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Introduction
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Local Unitarity: framing the problem

Cutkosky cut

The coefficients can be represented as a sum of interference diagrams 

A cross-section admits a perturbative expansion when

The coefficients of the power series can be obtained by “squaring the S-matrix”
�����

<latexit sha1_base64="x6Ly/0awr6ACey1NkFEETnsCQrc=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0f6DHEi8cI5gHJEmYnk82Q2dllplcIaz7CiwdFvPo93vwbJ8keNLGgoajqprsrSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGt1O/9ci1EbF6wHHC/YiGSgwEo2ilVrcmwpA89Uplt+LOQJaJl5My5Kj3Sl/dfszSiCtkkhrT8dwE/YxqFEzySbGbGp5QNqIh71iqaMSNn83OnZBTq/TJINa2FJKZ+nsio5Ex4yiwnRHFoVn0puJ/XifFwY2fCZWkyBWbLxqkkmBMpr+TvtCcoRxbQpkW9lbChlRThjahog3BW3x5mTTPK95F5er+slyt5XEU4BhO4Aw8uIYq3EEdGsBgBM/wCm9O4rw4787HvHXFyWeO4A+czx/KzI84</latexit>
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<latexit sha1_base64="B6E7dGDNJd4Jw7Elt5J4+3xsh3o=">AAAB8HicbVBNTwIxEJ3FL8Qv1KOXRmLiieyiRo8ELx4xkQ8DK+mW7tLQdjdt14Qgv8KLB43x6s/x5r+xwB4UfMkkL+/NZGZekHCmjet+O7mV1bX1jfxmYWt7Z3evuH/Q1HGqCG2QmMeqHWBNOZO0YZjhtJ0oikXAaSsYXk/91iNVmsXyzowS6gscSRYygo2V7rs1FkXo6aHSK5bcsjsDWiZeRkqQod4rfnX7MUkFlYZwrHXHcxPjj7EyjHA6KXRTTRNMhjiiHUslFlT749nBE3RilT4KY2VLGjRTf0+MsdB6JALbKbAZ6EVvKv7ndVITXvljJpPUUEnmi8KUIxOj6feozxQlho8swUQxeysiA6wwMTajgg3BW3x5mTQrZe+sfHF7XqrWsjjycATHcAoeXEIVbqAODSAg4Ble4c1Rzovz7nzMW3NONnMIf+B8/gD0PY/c</latexit>

� ⇡ |S|2 =
<latexit sha1_base64="ie42OkwxdltlZdzl1kKHJOdsRPU=">AAAB/nicbVDLSgMxFM3UV62vUXHlJlgEV2WmKroRim5cVrQP6Iwlk2ba0EwmJBmxTAv+ihsXirj1O9z5N6btLLT1wIXDOfdy7z2BYFRpx/m2cguLS8sr+dXC2vrG5pa9vVNXcSIxqeGYxbIZIEUY5aSmqWakKSRBUcBII+hfjf3GA5GKxvxODwTxI9TlNKQYaSO17T1P0W6EPCSEjB/h8HZ4X4YXbbvolJwJ4DxxM1IEGapt+8vrxDiJCNeYIaVariO0nyKpKWZkVPASRQTCfdQlLUM5iojy08n5I3holA4MY2mKazhRf0+kKFJqEAWmM0K6p2a9sfif10p0eO6nlItEE46ni8KEQR3DcRawQyXBmg0MQVhScyvEPSQR1iaxggnBnX15ntTLJfe4dHpzUqxcZnHkwT44AEfABWegAq5BFdQABil4Bq/gzXqyXqx362PamrOymV3wB9bnD5orlT8=</latexit>

Each side of Cutkosky cut corresponds to a diagram building up the S-matrix
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Problem: both types of integrals are divergent! 

• Collinear divergences 
• Soft divergences 
• Thresholds

Non-integrable

Integrable
Loop integral

Interference diagrams themselves can be represented as integrals of amplitudes

Phase space integral

=<latexit sha1_base64="wmqm1Zp1A2MDDclPjP9nODsI2BA=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKez6QC9C0IvHBMwDkiXMTjrJmNnZZWZWCEu+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K4gF18Z1v53cyura+kZ+s7C1vbO7V9w/aOgoUQzrLBKRagVUo+AS64Ybga1YIQ0Dgc1gdDf1m0+oNI/kgxnH6Id0IHmfM2qsVLvpFktu2Z2BLBMvIyXIUO0Wvzq9iCUhSsME1brtubHxU6oMZwInhU6iMaZsRAfYtlTSELWfzg6dkBOr9Eg/UrakITP190RKQ63HYWA7Q2qGetGbiv957cT0r/2UyzgxKNl8UT8RxERk+jXpcYXMiLEllClubyVsSBVlxmZTsCF4iy8vk8ZZ2TsvX9YuSpXbLI48HMExnIIHV1CBe6hCHRggPMMrvDmPzovz7nzMW3NONnMIf+B8/gCPEYzI</latexit>

= i

Z
d3~p

(2⇡)3
�(|~p|+ |~p� ~q|�Q0)

