + |π−π+〉

)
A(K 0 → (ππ)I=0,2) = |A0,2|e i(δ0,2+φ0,2)

Need standard model calculation of complex amplitudes to draw conclusions from direct CPv

A(K 0 → π
+
π
−) =

√
2

3
A0e

iδ0 +

√
1

3
A2e

iδ2

A(K 0 → π
0
π

0) =

√
2

3
A0e

iδ0 − 2

√
1

3
A2e

iδ2

ε
′ =

iωe i(δ2−δ0)

√
2

(
ImA2

ReA2
−

ImA0

ReA0

)
ω = ReA2/ReA0

Hadronic processes are intrinsically non-perturbative: calculating strong dynamics ⇒ LQCD
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Overview
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Overview of calculation

● Hadronic energy scale << M
W
 – use weak effective theory (3 flavors)

perturbative Wilson coeffs.

Imaginary part solely responsible for CPV 
(everything else is pure-real)

10 effective four-quark operators

renormalization 
matrix (mixing)
Use RI-SMOM 
convert to MSbar 
perturbatively

LL finite-volume correction

(lattice)

ππ phase shifts

I=2 decay I=0 decay

ε
′ =

iωe i(δ2−δ0)

√
2

(
ImA2

ReA2
−

ImA0

ReA0

)

AI = F
GF√

2
V ∗udVus

10∑
i=1

7∑
j=1

[
(zi (µ) + τyi (µ))Z lat→MS

ij M I,lat
j

]
• CKM phase leads to CPV via imaginary part

τ = −
V ∗tsVtd

V ∗usVud

= 0.0014606 + 0.00060408i

• M I,lat
j Lattice determines QCD hadronic matrix element of four quark operators

• F Lellouch-Luscher Finite volume correction

• zi (µ) and yi (µ) are perturbative Wilson coefficient

• Zij Nonperturbative QCD running to scale µ; perturbative matching to MS at µ
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Euclidean space correlation functions

Importance sampled numerical path integration: must Wick rotate to Euclidean space∫
DUDψ̄Dψe

iSMG e
iSMF →

∫
DUDψ̄Dψe

−SEG e
−SEF

so that probability amplitude becomes a partition function probability measure.

GM (~r, t) =
1

4πr
δ(r − t),

GM (~p, t) =
ieiωp t

2ωp
.

GE (~r, t) =
1

4π2(r2 + t2)
,

GE (~p, t) =
e−ωp t

2ωp
.

• Interpolating operators: use uud operator in color singlet, get proton eventually
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Weak Hamiltonian
Underlying weak processes ⇒ low energy effective four quark operators

HW =
GF√

2
V ∗usVud

10∑
i=1

[
zi (µ)−

V ∗tsVtd

V ∗usVud

yi (µ)

]
Qi (µ)

where zi and yi are NLO perturbative Wilson coefficients.
The scale µ should be large to minimise QCD perturbative errors.

IV. GUIDE TO EFFECTIVE HAMILTONIANS

In order to facilitate the presentation of effective hamiltonians in weak decays we give a com-
plete compilation of the relevant operators below. Divided into six classes, these operators play a
dominant role in the phenomenology of weak decays. The six classes are given as follows

Current-Current Operators (fig. 4 (a)):

Q1 = (s̄iuj)V−A (ūjdi)V−A Q2 = (s̄u)V−A (ūd)V−A (IV.1)

QCD-Penguins Operators (fig. 4 (b)):

Q3 = (s̄d)V−A

!

q

(q̄q)V−A Q4 = (s̄idj)V−A

!

q

(q̄jqi)V−A (IV.2)

Q5 = (s̄d)V−A

!

q

(q̄q)V+A Q6 = (s̄idj)V−A

!

q

(q̄jqi)V+A (IV.3)

Electroweak-Penguins Operators (fig. 4 (c)):

Q7 =
3

2
(s̄d)V−A

!

q

eq (q̄q)V+A Q8 =
3

2
(s̄idj)V−A

!

q

eq (q̄jqi)V+A (IV.4)

Q9 =
3

2
(s̄d)V−A

!

q

eq (q̄q)V−A Q10 =
3

2
(s̄idj)V−A

!

