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In need of simulations

We use a heavily simulation-driven analysis paradigm

One signal region in a typical Higgs analysis in ATLAS
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In need of calibrated simulations

Our simulations summarise a lot of domain knowledge ...

(carefully adjusted over the decades!)

... but we still need to fine-tune them to match real data

Uncalibrated stochastic simulator

Calibration data

Hard scattering ——>»| Parton shower [—

l Uncalibrated
5 event
Hadronisation [—>» Detector . Calibration
b ' Calibrated
: : e event
The calibration modifies each event A4
so that predicted distributions Analysis

agree with observed distributions
(in a certain “calibration” data set)
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In need of calibrated simulations

Question for today:

“Is there a general, systematic way of calibrating our simulations?”
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A calibration “wishlist”

What should a useful calibration do?

1.) Keep changes to the original simulation to a minimum
(Respect domain knowledge!)
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A calibration “wishlist”

What should a useful calibration do?

1.) Keep changes to the original simulation to a minimum
(Respect domain knowledge!)

2.) Implement (piecewise) continuous modifications — no bins!

3.) Scale well into high dimensions — calibrate many interdependent
event variables simultaneously

4.) Correct shapes of distributions, also extreme tails @ no scale factors!

There is an algorithm that satisfies all these points!

(And mathematicians already knew about it for a long time)
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Formalising the calibration problem

What we want is this:

Don’t touch the event weight!

Change an uncalibrated event e into its calibrated avatar e’
e > e

Implement this change in a continuous, deterministic way

e > e = T(e) “transport function”

Modify the simulator by the minimal possible amount

cle, e’] ... measure modification to a single event

Pick the transport function with minimal overall modification

T(e) = arginf{c[e, T(e)])
T(e) s.t. have \ (

closure with data average over all events)
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Optimal Transport in a nutshell

T(e) = arg inf(c[e, T(e)])

T(e) s.t. have
closure with data

There Is 240 years of mathematics literature on this problem!

(Some of which is very high-profile, Fields Medal-winning work;
from Gaspard Monge to Alessio Figalli)

The beginning of transportation theory:

Calibration
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Transporting piles of dirt ...

... or Monte Carlo events
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Properties of optimal solutions ...

This turned out to be a very hard problem to solve ...

T(e) = arginf(c[e, T(e)])

T(e) s.t. have
closure with data

... and its properties depend strongly on the distance measure

Today: focus on the Euclidean distance, i.e. cle,e’] = 5 le —e’|

(Might not be the best choice for all situations!)

7N

It is guaranteed that the optimal Optimal transport < electrostatics
transport function is a gradient field A F,
°

of a convex potentiall ) X;
NV X

I(e) = Vg(e)
) The transport vector field has zero curl!
“transport potential” “Don’t ship your stuff in circles.”
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Properties of optimal solutions ...

Example: Simulation (unprimed coordinates) predicts axis-aligned square,
calibration data (primed coordinates) show non-trivial rotation

px2, x2

/

;

Transport explicitly rotates
simulated events

TA(X ) 90)

(Optimal on a cone manifold)
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Properties of optimal solutions ...

Example: Simulation (unprimed coordinates) predicts axis-aligned square,
calibration data (primed coordinates) show non-trivial rotation

4 x?, x? 4 xz, x 2
\ >l 1 . xl X1
B ...
TA(X; 90) I (xa e())
Transport explicitly rotates Transport morphs simulated
simulated events events with zero curl
(Optimal on a cone manifold) Optimal with Euclidean cost!
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... and how to find these solutions

This optimisation problem has very “inconvenient” constraints ...

T(e) = arg inf(c[e, Vg(e)])

g(e) s.t. have : e
closure with data Highly specific and

Kantorovich duality, problem-dependent!
Brenier’s theorem,

Knott-Smith criterion

... but can be transformed into an equivalent,
“dual” problem that is easier to solve

(Very) broadly:

Trade inconvenient constraints for a conjugate convex potential f(e)

Use neural networks to parametrise the conjugates f(e) and g(e).
(Need a network architecture that manifestly parametrises convex functions!)

Train f(e) and g(e) concurrently in an adversarial-like setup

After training, apply calibration like e — e' = V g(e)

Chris Pollard, Philipp Windischhofer 15



The training setup

Given samples x; from distribution p(x) of uncalibrated simulator (source distribution),
and samples y. from distribution ¢(y) of calibration dataset (target distribution)

Loss function for training: arg inf sup ( f(Y)>q + {x-Vgkx)—f(V g(x)))p
(copy & paste from OT textbooks) f g

(@approximate expectation values with average over batches)

Parametrise f and g with input convex neural networks:

ICNNSs, see [here]
h(z)

“Compositions of convex functions with convex nondecreasing functions remain convex”

Requires convex nondecreasing activation functions, nonnegative weights
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https://arxiv.org/abs/1609.07152

A toy example

Simple toy example to illustrate the algorithm:

Simulation predicts Gaussian distribution for observable X

(e.g. narrow resonance whose detector resolution is predicted to be Gaussian)

Calibration data differs from simulation in two ways:

— Mean is different

— Tails are different: double Gaussian
(e.g. convolution of multiple resolution effects)

p(x)

q(y)
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X, Y
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A toy example, In practice

Learned transport function
(Identical with analytic solution)
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Adding background subtraction

Calibration data are rarely background-free!

Assume that backgrounds are well-modelled
— transport function does not modify simulated background events

Transport function converges Signal calibrated on top of
to analytical solution backgrounds
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Adding systematic uncertainties

Simulations typically have adjustable “nuisance parameters”

0
Calibration data
—
2 @
/ VN
1(x;0)
Family of simulations N Transport function “conditioned on” 8

(parametrised by 6) (no convexity requirements w.r.t. nuisance parameters)

Requires partially input convex neural networks
PICNNSs, see [here]

Training data set:
Sampled from
prior distribution. of 0

Vi h(z)
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https://arxiv.org/abs/1609.07152

Adding systematic uncertainties

Systematic uncertainties in toy example

Nuisance parameter affects mean and shape of simulated signal

Simulation corrected to Transport functions converges
calibration target for all 6 to analytical solutions
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Potential applications in HEP

This technique could be useful wherever (multidimensional) distributions
must be corrected in a continuous way

Jet flavour tagging
Calibrated variable: tagger output (often multi-class!)
Continuous calibration — pick working point on the fly / use tagger score

Calorimeter shower shapes (important for future imaging calorimeters!)
Calibrated variable: calorimeter energy deposit (very high-dimensional!)

(Optimal transport routinely used in high-dimensional spaces, e.g. images)

General extrapolation models (e.g. CR — SR in analysis context)

And many more ...
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Summary

Optimal transport gives a well-behaved procedure to derive
continuous corrections to simulated (signal) events:

e — e\’ = T(e; 0)

Uncalibrated event j Calibrated \ Nuisance parameters
event

Physics input: observables used for calibration
together with distance measure c[e, e’]

Property of calibration: minimal change of simulation w.r.t. chosen metric

—Q
Uncalibrated Calibrated
simulation simulation
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Transport away your problems: Calibrating
stochastic simulations with optimal transport

Chris Pollard & =, Philipp Windischhofer =

(Our) implementation of PICNNs: [github]

Could this be useful for you?
Any feedback? Any other ideas? Let’s discuss!

chris.pollard@cern.ch philipp.windischhofer@cern.ch
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Partial input-convex neural networks
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Original reference [here]
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