<latexit sha1_base64="ucYNEdISxtLFhysrJ5CetS6/Rkg="></latexit>

=

Z
d4p1
(2⇡)4

d4p2
(2⇡)4

�(+)(p21) �
(+)(p22) �

4(p1 + p2 � q)
<latexit sha1_base64="0H+THo+4ye8FbWsSaM4tsWlWtVs="></latexit>
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Phase space integralsd3~p
<latexit sha1_base64="WRmnZ9TfeE+VvwuwBJdkByZLTUI=">AAAB/HicbVDLSsNAFJ3UV62vaJduBovgqiRW0WXRjcsK9gFNLJPJpB06mYSZSSGE+CtuXCji1g9x5984abPQ1gMDh3Pu5Z45XsyoVJb1bVTW1jc2t6rbtZ3dvf0D8/CoJ6NEYNLFEYvEwEOSMMpJV1HFyCAWBIUeI31velv4/RkRkkb8QaUxcUM05jSgGCktjcy6EyI1EWHm548tZ0ZwFucjs2E1rTngKrFL0gAlOiPzy/EjnISEK8yQlEPbipWbIaEoZiSvOYkkMcJTNCZDTTkKiXSzefgcnmrFh0Ek9OMKztXfGxkKpUxDT08WUeWyV4j/ecNEBdduRnmcKMLx4lCQMKgiWDQBfSoIVizVBGFBdVaIJ0ggrHRfNV2CvfzlVdI7b9qt5uX9RaN9U9ZRBcfgBJwBG1yBNrgDHdAFGKTgGbyCN+PJeDHejY/FaMUod+rgD4zPH2fklUQ=</latexit>

Trees

Integrals

Trees

Loop integrals d4k
<latexit sha1_base64="sR128fe+u6SziFssQE5XM3tlahU=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBFclRmt6LLoxmUF+4B2LJlM2oYmmTHJFMrQ73DjQhG3fow7/8ZMOwttPRA4nHMv9+QEMWfauO63s7K6tr6xWdgqbu/s7u2XDg6bOkoUoQ0S8Ui1A6wpZ5I2DDOctmNFsQg4bQWj28xvjanSLJIPZhJTX+CBZH1GsLGS3xXYDJVIw+ljddQrld2KOwNaJl5OypCj3it9dcOIJIJKQzjWuuO5sfFTrAwjnE6L3UTTGJMRHtCOpRILqv10FnqKTq0Son6k7JMGzdTfGykWWk9EYCezkHrRy8T/vE5i+td+ymScGCrJ/FA/4chEKGsAhUxRYvjEEkwUs1kRGWKFibE9FW0J3uKXl0nzvOJdVC7vq+XaTV5HAY7hBM7AgyuowR3UoQEEnuAZXuHNGTsvzrvzMR9dcfKdI/gD5/MHAIaSQQ==</latexit>

Loops

 6

Integrable singularities

Infrared singularities Infrared singularities
Final state singularities (FSS)

Initial state singularities (ISS)

Final state radiation (FSR)

Initial state radiation (ISR)

This subdivision hides an inherent simplicity

KLN  
theorem

LTD/cLTD/TOPT 
Causal flow

Integrable singularities
ISS + ISR

IR singularities appear in separate pieces of the computation of LHC observables,  
but not in the final result (IR-safety)

Forcing IR-safety to be realised locally loosens the distinction between phase space 
and loop integrals
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Our objective

Computing cross-sections fully numerically by locally combining real and virtual 
contributions

�(L)
d

<latexit sha1_base64="dfWNmVBACinc5iIPwWbRfvXIl/s=">AAACAHicbVC5TsNAEF2HK4TLQEFBYxEhhSayOQRlBA0FRZDIIcXGWq/XySrrQ7tjRGS54VdoKECIls+g42/YJC4g4UkjPb03o5l5XsKZBNP81koLi0vLK+XVytr6xuaWvr3TlnEqCG2RmMei62FJOYtoCxhw2k0ExaHHaccbXo39zgMVksXRHYwS6oS4H7GAEQxKcvU9W7J+iN3MBvoImZ/n91nt5ih39apZNycw5olVkCoq0HT1L9uPSRrSCAjHUvYsMwEnwwIY4TSv2KmkCSZD3Kc9RSMcUulkkwdy41ApvhHEQlUExkT9PZHhUMpR6KnOEMNAznpj8T+vl0Jw4WQsSlKgEZkuClJuQGyM0zB8JigBPlIEE8HUrQYZYIEJqMwqKgRr9uV50j6uWyf1s9vTauOyiKOM9tEBqiELnaMGukZN1EIE5egZvaI37Ul70d61j2lrSStmdtEfaJ8/NR2WzA==</latexit>

where          is an integrable function, can be MonteCarlo integrated.

That is: Find a representation of perturbative cross-sections in the form

Using robustness of MonteCarlo methods to automate fixed order corrections

This can be achieved with no subtraction and dimensional regularisation
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Objective:

Want method to be generic (scattering process and perturbative order) and 
competitive, yield new results in reasonable time with limited resources

Monte Carlo methods are fine, but how do we construct         ?�(L)
d

<latexit sha1_base64="e2Sk0cYgWLXPn0WtXELhpteCOqg=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1iEuimJD3RZdOPCRQX7gCaGyWTSDp1JwsxEKCG48VfcuFDErV/hzr9x0nahrQcuHM65l3vv8RNGpbKsb6O0sLi0vFJeraytb2xumds7bRmnApMWjlksuj6ShNGItBRVjHQTQRD3Gen4w6vC7zwQIWkc3alRQlyO+hENKUZKS56550ja58jLHI7UQPAsyPP7rHZzlHtm1apbY8B5Yk9JFUzR9MwvJ4hxykmkMENS9mwrUW6GhKKYkbzipJIkCA9Rn/Q0jRAn0s3GL+TwUCsBDGOhK1JwrP6eyBCXcsR93VkcKme9QvzP66UqvHAzGiWpIhGeLApTBlUMizxgQAXBio00QVhQfSvEAyQQVjq1ig7Bnn15nrSP6/ZJ/ez2tNq4nMZRBvvgANSADc5BA1yDJmgBDB7BM3gFb8aT8WK8Gx+T1pIxndkFf2B8/gC7L5ek</latexit>

Studying this we learn about

• The singular structure of amplitudes in momentum space 
• The singular structure of phase space integrals

Conceptual shift: from amplitudes+phase space integrals to interference diagrams
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Real and virtual contributions

Problem: there is a difference in dimensionality between phase space and loop integrals

d3~p

2|~p|
d3~k

2|~k|
�(|~p|+ |~p� ~k|+ |~k � ~q|�Q0)

<latexit sha1_base64="6X9LvwuurC3ZqozD9x00cbsu8xI="></latexit>

This sum of diagrams is finite in this collinear limit (KLN theorem) 

Real emissionVirtual

Sum over all the Cutkosky cuts of the double triangle is finite in any IR limit

Interference diagram may have a collinear singularity, e.g.