q

eq (q̄jqi)V−A (IV.5)

Magnetic-Penguins Operators (fig. 4 (d)):

Q7γ =
e

8π2
mbs̄iσ

µν(1 + γ5)biFµν Q8G =
g

8π2
mbs̄iσ

µν(1 + γ5)T
a
ijbjG

a
µν (IV.6)

∆S = 2 and ∆B = 2 Operators (fig. 4 (e)):

Q(∆S = 2) = (s̄d)V −A(s̄d)V −A Q(∆B = 2) = (b̄d)V −A(b̄d)V −A (IV.7)

Semi-Leptonic Operators (fig. 4 (f)):

Q7V = (s̄d)V −A(ēe)V Q7A = (s̄d)V −A(ēe)A (IV.8)
Q9V = (b̄s)V −A(ēe)V Q10A = (b̄s)V −A(ēe)A (IV.9)

Q(ν̄ν) = (s̄d)V −A(ν̄ν)V −A Q(µ̄µ) = (s̄d)V −A(µ̄µ)V −A (IV.10)

where indices in color singlet currents have been suppressd for simplicity.
For illustrative purposes, typical diagrams in the full theory from which the operators (IV.1)–

(IV.10) originate are shown in fig. 4.
The operators listed above will enter our review in a systematic fashion. We begin in section V

with the presentation of the effective hamiltonians involving the current-current operators Q1 and
Q2 only. These effective hamiltonians are given in (V.4), (V.5) and (V.6) for ∆B = 1, ∆C = 1
and ∆S = 1 non-leptonic decays, respectively.

In section VI we will generalize the hamiltonians (V.4) and (V.6) to include the QCD-penguin
operators Q3 − Q6. The corresponding expressions are given in (VI.32) and (VI.1), respectively.
This generalization does not affect the Wilson coefficients of Q1 and Q2.
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• Operators mix under renormalisation

• Renormalise via intermediate non-perturbative off-shell momentum scheme

• momentum scheme step scaling used to match at 4 GeV from coarse simulation

• Use Domain wall fermions to preserve continuum chiral and flavor symmetries

• no additional unphysical operator mixing - V-A current “does what it says”
• off-shell improved: reduces discretisation effects in renormalisation
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Lattice calculation

Four classes of Wick contraction:

A. Overview of measurements

On the lattice we measure the following three-point
functions:

Ciðt; tK→snk
sep Þ ¼ h0jO†

snkðtK→snk
sep ÞQiðtÞOK̃0ð0Þj0i; ð36Þ

where t denotes the time separation between the kaon and
four-quark operators, and tK→snk

sep the time separation
between the kaon and the ππ “sink” operator, Osnk. As
described in Ref. [30], the Wick contractions of these
functions fall into four categories based on their topology,
as illustrated in Fig. 2.
Note that here and below we take care to differentiate

between the G-parity kaon state K̃0, which is a G-parity
even eigenstate of the finite-volume Hamiltonian, and the
physical kaon K0 that is not an eigenstate of the system.
The matrix elements of the physical kaon are related to
those of the G-parity kaon by a constant multiplicative
factor of

ffiffiffi
2

p
that serves as the analogue of the Lellouch-

Lüscher finite-volume correction as described in Sec. VI.B.
of Ref. [10].
In order to maximize statistics we translate the three-

point function over multiple kaon time slices and average
the resulting measurements. As the statistical error is
dominated by the type3 and type4 diagrams these are
measured with kaon sources on every time slice,
0 ≤ tK < LT . The far more precise type1 and type2 con-
tributions are measured every eighth time slice in order to
reduce the computational cost. For the remainder of this
section we will assume all correlation functions to have
been averaged over the kaon time slice where appropriate.
We compute each diagram with five different time

separations between the kaon and the ππ sink operators,
tK→snk
sep ∈ f10; 12; 14; 16; 18g, with the ΔS ¼ 1 four-quark
operator inserted on all intervening time slices. Note these
five time separations specify the time between the kaon
operator and the closest single-pion factor in the ππ
operator for those cases when the ππ operator is a product
of single-pion operators evaluated on different time slices.
(This convention of specifying the minimum time separa-
tion from those ππ operators which are nonlocal in the time

is followed throughout this paper.) As these ππ operators
comprise back-to-back moving pions with zero total
momentum, we must measure each diagram for all possible
orientations of the pion momenta in order to project onto
the rotationally symmetric state.
The type3 and type4 diagrams both contain a light or

strange quark loop beginning and ending at the operator
insertion point that results in a quadratic divergence
regulated by the lattice cutoff. This divergence is removed
by defining the subtracted operators [30,31],

