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Hints from the sky
Planck Collaboration: Constraints on Inflation
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Fig. 8. Marginalized joint 68 % and 95 % CL regions for ns and r at k = 0.002 Mpc�1 from Planck alone and in combination with
BK14 or BK14 plus BAO data, compared to the theoretical predictions of selected inflationary models. Note that the marginalized
joint 68 % and 95 % CL regions assume dns/d ln k = 0.

limits obtained from a ⇤CDM-plus-tensor fit. We refer the inter-
ested reader to PCI15 for a concise description of the inflationary
models studied here and we limit ourselves here to a summary
of the main results of this analysis.

– The inflationary predictions (Mukhanov & Chibisov 1981;
Starobinsky 1983) originally computed for the R2 model
(Starobinsky 1980) to lowest order,

ns � 1 ' � 2
N
, r ' 12

N2 , (48)

are in good agreement with Planck 2018 data, confirm-
ing the previous 2013 and 2015 results. The 95 % CL al-
lowed range 49 < N⇤ < 58 is compatible with the R2 ba-
sic predictions N⇤ = 54, corresponding to Treh ⇠ 109 GeV
(Bezrukov & Gorbunov 2012). A higher reheating temper-
ature Treh ⇠ 1013 GeV, as predicted in Higgs inflation
(Bezrukov & Shaposhnikov 2008), is also compatible with
the Planck data.

– Monomial potentials (Linde 1983) V(�) = �M4
Pl (�/MPl)p

with p � 2 are strongly disfavoured with respect to the
R2 model. For these values the Bayesian evidence is worse
than in 2015 because of the smaller level of tensor modes
allowed by BK14. Models with p = 1 or p = 2/3
(Silverstein & Westphal 2008; McAllister et al. 2010, 2014)
are more compatible with the data.

– There are several mechanisms which could lower the pre-
dictions for the tensor-to-scalar ratio for a given potential
V(�) in single-field inflationary models. Important exam-
ples are a subluminal inflaton speed of sound due to a non-
standard kinetic term (Garriga & Mukhanov 1999), a non-
minimal coupling to gravity (Spokoiny 1984; Lucchin et al.

1986; Salopek et al. 1989; Fakir & Unruh 1990), or an ad-
ditional damping term for the inflaton due to dissipation in
other degrees of freedom, as in warm inflation (Berera 1995;
Bastero-Gil et al. 2016). In the following we report on the
constraints for a non-minimal coupling to gravity of the type
F(�)R with F(�) = M2

Pl + ⇠�
2. To be more specific, a quartic

potential, which would be excluded at high statistical signif-
icance for a minimally-coupled scalar inflaton as seen from
Table 5, can be reconciled with Planck and BK14 data for
⇠ > 0: we obtain a 95 % CL lower limit log10 ⇠ > �1.6 with
ln B = �1.6.

– Natural inflation (Freese et al. 1990; Adams et al. 1993) is
disfavoured by the Planck 2018 plus BK14 data with a Bayes
factor ln B = �4.2.

– Within the class of hilltop inflationary models
(Boubekeur & Lyth 2005) we find that a quartic poten-
tial provides a better fit than a quadratic one. In the quartic
case we find the 95 % CL lower limit log10(µ2/MPl) > 1.1.

– D-brane inflationary models (Kachru et al. 2003; Dvali et al.
2001; Garcı́a-Bellido et al. 2002) provide a good fit to
Planck and BK14 data for a large portion of their parame-
ter space.

– For the simple one parameter class of inflationary potentials
with exponential tails (Goncharov & Linde 1984; Stewart
1995; Dvali & Tye 1999; Burgess et al. 2002; Cicoli et al.
2009) we find ln B = �1.0.

– Planck 2018 data strongly disfavour the hybrid model driven
by logarithmic quantum corrections in spontaneously broken
supersymmetric (SUSY) theories (Dvali et al. 1994), with
ln B = �5.0.

18

Plateau (flat) potentials are favored by data.
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Inflation must end

The inflaton rolls on a flat
potential.

The inflaton oscillates.