(+ c.c)
<latexit sha1_base64="o/3GS4jGrvAVhcMg3LoX750Wd/g=">AAAB8HicbVDJSgNBEK2JW4xb1KOXxiBElGHGBT0GvXiMYBZJhtDT6UmadPcM3T1CGPIVXjwo4tXP8ebf2FkOmvig4PFeFVX1woQzbTzv28ktLa+sruXXCxubW9s7xd29uo5TRWiNxDxWzRBrypmkNcMMp81EUSxCThvh4HbsN56o0iyWD2aY0EDgnmQRI9hY6bF80j5FxCXHnWLJc70J0CLxZ6QEM1Q7xa92NyapoNIQjrVu+V5iggwrwwino0I71TTBZIB7tGWpxILqIJscPEJHVumiKFa2pEET9fdEhoXWQxHaToFNX897Y/E/r5Wa6DrImExSQyWZLopSjkyMxt+jLlOUGD60BBPF7K2I9LHCxNiMCjYEf/7lRVI/c/1z9/L+olS5mcWRhwM4hDL4cAUVuIMq1ICAgGd4hTdHOS/Ou/Mxbc05s5l9+APn8weOao7z</latexit>
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Loop-Tree Duality
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Loop Tree Duality
The LTD representation allows for explicit integration of the energy components using 
residue theorem 

Z "
MY

m=1

d4km

#
NQ
i Di

=

Z "
MY

m=1

d3~km

#
fltd

<latexit sha1_base64="P2Ur0fkKexgw6cCma12Cs135VFk="></latexit>

With this result, both loop and phase space integrals are defined over 3D space 
Catani, Gleisberg, Krauss, Rodrigo, Winter 

arXiv: 0804.3170 (2008)
Bierenbaum, Catani, Draggiotis, Rodrigo

arXiv: 1007.0194 (2010)

Runkel, Ször, Vesga, Weinzierl

arXiv: 1902.02135 (2019)
ZC, Hirschi, Kermanshah, Ruijl

arXiv: 1906.06138 (2019)

Verdugo, Driencout-Mangin, et al.

arXiv: 2001.03564 (2020)
ZC, Hirschi, Kermanshah, Pelloni, Ruijl

arXiv:  2009.05509  (2020)

Automation of LTD and cLTD (arbitrary loops, topologies, numerators)

=

Z
d4k

N

(k2 � i✏)((k � p1)2 � i✏)((k + p2)2 � i✏)
<latexit sha1_base64="sZJI7aGysi11/fYzWOVVLVTLJ70="></latexit>

Example:

Re[k0i ]
<latexit sha1_base64="j44pZbVwk+OERkvs0Sjr0yqOlQ8=">AAAB+XicbVC5TsNAEF2HK4TLQEljESFRRTaHoIygoQyIHJJjrPVmnKyyPrQ7jois/AkNBQjR8id0/A2bxAUEnjTS03szmpkXpIIrtO0vo7S0vLK6Vl6vbGxube+Yu3stlWSSQZMlIpGdgCoQPIYmchTQSSXQKBDQDobXU789Aql4Et/jOAUvov2Yh5xR1JJvml2ER8zvYOIOff5ge75ZtWv2DNZf4hSkSgo0fPOz20tYFkGMTFClXMdO0cupRM4ETCrdTEFK2ZD2wdU0phEoL59dPrGOtNKzwkTqitGaqT8nchopNY4C3RlRHKhFbyr+57kZhpdezuM0Q4jZfFGYCQsTaxqD1eMSGIqxJpRJrm+12IBKylCHVdEhOIsv/yWtk5pzWju/PavWr4o4yuSAHJJj4pALUic3pEGahJEReSIv5NXIjWfjzXift5aMYmaf/ILx8Q2Nj5Ob</latexit>

Im[k0i ]
<latexit sha1_base64="xhohsjJIcQU0o+K54VpYk52javc=">AAAB+XicbVDLSsNAFJ3UV62vqEs3wSK4KokPdFl0o7sK9gFpDJPppB06MwkzN8US+iduXCji1j9x5984bbPQ6oELh3Pu5d57opQzDa77ZZWWlldW18rrlY3Nre0de3evpZNMEdokCU9UJ8KaciZpExhw2kkVxSLitB0Nr6d+e0SVZom8h3FKA4H7ksWMYDBSaNtdoI+Q34qJPwzZgxuEdtWtuTM4f4lXkCoq0Ajtz24vIZmgEgjHWvuem0KQYwWMcDqpdDNNU0yGuE99QyUWVAf57PKJc2SUnhMnypQEZ6b+nMix0HosItMpMAz0ojcV//P8DOLLIGcyzYBKMl8UZ9yBxJnG4PSYogT42BBMFDO3OmSAFSZgwqqYELzFl/+S1knNO62d351V61dFHGV0gA7RMfLQBaqjG9RATUTQCD2hF/Rq5daz9Wa9z1tLVjGzj37B+vgGi/qTmg==</latexit>

Analytically continue energy component. Close the contour in the lower complex plane.  
Poles are:

8
>>><

>>>:

k0 =
q
|~k|2 � i✏

k0 = p01 +
q

|~k � ~p1|2 � i✏

k0 = �p02 +
q
|~k + ~p2|2 � i✏

<latexit sha1_base64="3Z5vGPM54tCpgoj3itxShUimkUE="></latexit>

1

2

3

Im[k0] < 0
<latexit sha1_base64="vSX9MvW5pvgGLAr5vyuN4SbxZPQ=">AAAB+XicbVDLSsNAFJ3UV62vqEs3wSK4KokPdOGi6EZ3FewD0lgm00k7dGYSZm6KJfRP3LhQxK1/4s6/cdpmoa0HLhzOuZd77wkTzjS47rdVWFpeWV0rrpc2Nre2d+zdvYaOU0VoncQ8Vq0Qa8qZpHVgwGkrURSLkNNmOLiZ+M0hVZrF8gFGCQ0E7kkWMYLBSB3bbgN9guxOjP3BoxtcuR277FbcKZxF4uWkjHLUOvZXuxuTVFAJhGOtfc9NIMiwAkY4HZfaqaYJJgPco76hEguqg2x6+dg5MkrXiWJlSoIzVX9PZFhoPRKh6RQY+nrem4j/eX4K0WWQMZmkQCWZLYpS7kDsTGJwukxRAnxkCCaKmVsd0scKEzBhlUwI3vzLi6RxUvFOK+f3Z+XqdR5HER2gQ3SMPHSBqugW1VAdETREz+gVvVmZ9WK9Wx+z1oKVz+yjP7A+fwD/1pM+</latexit>

Im[k0] < 0
<latexit sha1_base64="vSX9MvW5pvgGLAr5vyuN4SbxZPQ=">AAAB+XicbVDLSsNAFJ3UV62vqEs3wSK4KokPdOGi6EZ3FewD0lgm00k7dGYSZm6KJfRP3LhQxK1/4s6/cdpmoa0HLhzOuZd77wkTzjS47rdVWFpeWV0rrpc2Nre2d+zdvYaOU0VoncQ8Vq0Qa8qZpHVgwGkrURSLkNNmOLiZ+M0hVZrF8gFGCQ0E7kkWMYLBSB3bbgN9guxOjP3BoxtcuR277FbcKZxF4uWkjHLUOvZXuxuTVFAJhGOtfc9NIMiwAkY4HZfaqaYJJgPco76hEguqg2x6+dg5MkrXiWJlSoIzVX9PZFhoPRKh6RQY+nrem4j/eX4K0WWQMZmkQCWZLYpS7kDsTGJwukxRAnxkCCaKmVsd0scKEzBhlUwI3vzLi6RxUvFOK+f3Z+XqdR5HER2gQ3SMPHSBqugW1VAdETREz+gVvVmZ9WK9Wx+z1oKVz+yjP7A+fwD/1pM+</latexit>

Im[k0] < 0
<latexit sha1_base64="vSX9MvW5pvgGLAr5vyuN4SbxZPQ=">AAAB+XicbVDLSsNAFJ3UV62vqEs3wSK4KokPdOGi6EZ3FewD0lgm00k7dGYSZm6KJfRP3LhQxK1/4s6/cdpmoa0HLhzOuZd77wkTzjS47rdVWFpeWV0rrpc2Nre2d+zdvYaOU0VoncQ8Vq0Qa8qZpHVgwGkrURSLkNNmOLiZ+M0hVZrF8gFGCQ0E7kkWMYLBSB3bbgN9guxOjP3BoxtcuR277FbcKZxF4uWkjHLUOvZXuxuTVFAJhGOtfc9NIMiwAkY4HZfaqaYJJgPco76hEguqg2x6+dg5MkrXiWJlSoIzVX9PZFhoPRKh6RQY+nrem4j/eX4K0WWQMZmkQCWZLYpS7kDsTGJwukxRAnxkCCaKmVsd0scKEzBhlUwI3vzLi6RxUvFOK+f3Z+XqdR5HER2gQ3SMPHSBqugW1VAdETREz+gVvVmZ9WK9Wx+z1oKVz+yjP7A+fwD/1pM+</latexit>
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One loop is easy! The technicalities start to appear at higher loops

=

Z
d4k

N

D1D2D3
(D1�

(+)(D1) +D2�
(+)(D2) +D3�

(+)(D3))
<latexit sha1_base64="/LdOeWV24xQgnToC0XG1pn9UYLU="></latexit>

+

Energy flow

Delete the cut edges, obtain spanning trees

=

Z
d3~k


Res1


N

D1D2D3

�
+Res2


N

D1D2D3

�
+Res3


N

D1D2D3

��

<latexit sha1_base64="t2jgdYrihZ4MtjZh5MvSFYLTVVE="></latexit>

Then using residue theorem

Tree processes (virtual/real 
particles)

+

+
+

Residues can be represented as cuts:
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Interplay of momentum conservation and epsilon prescription is key to obtain the 
energy flow

For example, applying LTD to a double triangle
+

+
+

+ +

+

+

++
+

++
++

-

-
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d3~p

2|~p|
d3~k

2|~k|
�(|~p|+ |~p� ~q|�Q0)

<latexit sha1_base64="fz4BTKYbF+pinHGrPzOxv/Ye/b0="></latexit>

Applying LTD to the interference diagrams, we can bring them under the same integral sign 

=

Z
d3~kd3~p (�(E1 + E2 �Q0)fvirt + �(E1 + E3 + E5 �Q0)freal)

<latexit sha1_base64="b7LFzL2S1w7e4XfPPfzYbxnSZWQ="></latexit>
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Finally, we can apply LTD for our original purpose

+
+

+

Going back to the triangle
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The causal flow
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Causal flow

The measure now differs only in the delta enforcing on shell energy conservation

Find a variable to solve both deltas. Here the first energy works, in general there is not a 
unique energy that allows that. 