Qi → Qi − αis̄γ5d: ð37Þ

We will henceforth denote the unsubtracted operator with a
hat notation, Q̂i. The coefficients αi in Eq. (37) are defined
by imposing the condition,

h0jfQ̂iðtÞ − αiðtÞ½s̄γ5d%ðtÞgOK̃0ð0Þj0i ¼ 0; ð38Þ

where we have allowed αi to vary with time as this was
found to offer a minor statistical improvement. Although
the matrix element of this pseudoscalar operator vanishes
by the equations of motion for energy-conserving kinemat-
ics and is therefore not absolutely necessary for our
calculation, the subtraction reduces the systematic error
resulting from the small difference between our ππ and
kaon energies while simultaneously reducing the statistical
error and suppressing excited-state contamination.
Due to having vacuum quantum numbers, the I ¼ 0 ππ

operators project also onto the vacuum state and this off-
shell matrix element dominates the signal unless an explicit
vacuum subtraction is performed,

Ciðt; tK→snk
sep Þ → Ciðt; tK→snk

sep Þ

− h0jO†
snkðtK→snk

sep Þj0ih0jQiðtÞOK̃0ð0Þj0i:
ð39Þ

However, due to our definition of the subtraction coefficient
αi in Eq. (38), the vacuum matrix elements appearing in the
right-hand side vanish making this subtraction unnecessary.
In practice this cancellation is not exact in our numerical
analysis for the following reason: While the ππ “bubble”
h0jO†

snkj0i is formally time-translationally invariant we
observed a minor statistical advantage in evaluating this
quantity with the ππ operator on the same time slice as it
appears in the full disconnected Green’s function that is
being subtracted, such that it is maximally correlated.
Therefore, for the rightmost term in Eq. (39) we compute

1

ntK

X

tK∈ftKg
h0jO†

snkðtK þ tK→snk
sep Þj0ih0j

× fQ̂iðtþ tKÞ − αiðtÞ½s̄γ5d%ðtþ tKÞgOK̃0ðtKÞj0i; ð40Þ

(a) (b)

(c) (d)

FIG. 2. The four classes of K → ππ Wick contractions.

R. ABBOTT et al. PHYS. REV. D 102, 054509 (2020)

054509-10

• G-parity boundary conditions give pions relative
momentum; volume tuned to give (near) physical
kinematics

• I=0 final state all four contribute ⇒ “disconnected”
(gluonic connection)

• I=2 final state only connected

Gluonic correlation randomly sampled: disconnected graphs are noisy!

Calculation started 216 configurations on BlueGene/Q at BNL (2015)
Calculation finished using Cori/KNL at NERSC 741 configurations (2020)
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I=2 amplitudes

2015 Phys. Rev. Lett. 115 (2015) 21, 212001

• A2 connected and measured relatively precisely PRD 92 (2015) no.7, 074502

• (5.5fm)3, physical pion mass, continuum limit w/ 2 lattice spacings (1.73, 2.36 GeV).

• Perturbative truncation in scheme change Z , Wilson coefficients at µ = 3GeV dominates sys
error

Re A2 = 1.50(4)stat(14)sys × 10−8
GeV

Im A2 = −6.99(20)stat(84)sys × 10−13
GeV
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∆I = 1/2 rule

• Kaons 450x more likely to decay to I = 0 ππ states

• arXiv:1212.1474, arXiv:1502.00263

• ∆I = 1/2 rule is now a quantitative prediction with only QCD as input

Gell-Mann & Pais (1954): decay amplitude to |(ππ)I=0〉 state is dominant

Re(A0)

Re(A2)
(experiment) = 22.45(6)

Re(A0)

Re(A2)
(Lattice) = 19.9(2.3)(4.4)
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ΔI=1/2 rule
● In experiment kaons ~450x (!) more likely to decay into I=0 pi-pi states than I=2.   