ϕ

V
(ϕ

)

During reheating the inflaton
transfers its energy to

radiative degrees of freedom,
setting the stage for BBN.

⇓
Parametric resonance

(preheating) leads to
exponential amplification.

The inflaton must couple
to bosons or fermions.
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Parametric resonance: preheating

Bose enhancement changes the game. Take L ⊂ −1
2gφ

2χ2

χ̈k + 3Hχ̇k +

(
k2

a2
+ 2gφ2

)
χk = 0

Neglect the expansion (H = 0) and take φ(t) = Φ0sin(mt)

χ̈k +
[
k2 + gΦ2

0 sin2(mt)
]
χk = 0

An equation of the form ẋ = A(t)x , where A(t) is periodic,
A(t + T ) = A(t), has solutions of the form

x(t) = c1P(t)eµt + c2P(t)e−µt

where µ is called the Floquet exponent.
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Floquet charts
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Parametric resonance: preheating

non-linear potential ⇒ self-resonance Take L ⊂ −1
4gφ

4

φ̈k + 3Hφ̇k +

(
k2

a2
+ 3gφ2

)
φk = 0

Certain wavenumbers of the inflaton field get amplified

⇓

fluctuations stop following the linearized equation

⇓

fluctuations probe the non-linear part of the potential.

Evangelos Sfakianakis GW spectra from oscillon preheating 6/16



Amplification, non-linearities & oscillons / solitons

Stegeman & Segev ’99

optics: refractive index n(I ) = n0 + n2I ⇒ self-focusing

field theory: self-focusing for V ′(φ) < m2φ
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Oscillon Emergence

Oscillons have been numerically
shown to emerge after inflation.

3

FIG. 2: Oscillon configuration with α = 1/2 and β = 50. The
top plot shows regions where ρ/�ρ� > 4 (transparent) and 12
(solid), while the lower plot shows ρ/�ρ� on a two dimensional
slice through the simulation. Length units are 1/a(t)m, and
these plots were made when a(t) = 5.46.

tically, f >∼ 0.3 is sufficient to guarantee that the field
configuration (and thus the post-inflationary universe as
a whole) was dominated by oscillons. Figure 3 shows f
as a function of α and β, along with the maximal value
of the resonance parameter [|�(µk)|/H]max. We see that
strong resonance, or [|�(µk)|/H]max � 10, is both neces-
sary and sufficient for prompt, copious oscillon formation.

In models for which f is non-zero, it remains approxi-
mately constant for a several Hubble times after the onset
of oscillon domination, demonstrating that this phase is
long-lived, relative to prevailing cosmological time scales.
Unlike the oscillons studied in [10, 11, 13] which have a
stable, radial envelope, Φ(r), which evolves very slowly
with time, here the corresponding envelope is a periodic
function of time, and the oscillon “breathes” in and out.
The detailed dynamics of these oscillon solutions will be
discussed in a future publication, but we have simulated
a single oscillon (ignoring expansion) over a long interval

FIG. 3: The statistic, f , is shown at a(t) = 7 (a(t) = 1 at
the beginning of the simulation) as a function of α and β =
Mpl/M . Contours show maximal value of the [|�(µk)|/H]max.
The thick black contour denotes [|�(µk)|/H]max = 7 whereas
the thin white ones correspond to [|�(µk)|/H]max = 1, 3.

for representative values of α and β after imposing strict
radial symmetry, reducing the problem to a 1+1 PDE.
Even though oscillons are not protected by a conserved
charge and radiate energy [27–29], these simulations sug-
gest that they live long enough for the universe to grow
by a factor of 100 or more, and we expect this to be true
even if the assumption of radial symmetry is dropped.
Also, the quantum radiation will be small in the regime
where the self couplings, such as λ ∼ m2/M2, are small
[29].

CONSEQUENCES AND DISCUSSION

We have demonstrated that for a large class of mod-
els in excellent agreement with the current concordance
cosmology inflation is naturally followed by an oscillon-
dominated phase, provided that the couplings to other
fields are small. These oscillons are generated by para-
metric resonance, which occurs if the inflationary poten-
tial turns over from the slow-roll regime to a quadratic
regime at a scale M �Mpl.