Soper, 

arXiv: 9804454 (1998)

Soper, 

arXiv: 0102031 (2001 @ RADCOR)

ZC, Hirschi, Pelloni, Ruijl

arXiv: 2010.01068 (2020)

General FSR cancellations 
For N to M NkLO processes

Solution: introduce a fictitious variable in which to solve the delta

A toy example: Z
d3~k �(|~k|�Q0)f(~k)

<latexit sha1_base64="KVKR5nJMdVlMsWkb80xSKPokhKE="></latexit>

Side-step phase space mapping problems
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Apply same procedure to real…

where

Then

=

Z
d3~k

Z
dt t3 h(t) �(t|~k|�Q0)f(t~k)

<latexit sha1_base64="Vmi7xYP9lQ92ukM5oxpuVrk49pg="></latexit>

=

Z
d3~k

Q3
0

|~k|4
h(Q0/|~k|) f(Q0

~k/|~k|)
<latexit sha1_base64="timElZg6LU9uN1zZGZdy2eOYtws="></latexit>

=

Z
d3~k

Z
dt h(t) �(|~k|�Q0)f(~k)

<latexit sha1_base64="mNQe43PX2ZV0A0RpLvl5+1x09mI="></latexit>

1 =

Z
dt h(t)

<latexit sha1_base64="M6KZhdxi2vNcEbSQbkwN616ip3k=">AAACA3icbVDLSgMxFM3UV62vUXe6CRahgpQZH+hGKLpxWcE+oDOUTCbThiaZIckIZSi48VfcuFDErT/hzr8x03ahrQcCh3PuJeeeIGFUacf5tgoLi0vLK8XV0tr6xuaWvb3TVHEqMWngmMWyHSBFGBWkoalmpJ1IgnjASCsY3OR+64FIRWNxr4cJ8TnqCRpRjLSRuvaee+VRoaHHke5LnoUjw49hv6KPunbZqTpjwHniTkkZTFHv2l9eGOOUE6ExQ0p1XCfRfoakppiRUclLFUkQHqAe6RgqECfKz8Y3jOChUUIYxdI8k2es/t7IEFdqyAMzmUdVs14u/ud1Uh1d+hkVSaqJwJOPopRBHcO8EBhSSbBmQ0MQltRkhbiPJMLa1FYyJbizJ8+T5knVPa2e352Va9fTOopgHxyACnDBBaiBW1AHDYDBI3gGr+DNerJerHfrYzJasKY7u+APrM8fLkuWlQ==</latexit>

using

~k ! t~k
<latexit sha1_base64="CQLg87v7LL832JU2Bf2GGWMwbmI=">AAACBHicbVDLSsNAFJ3UV62vqMtuBovgqiQ+0GXRjcsK9gFNKJPppB06yYSZm0oJXbjxV9y4UMStH+HOv3HaZqGtBy4czrmXe+8JEsE1OM63VVhZXVvfKG6WtrZ3dvfs/YOmlqmirEGlkKodEM0Ej1kDOAjWThQjUSBYKxjeTP3WiCnNZXwP44T5EenHPOSUgJG6dtkbMZoNJ57i/QEQpeQDhlzr2hWn6syAl4mbkwrKUe/aX15P0jRiMVBBtO64TgJ+RhRwKtik5KWaJYQOSZ91DI1JxLSfzZ6Y4GOj9HAolakY8Ez9PZGRSOtxFJjOiMBAL3pT8T+vk0J45Wc8TlJgMZ0vClOBQeJpIrjHFaMgxoYQqri5FdMBUYSCya1kQnAXX14mzdOqe1a9uDuv1K7zOIqojI7QCXLRJaqhW1RHDUTRI3pGr+jNerJerHfrY95asPKZQ/QH1ucP+XiY8w==</latexit>

using

Solve delta in scaling variable. Phase space has same dimensionality

(~p,~k) ! ~�(t, (~p,~k))
<latexit sha1_base64="zOXbp5lxmiGb7vpfZ06qfWWzziU=">AAACJHicbVDLSsNAFJ34rPUVdekmWIQWSkl8oOCm6MZlBfuAJpTJdNIOnTyYuamUkI9x46+4ceEDF278FqdpFtp6YJjDOecyc48bcSbBNL+0peWV1bX1wkZxc2t7Z1ff22/JMBaENknIQ9FxsaScBbQJDDjtRIJi3+W07Y5upn57TIVkYXAPk4g6Ph4EzGMEg5J6+lXZHlOSRGk1u0dpxRZsMAQsRPiQSXY0ZGkZqgvBSk8vmTUzg7FIrJyUUI5GT3+3+yGJfRoA4VjKrmVG4CRYACOcpkU7ljTCZIQHtKtogH0qnSRbMjWOldI3vFCoE4CRqb8nEuxLOfFdlfQxDOW8NxX/87oxeJdOwoIoBhqQ2UNezA0IjWljRp8JSoBPFMFEMPVXgwyxwARUr0VVgjW/8iJpndSs09r53Vmpfp3XUUCH6AiVkYUuUB3dogZqIoIe0TN6RW/ak/aifWifs+iSls8coD/Qvn8ALgmlvQ==</latexit>

(
@t~� = ~ � ~�
~�(0, (~k,~l)) = (~k,~l)

<latexit sha1_base64="F1CdW7p6L/KvA8Y2Nq6/5l+eISc="></latexit>

Why “causal flow”?