● Perturbative running to charm scale accounts for about a factor of 2. Where does 
the remaining 10x come from? New Physics?

● The answer is low-energy QCD!  [arXiv:1212.1474, arXiv:1502.00263] 

(the ΔI=1/2 rule) 

heavily suppressing Re(A
2
).

483 643

find

Pure-lattice 
calculation

[Re(A
0
) agrees with expt.]

[Phys.Rev. D91 (2015) no.7, 074502]

Strong cancellation between the two dominant contractions not predicted by naive 
factorization:  
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I=0 amplitudes

• Substantially more challenging

• I = 0 ππ state has vacuum quantum numbers: disconnected graphs

A. Overview of measurements

On the lattice we measure the following three-point
functions:

Ci!t; tK!snk
sep " # h0jO†

snk!tK!snk
sep "Qi!t"OK̃0!0"j0i; !36"

where t denotes the time separation between the kaon and
four-quark operators, and tK!snk

sep the time separation
between the kaon and the !! “sink” operator, Osnk. As
described in Ref. [30], the Wick contractions of these
functions fall into four categories based on their topology,
as illustrated in Fig. 2.
Note that here and below we take care to differentiate

between the G-parity kaon state K̃0, which is a G-parity
even eigenstate of the finite-volume Hamiltonian, and the
physical kaon K0 that is not an eigenstate of the system.
The matrix elements of the physical kaon are related to
those of the G-parity kaon by a constant multiplicative
factor of

!!!
2

p
that serves as the analogue of the Lellouch-

Lüscher finite-volume correction as described in Sec. VI.B.
of Ref. [10].
In order to maximize statistics we translate the three-

point function over multiple kaon time slices and average
the resulting measurements. As the statistical error is
dominated by the type3 and type4 diagrams these are
measured with kaon sources on every time slice,
0 ! tK < LT . The far more precise type1 and type2 con-
tributions are measured every eighth time slice in order to
reduce the computational cost. For the remainder of this
section we will assume all correlation functions to have
been averaged over the kaon time slice where appropriate.
We compute each diagram with five different time

separations between the kaon and the !! sink operators,
tK!snk
sep " f10; 12; 14; 16; 18g, with the !S # 1 four-quark
operator inserted on all intervening time slices. Note these
five time separations specify the time between the kaon
operator and the closest single-pion factor in the !!
operator for those cases when the !! operator is a product
of single-pion operators evaluated on different time slices.
(This convention of specifying the minimum time separa-
tion from those !! operators which are nonlocal in the time

is followed throughout this paper.) As these !! operators
comprise back-to-back moving pions with zero total
momentum, we must measure each diagram for all possible
orientations of the pion momenta in order to project onto
the rotationally symmetric state.
The type3 and type4 diagrams both contain a light or

strange quark loop beginning and ending at the operator
insertion point that results in a quadratic divergence
regulated by the lattice cutoff. This divergence is removed
by defining the subtracted operators [30,31],

Qi ! Qi # "is̄#5d: !37"

We will henceforth denote the unsubtracted operator with a
hat notation, Q̂i. The coefficients "i in Eq. (37) are defined
by imposing the condition,

h0jfQ̂i!t" # "i!t"$s̄#5d%!t"gOK̃0!0"j0i # 0; !38"

where we have allowed "i to vary with time as this was
found to offer a minor statistical improvement. Although
the matrix element of this pseudoscalar operator vanishes
by the equations of motion for energy-conserving kinemat-
ics and is therefore not absolutely necessary for our
calculation, the subtraction reduces the systematic error
resulting from the small difference between our !! and
kaon energies while simultaneously reducing the statistical
error and suppressing excited-state contamination.
Due to having vacuum quantum numbers, the I # 0 !!

operators project also onto the vacuum state and this off-
shell matrix element dominates the signal unless an explicit
vacuum subtraction is performed,

Ci!t; tK!snk
sep " ! Ci!t; tK!snk

sep "