The inflationary models here are self-resonant, so os-
cillon production does not require specific couplings to
other fields. It is likely that any significant couplings
between the inflaton and other fields can inhibit the for-
mation of oscillons, by allowing resonant production of
quanta of these additional fields. Further, couplings to
other fields can reduce the stability of oscillons by pro-
viding an additional channel into which they can radiate
energy. Lastly, the impact of interactions between oscil-
lons is largely unexplored (however, see [35]).

Many resonant models include light fields, leaving the
universe in an intermediate state between matter and ra-
diation [30, 31], but massive self-resonant models lead to
an oscillon-dominated universe that is effectively mat-
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for representative values of α and β after imposing strict
radial symmetry, reducing the problem to a 1+1 PDE.
Even though oscillons are not protected by a conserved
charge and radiate energy [27–29], these simulations sug-
gest that they live long enough for the universe to grow
by a factor of 100 or more, and we expect this to be true
even if the assumption of radial symmetry is dropped.
Also, the quantum radiation will be small in the regime
where the self couplings, such as λ ∼ m2/M2, are small
[29].

CONSEQUENCES AND DISCUSSION

We have demonstrated that for a large class of mod-
els in excellent agreement with the current concordance
cosmology inflation is naturally followed by an oscillon-
dominated phase, provided that the couplings to other
fields are small. These oscillons are generated by para-
metric resonance, which occurs if the inflationary poten-
tial turns over from the slow-roll regime to a quadratic
regime at a scale M �Mpl.

The inflationary models here are self-resonant, so os-
cillon production does not require specific couplings to
other fields. It is likely that any significant couplings
between the inflaton and other fields can inhibit the for-
mation of oscillons, by allowing resonant production of
quanta of these additional fields. Further, couplings to
other fields can reduce the stability of oscillons by pro-
viding an additional channel into which they can radiate
energy. Lastly, the impact of interactions between oscil-
lons is largely unexplored (however, see [35]).

Many resonant models include light fields, leaving the
universe in an intermediate state between matter and ra-
diation [30, 31], but massive self-resonant models lead to
an oscillon-dominated universe that is effectively mat-

Amin, Easther, Finkel,
Flauger, Hertzberg ’11
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Gravitational waves

Inflaton fragmentation
in symmetric potentials

with or without oscillons
leads to GW’s

⇓
¿ shape dependence ?
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Figure 2. Evolution of the gravitational wave power spectrum. The lattice is 2563, the box size
is L = 50/m and the evolution time shown is from t = 80/m to t = 240/m. There are (at least)
four distinct stages: (top-left) - steady “pumping” (linear parametric resonance) in low momentum
modes; (top-right) - rapid growth (nonlinear “re-scattering”), oscillons forming; (bottom-left) -
oscillons stabilizing, peaks and troughs becoming significant; (bottom-right) - long stable stage,
very slow growth.

where N , the number of e-folds before the end of inflation, is set to 55 here. This gives
m = 3.1 ⇥ 10�5MP and the inflation scale can be estimated by setting � = M , which is
about 1015GeV. We have checked the stability of our results against changes in lattice and
box sizes as well as physical parameters such as M . The results presented here are derived
from simulations on a 2563 lattice with box size L = 50/m (the initial Hubble horizon being
about 270/m), unless otherwise stated.

Figure (2) shows the time evolution of the gravitational wave power spectrum, plotted
using the present-day frequency and fractional energy density in gravitational waves, as-
suming instantaneous thermalization at the instant the spectrum is computed (see e.g. [48]
for the conversion.) If there is a long oscillon-dominated phase, this last assumption will
need to be revisited, as we discuss below. The power spectrum curve grows upwards with
time, which is labelled in units of 1/m. In what follows, we describe in succession four
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Zhou	et	al	‘13
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FIG. 6. The gravitational waves generated between
�N = 0 to 1 (red to purple curves) for the oscillon model
from Fig. 2. The peak of the red curves is close to the
predicted values in eqs. (33) and (34).

the most unstable ��̃k. The rapid growth of the
peak height reflects the exponential amplification of
the inflaton perturbations. Even at this stage, the
source term in eq. (16) has to be evaluated beyond
linear order in perturbations.