with t? = Q0/|~k|
<latexit sha1_base64="ReElfQhYHb8cqjPYu0PWJzmEieY=">AAAB/nicbVDJSgNBEO2JW4zbqHjy0hgET3HGBb0IQS8eEzALZMahp9NJmvQsdNcEwiTgr3jxoIhXv8Obf2MnmYMmPih4vFdFVT0/FlyBZX0buaXlldW1/HphY3Nre8fc3aurKJGU1WgkItn0iWKCh6wGHARrxpKRwBes4ffvJn5jwKTiUfgAw5i5AemGvMMpAS155gE8OgqIvKl61unIGTCa9scjzyxaJWsKvEjsjBRRhopnfjntiCYBC4EKolTLtmJwUyKBU8HGBSdRLCa0T7qspWlIAqbcdHr+GB9rpY07kdQVAp6qvydSEig1DHzdGRDoqXlvIv7ntRLoXLspD+MEWEhnizqJwBDhSRa4zSWjIIaaECq5vhXTHpGEgk6soEOw519eJPWzkn1euqxeFMu3WRx5dIiO0Amy0RUqo3tUQTVEUYqe0St6M56MF+Pd+Ji15oxsZh/9gfH5Azyula0=</latexit>
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=

Z
d3~pd3~k(gv(t

?
v) + gr(t

?
r ))

<latexit sha1_base64="O+flamE69kZfVKrYsRgPF+p9izY="></latexit>

We have aligned the measure!

Then:

=
4X

i=1

Z
d⇧ifi

<latexit sha1_base64="PQX18kOkQllMmjeR1j/opyp7Xqs=">AAACD3icbVC7TsMwFHXKq5RXgJHFogIxVQkUwVKpgoWxSPQhNSFyHKe1aieR7SBVUf6AhV9hYQAhVlY2/gan7QAtR7J0dM698rnHTxiVyrK+jdLS8srqWnm9srG5tb1j7u51ZJwKTNo4ZrHo+UgSRiPSVlQx0ksEQdxnpOuPrgu/+0CEpHF0p8YJcTkaRDSkGCkteeZxw5Ep9zLasPP7OnRopKDDkRoKngW506IehaFHPbNq1awJ4CKxZ6QKZmh55pcTxDjlJFKYISn7tpUoN0NCUcxIXnFSSRKER2hA+ppGiBPpZpN7cniklQCGsdBP55movzcyxKUcc19PFlHlvFeI/3n9VIWXbkajJFUkwtOPwpRBFcOiHBhQQbBiY00QFlRnhXiIBMJKV1jRJdjzJy+SzmnNPqud39arzatZHWVwAA7BCbDBBWiCG9ACbYDBI3gGr+DNeDJejHfjYzpaMmY7++APjM8fQrCcLw==</latexit>

=

Z
d⇧

4X

i=1

gi
<latexit sha1_base64="uusiKoOHBxytKxtoLVuufrV1Z3Y=">AAACDnicbVDLSsNAFJ3UV62vqEs3g6XgqiRa0U2h6MZlBfuAJobJZNoOnUnCzEQoIV/gxl9x40IRt67d+TdO2iy09cDA4Zx7mXOPHzMqlWV9G6WV1bX1jfJmZWt7Z3fP3D/oyigRmHRwxCLR95EkjIako6hipB8LgrjPSM+fXOd+74EISaPwTk1j4nI0CumQYqS05Jm1JnRoqKDDkRoLngaZ06bQkQn3Utq0s/sGHHnUM6tW3ZoBLhO7IFVQoO2ZX04Q4YSTUGGGpBzYVqzcFAlFMSNZxUkkiRGeoBEZaBoiTqSbzs7JYE0rARxGQj8dbab+3kgRl3LKfT2Zp5aLXi7+5w0SNbx0UxrGiSIhnn80TBhUEcy7gQEVBCs21QRhQXVWiMdIIKx0gxVdgr148jLpntbts/r5baPauirqKIMjcAxOgA0uQAvcgDboAAwewTN4BW/Gk/FivBsf89GSUewcgj8wPn8AENqbfg==</latexit>

It turns out that doing so also achieves IR-finiteness at the local level (causal flow) 

• We constructed our local representation of differential cross-sections 

• The two main ingredients (LTD and the causal flow) can be generically applied 
at any order.

Showing IR finiteness we have to recast this expression is a slightly different 
but illuminating way
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Local Unitarity representation
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can be written as different limits of the same function!

Then

Solving delta in the scaling variable       1d residue theorem along the line

LU  
representation

Cutkosky, but at the local level!

 The LTD representation of the double triangle with rescaled momenta is
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We proved cancellations rigorously for FSR singularities. Here we use an example

Monte Carlo 
Integration

Compute analytically 
with FORCER + R*

B. Ruijl, T. Ueda, J. Vermaseren

arXiv: 1704.06650 (2017)
F. Herzog, B. Ruijl

arXiv: 1703.03776 (2017)

Local IR cancellations: 5-loop example



Zeno Capatti, ETH Zürich Local Unitarity and Infrared Safety
 22

We did the same for all 3-4-5 loop two-point functions that are finite in scalar theory
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Same procedure is applied to physical case.

Inclusive

This has many forward-scattering diagrams and Cutkosky cuts, e.g.