# h0jO†
snk!tK!snk

sep "j0ih0jQi!t"OK̃0!0"j0i:
!39"

However, due to our definition of the subtraction coefficient
"i in Eq. (38), the vacuum matrix elements appearing in the
right-hand side vanish making this subtraction unnecessary.
In practice this cancellation is not exact in our numerical
analysis for the following reason: While the !! “bubble”
h0jO†

snkj0i is formally time-translationally invariant we
observed a minor statistical advantage in evaluating this
quantity with the !! operator on the same time slice as it
appears in the full disconnected Green’s function that is
being subtracted, such that it is maximally correlated.
Therefore, for the rightmost term in Eq. (39) we compute

1

ntK

X

tK"ftKg
h0jO†

snk!tK & tK!snk
sep "j0ih0j

! fQ̂i!t& tK" # "i!t"$s̄#5d%!t& tK"gOK̃0!tK"j0i; !40"

(a) (b)

(c) (d)

FIG. 2. The four classes of K ! !! Wick contractions.

R. ABBOTT et al. PHYS. REV. D 102, 054509 (2020)

054509-10

PhysRevLett 115 (2015) 21, 212001

• Physical quark masses; coarse a−1 = 1.38 GeV; (4.6fm)3 volume controls FV errors

• Gparity BC’s eliminate at rest ππ state

• Single “ππ operator” - back to back momenta:
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I=0 Calculation
● A

0
 is more difficult than A

2
, primarily because I=0 ππ state has vacuum 

quantum numbers.
● “Disconnected diagrams” dominate statistical noise

2015 calculation
● Physical quark masses on single, coarse lattice (a-1= 1.38 GeV) but with 

large (4.6 fm)3 physical volume to control FV errors.
● G-parity boundary conditions remove dominant unphysical contribution 

from stationary ππ state.
● Single ππ operator:  

● 21% and 65% stat errors on Re(A
0
) and Im(A

0
) due to disconn. diagrams 

and, for Im(A
0
) a strong cancellation between Q

4 
and Q

6
.

● Dominant, 15% systematic error due again to PT truncation errors.

[Phys.Rev.Lett. 115 (2015) 21, 212001]

“ππ(111)”:

• Single “ππ operator” - back to back momenta:

• 21% & 65% statistical errors on Re(A0) and Im(A0) (disconn.)
Strong cancellation between Q4 and Q6

• 15% sys error due to perturbative truncation
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I=0 amplitudes

  9 / 22

2015 calculation: ε’

● Re(A
0
) and Re(A

2
) from expt.

● Lattice values for Im(A
0
), Im(A

2
) and the phase shifts, 

(our result)=

(experiment)

● Result is 2.1σ below experimental value.  

● Total error on Re(ε'/ε) is ~3x the experimental error

● “This is now a quantity accessible to lattice QCD”!

● Focus since has been to improve statistics and reduce / improve 
understanding of systematic errors.

13 / 21



ππ phase shift puzzle
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The “ππ puzzle”

● Essential to understand ππ system:

– Energy needed to extract ground-state matrix element

– Energy also needed to compute phase-shift (Luscher)

– Derivative of phase-shift w.r.t. energy is required for Lellouch-Luscher finite-
volume correction (F)

● 2015 calculation phase shift
substantially smaller than prediction obtained by combining 
dispersion theory with experimental input,       .

● Result was very stable under 
varying fit range and also with 2-
state fits.

● Increasing statistics by almost 7x 
did not resolve (                       )  

● Nevertheless, most likely 
explanation is excited-state 
contamination hidden by rapid 
reduction in signal/noise.   

rapid error growth
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ππ phase shift Resolution!

• Introduce two more ππ operators
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Resolving the ππ puzzle

● To better resolve the ground-state we have introduced 2 more ππ 
operators: 

● Obtain parameters by simultaneous fitting to matrix of correlation 
functions, eg for pipi 2pt Green’s function:

● A far more powerful technique than just increasing statistics alone.