The next 3 � 4 red curves show the onset of the
nonlinear regime. This stage is known as rescatter-
ing, since mode-mode couplings, including the back-
reaction of amplified ��̃k on the condensate, become
important. The broad peak, centered on the most
unstable frequency, becomes wider. Its height grows
more slowly than before and approaches the pre-
dicted value of ⇠ 10�10, see eq. (34), as the field
becomes completely inhomogeneous (with ⇠ 1/3 of
the total energy being stored in gradients).

The following thick band of red-green curves rep-
resents the third stage. There the oscillons form and
stabilize, with GWs power increasing slowly on all
scales.

The last and longest stage is given by the green-
purple curves. The oscillons have stabilized and
sphericalized, while being assembled in a fixed co-
moving grid-like configuration. Since there are al-
most no time-dependent quadrupole moments to
act as sources, there is very little and slow pro-
duction of GWs. On intermediate and low fre-
quencies, GW power propagates (almost freely) to-
wards lower frequencies and lower values as time
goes by and the universe expands. This makes
sense since the oscillon-dominated universe under-
goes a matter-like state of expansion, with ⇢̄ / a�3.
Since HLattice uses a formula like eq. (21) to cal-
culate the GW frequency today (more specifically,
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FIG. 7. The gravitational waves generated between
�N = 0 to 0.85 (red to purple curves) for the tran-
sients model from Fig. 3. The peak of the red curves is
close to the predicted values in eqs. (33) and (34), and
almost identical to the one in Fig. 6.

f0(k, ⌧) = k/(a(⌧)⇢̄1/4(⌧))⇥ 4⇥ 1010 Hz, where ⌧ is
the time of output, beyond which it is assumed that
the universe is thermal and radiation dominated),
it follows that f0(k, ⌧) will decrease with time in
a matter-dominated universe. The energy density
of GWs redshifts as radiation, which explains why
the GWs contribution to the energy budget of the
matter-dominated universe decreases with time. Al-
beit nearly-spherical, individual oscillons do gener-
ate small amounts of GWs. This is visible at the high
frequency end of the GW spectrum. Oscillons act as
objects of fixed physical size, sourcing GWs of fixed
physical wavenumber. For the HLattice conventions
this implies that f0(k, ⌧)⇢̄1/4(⌧) / k/a(⌧) = const,
i.e., the oscillons-sourced GWs are at increasingly
higher f0(k, ⌧). This small late-time e↵ect has an
intrinsic numerical component. The oscillons are in-
evitably less well resolved as the comoving lattice ex-
pands, sourcing weak late-time high-frequency GWs.
This does not a↵ect the spectrum on intermediate
and low frequencies. For more detailed studies of
GWs from oscillons see [55–61].

2. Transients

Transients decay away quickly, in a non-spherical
manner. Hence, unlike the cases when we have oscil-
lons in which gravitational waves are not generated
after oscillons are formed, the decay of the transients
potentially can act as an additional source of GWs.
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Lozanov	&	
Amin	‘19
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Axion monodromy

We approximate the axion monodromy potential

VA = m2M2

[√
1 + φ2/M2 − 1

]

using the Padé approximation

V
(n)
A = m2M2 x2√

1 + x2
“polynomial”
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Plateau potential

We deform the plateau potential

V =
m2M2

2

(φ/M)2

1 + (φ/M)2

in slope, height or transition region.
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Differences between models / classes

Axion monodromy
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evolution of GW spectra
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Scalar power spectrum
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Floquet charts
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Results

Potentials exhibiting efficient self-resonance
tend to give a featureless GW spectrum

and an earlier oscillon formation time.
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2
Potentials that exhibit a weaker self-resonance tend to

give a GW spectrum with peaks and dips
at specific wavenumbers,

encoding the oscillon internal frequencies.

Evangelos Sfakianakis GW spectra from oscillon preheating 16/16