15 forward-scattering diagrams

O(50) interference diagrams

Only dim. reg.  
for UV counter-terms

No IR counter-terms

Matches benchmark 
From MG5_aMC@NLO

Alwall, Frederix, Frixione, Hirschi, Maltoni

arXiv: 1405.0301 (2014)



Zeno Capatti, ETH Zürich Local Unitarity and Infrared Safety
 24

e+e� ! tt̄ @ NNLO
<latexit sha1_base64="zW56UVU4xotK4KSOclNxx+TPVVE=">AAACGnicbVDJSgNBEO2Je9yiHr00BkEQw4wLegx68SAxgomBzCT0dCpJY89Cd40ShnyHF3/FiwdFvIkX/8aemIPbg6If71XRVc+PpdBo2x9WbmJyanpmdi4/v7C4tFxYWa3rKFEcajySkWr4TIMUIdRQoIRGrIAFvoQr//ok869uQGkRhZc4iMELWC8UXcEZGqldcKC1TaG1Q10len1kSkW3FKnrM2Ue6tKyKTdg2FdBWqmcnQ/bhaJdskegf4kzJkUyRrVdeHM7EU8CCJFLpnXTsWP0UqZQcAnDvJtoiBm/Zj1oGhqyALSXjk4b0k2jdGg3UqZCpCP1+0TKAq0HgW86syX1by8T//OaCXaPvFSEcYIQ8q+PuomkGNEsJ9oRCjjKgSGMK2F2pbzPFONo0sybEJzfJ/8l9d2Ss1c6uNgvlo/HccySdbJBtohDDkmZnJIqqRFO7sgDeSLP1r31aL1Yr1+tOWs8s0Z+wHr/BNGanuQ=</latexit>

+
<latexit sha1_base64="KS5ysgoQB8Ddx7Q6sRqdBPA5RHA=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGHXB3oMevGYgHlAEsLspDcZMzu7zMwKYckXePGgiFc/yZt/4yTZgyYWNBRV3XR3+bHg2rjut5NbWV1b38hvFra2d3b3ivsHDR0limGdRSJSLZ9qFFxi3XAjsBUrpKEvsOmP7qZ+8wmV5pF8MOMYuyEdSB5wRo2Vame9YsktuzOQZeJlpAQZqr3iV6cfsSREaZigWrc9NzbdlCrDmcBJoZNojCkb0QG2LZU0RN1NZ4dOyIlV+iSIlC1pyEz9PZHSUOtx6NvOkJqhXvSm4n9eOzHBTTflMk4MSjZfFCSCmIhMvyZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv8eVl0jgvexflq9plqXKbxZGHIziGU/DgGipwD1WoAwOEZ3iFN+fReXHenY95a87JZg7hD5zPH3PJjLY=</latexit>

+
<latexit sha1_base64="KS5ysgoQB8Ddx7Q6sRqdBPA5RHA=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGHXB3oMevGYgHlAEsLspDcZMzu7zMwKYckXePGgiFc/yZt/4yTZgyYWNBRV3XR3+bHg2rjut5NbWV1b38hvFra2d3b3ivsHDR0limGdRSJSLZ9qFFxi3XAjsBUrpKEvsOmP7qZ+8wmV5pF8MOMYuyEdSB5wRo2Vame9YsktuzOQZeJlpAQZqr3iV6cfsSREaZigWrc9NzbdlCrDmcBJoZNojCkb0QG2LZU0RN1NZ4dOyIlV+iSIlC1pyEz9PZHSUOtx6NvOkJqhXvSm4n9eOzHBTTflMk4MSjZfFCSCmIhMvyZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv8eVl0jgvexflq9plqXKbxZGHIziGU/DgGipwD1WoAwOEZ3iFN+fReXHenY95a87JZg7hD5zPH3PJjLY=</latexit>

+
<latexit sha1_base64="KS5ysgoQB8Ddx7Q6sRqdBPA5RHA=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGHXB3oMevGYgHlAEsLspDcZMzu7zMwKYckXePGgiFc/yZt/4yTZgyYWNBRV3XR3+bHg2rjut5NbWV1b38hvFra2d3b3ivsHDR0limGdRSJSLZ9qFFxi3XAjsBUrpKEvsOmP7qZ+8wmV5pF8MOMYuyEdSB5wRo2Vame9YsktuzOQZeJlpAQZqr3iV6cfsSREaZigWrc9NzbdlCrDmcBJoZNojCkb0QG2LZU0RN1NZ4dOyIlV+iSIlC1pyEz9PZHSUOtx6NvOkJqhXvSm4n9eOzHBTTflMk4MSjZfFCSCmIhMvyZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv8eVl0jgvexflq9plqXKbxZGHIziGU/DgGipwD1WoAwOEZ3iFN+fReXHenY95a87JZg7hD5zPH3PJjLY=</latexit>

+
<latexit sha1_base64="KS5ysgoQB8Ddx7Q6sRqdBPA5RHA=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGHXB3oMevGYgHlAEsLspDcZMzu7zMwKYckXePGgiFc/yZt/4yTZgyYWNBRV3XR3+bHg2rjut5NbWV1b38hvFra2d3b3ivsHDR0limGdRSJSLZ9qFFxi3XAjsBUrpKEvsOmP7qZ+8wmV5pF8MOMYuyEdSB5wRo2Vame9YsktuzOQZeJlpAQZqr3iV6cfsSREaZigWrc9NzbdlCrDmcBJoZNojCkb0QG2LZU0RN1NZ4dOyIlV+iSIlC1pyEz9PZHSUOtx6NvOkJqhXvSm4n9eOzHBTTflMk4MSjZfFCSCmIhMvyZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv8eVl0jgvexflq9plqXKbxZGHIziGU/DgGipwD1WoAwOEZ3iFN+fReXHenY95a87JZg7hD5zPH3PJjLY=</latexit>