● 741 configurations measured with 3 operators. 

round-the-world single pion propagation
small compared to errors  - drop

“ππ(311)”:

[arXiv:2103.15131]

• More powerful than just increasing statistics (from 230 to 741)

• Why? Sensitivity to near degenerate states

Cij (t) = 〈O†i (t)Oj (t)〉 =
∑
α

A∗i,αAj,αe
−mαt

• If we have excess operators and a single state amplitude matrix:

(
AA AB
BA BB

)
is

determined by two variables. Not the case if two nearby states.

• Enable fit to resolve this.
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Improved analysis resolves phase shift puzzle
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E)ect of multiple operators on ππ

Result compatible with dispersive value: 

fitted energy
(lattice units)

[for more details, cf. talk by T.Wang, today 9.15pm] 
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I=0 amplitudes
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E)ect of multiple operators on K→ππ 
● Convenient to visualize data by taking “optimal” linear 

combination of the two most important operators that best projects 
onto ground-state.

using ππ
fits

Q
2

Q
6

strong, clear plateau + improved precision
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Systematic error budget
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Systematic error budget
● Primary systematic errors of 2015 work:

– Finite lattice spacing: 12%

– Wilson coefficients: 12%

– Renormalization (mostly PT matching): 15%

– Excited-state: ≤ 5% but now known to be significantly underestimated

– Lellouch-Luscher factor (derivative of ππ phase shift wrt. energy): 11%

● In our new work we have used step-scaling to raise the 
renormalization scale from 1.53 → 4.00 GeV:   15% → 5%

● 3 operators have dramatically improved understanding of ππ 
system: Lellouch-Luscher factor 11% → 1.5%

● Detailed analysis shows no evidence of remaining excited-state 
contamination: Excited state error now negligible!

● Still single lattice spacing: Discretization error unchanged.

● Evidence that Wilson coefficient systematics are driven by using 
PT for 3-4f matching, not improved by higher μ: 
Wilson coeff error unchanged.

2m
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Systematic error budget
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Isospin breaking + EM e)ects

● Our simulation does not include effects of isospin breaking or EM 
effects. 

● While these effects are typically small O(1%), heavy suppression 
of A

2 
(ΔI=1/2 rule) means relative effect on A

2
 and ε’ could be 

O(20%).

● Current best determination of effect uses NLO χPT and 
1/N

c
 expansion predicts 23% correction to our result: 

Include as separate systematic error.

[Cirigliano et al,
JHEP 02 (2020) 032]
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ε′/ε

  17 / 22

Final result for ε’

● Combining our new result for Im(A
0
) and our 2015 result for 

Im(A
2
), and again using expt. for the real parts, we find

stat sys
IB + EM

Consistent with experimental result:

 0
 0.2
 0.4
 0.6
 0.8

 1

-1 -0.5  0  0.5  1

η
_

ρ
_

ΔMs / ΔMd
εK + |Vcb|

sin 2β
|Vub/Vcb|

ε’

● A Standard Model prediction of ε' also provides a new horizontal band 
constraint on CKM matrix in ρ-η plane:

new constraint from this work!

● While underlying weak process occurs at high energies ~M
W
=80 GeV, 

K→ππ decays receive large corrections from low-energy hadronic physics 
O(Λ

QCD
)~250 MeV.

● Lattice QCD is the only known ab initio, systematically improvable 
technique for studying non-perturbative QCD.
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Other calculations

Not covered in detail:

• Need independent calculations:

• Ishizuka, Ishikawa, Ukawa, Yoshie: Phys.Rev.D 98 (2018) 11, 114512

• mπ = 260 MeV, improved Wilson

• Unphysical masses, harder renormalisation problem

ε
′
/ε = 0.0019(57)

• Calculation at the physical quark masses planned
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Summary and Outlook

• Massively improved calculation of A0

• Only the QCD Lagrangian and CKM as input

• Statistics helped, better measurements methods helped

• Reproduce ∆I = 1/2 rule

• SM ε′ is consistent with experimental observation

• Reproduce ππ phase shifts

• Total error 3.6x experiment

• Promising avenue for new physics in CP, aim to improve with....

Next steps:

• Biggest pure lattice sys-error is discretisation.

• Use Perlmutter supercomputer: 30x per node over Cori computer (after network upgrade)

• Add 403 × 64 and 483 × 64 at 1.7 and 2.1 GeV.
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