+
<latexit sha1_base64="KS5ysgoQB8Ddx7Q6sRqdBPA5RHA=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGHXB3oMevGYgHlAEsLspDcZMzu7zMwKYckXePGgiFc/yZt/4yTZgyYWNBRV3XR3+bHg2rjut5NbWV1b38hvFra2d3b3ivsHDR0limGdRSJSLZ9qFFxi3XAjsBUrpKEvsOmP7qZ+8wmV5pF8MOMYuyEdSB5wRo2Vame9YsktuzOQZeJlpAQZqr3iV6cfsSREaZigWrc9NzbdlCrDmcBJoZNojCkb0QG2LZU0RN1NZ4dOyIlV+iSIlC1pyEz9PZHSUOtx6NvOkJqhXvSm4n9eOzHBTTflMk4MSjZfFCSCmIhMvyZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv8eVl0jgvexflq9plqXKbxZGHIziGU/DgGipwD1WoAwOEZ3iFN+fReXHenY95a87JZg7hD5zPH3PJjLY=</latexit>

+
<latexit sha1_base64="KS5ysgoQB8Ddx7Q6sRqdBPA5RHA=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGHXB3oMevGYgHlAEsLspDcZMzu7zMwKYckXePGgiFc/yZt/4yTZgyYWNBRV3XR3+bHg2rjut5NbWV1b38hvFra2d3b3ivsHDR0limGdRSJSLZ9qFFxi3XAjsBUrpKEvsOmP7qZ+8wmV5pF8MOMYuyEdSB5wRo2Vame9YsktuzOQZeJlpAQZqr3iV6cfsSREaZigWrc9NzbdlCrDmcBJoZNojCkb0QG2LZU0RN1NZ4dOyIlV+iSIlC1pyEz9PZHSUOtx6NvOkJqhXvSm4n9eOzHBTTflMk4MSjZfFCSCmIhMvyZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv8eVl0jgvexflq9plqXKbxZGHIziGU/DgGipwD1WoAwOEZ3iFN+fReXHenY95a87JZg7hD5zPH3PJjLY=</latexit>

LU

" #
=

<latexit sha1_base64="vFfge5OJz6OPOV98BVx4iM5DQAY=">AAACEXicbVBNS8NAEN3Ur1q/oh69LBahp5KoRS9CqRcPHiqYttCEstlu2qW7SdjdCCX0L3jxr3jxoIhXb978N27SHLT1wcDjvRlm5vkxo1JZ1rdRWlldW98ob1a2tnd298z9g46MEoGJgyMWiZ6PJGE0JI6iipFeLAjiPiNdf3Kd+d0HIiSNwns1jYnH0SikAcVIaWlg1lyO1Fjw9NaZuS06GvWhO5YxwiS16w3MZzBXvauBWbXqVg64TOyCVEGB9sD8cocRTjgJFWZIyr5txcpLkVAUMzKruIkkes8EjUhf0xBxIr00/2gGT7QyhEEkdIUK5urviRRxKafc153Z/XLRy8T/vH6igksvpWGcKBLi+aIgYVBFMIsHDqkgWLGpJggLqm+FeIwEwkqHWNEh2IsvL5POad0+qzfuzqvNVhFHGRyBY1ADNrgATXAD2sABGDyCZ/AK3own48V4Nz7mrSWjmDkEf2B8/gCCZZzL</latexit>

Very complicated singular structure, regulated without counter-terms!

LU

" #
=

<latexit sha1_base64="vFfge5OJz6OPOV98BVx4iM5DQAY=">AAACEXicbVBNS8NAEN3Ur1q/oh69LBahp5KoRS9CqRcPHiqYttCEstlu2qW7SdjdCCX0L3jxr3jxoIhXb978N27SHLT1wcDjvRlm5vkxo1JZ1rdRWlldW98ob1a2tnd298z9g46MEoGJgyMWiZ6PJGE0JI6iipFeLAjiPiNdf3Kd+d0HIiSNwns1jYnH0SikAcVIaWlg1lyO1Fjw9NaZuS06GvWhO5YxwiS16w3MZzBXvauBWbXqVg64TOyCVEGB9sD8cocRTjgJFWZIyr5txcpLkVAUMzKruIkkes8EjUhf0xBxIr00/2gGT7QyhEEkdIUK5urviRRxKafc153Z/XLRy8T/vH6igksvpWGcKBLi+aIgYVBFMIsHDqkgWLGpJggLqm+FeIwEwkqHWNEh2IsvL5POad0+qzfuzqvNVhFHGRyBY1ADNrgATXAD2sABGDyCZ/AK3own48V4Nz7mrSWjmDkEf2B8/gCCZZzL</latexit>

LU

" #
=

<latexit sha1_base64="vFfge5OJz6OPOV98BVx4iM5DQAY=">AAACEXicbVBNS8NAEN3Ur1q/oh69LBahp5KoRS9CqRcPHiqYttCEstlu2qW7SdjdCCX0L3jxr3jxoIhXb978N27SHLT1wcDjvRlm5vkxo1JZ1rdRWlldW98ob1a2tnd298z9g46MEoGJgyMWiZ6PJGE0JI6iipFeLAjiPiNdf3Kd+d0HIiSNwns1jYnH0SikAcVIaWlg1lyO1Fjw9NaZuS06GvWhO5YxwiS16w3MZzBXvauBWbXqVg64TOyCVEGB9sD8cocRTjgJFWZIyr5txcpLkVAUMzKruIkkes8EjUhf0xBxIr00/2gGT7QyhEEkdIUK5urviRRxKafc153Z/XLRy8T/vH6igksvpWGcKBLi+aIgYVBFMIsHDqkgWLGpJggLqm+FeIwEwkqHWNEh2IsvL5POad0+qzfuzqvNVhFHGRyBY1ADNrgATXAD2sABGDyCZ/AK3own48V4Nz7mrSWjmDkEf2B8/gCCZZzL</latexit>

LU

" #
=

<latexit sha1_base64="vFfge5OJz6OPOV98BVx4iM5DQAY=">AAACEXicbVBNS8NAEN3Ur1q/oh69LBahp5KoRS9CqRcPHiqYttCEstlu2qW7SdjdCCX0L3jxr3jxoIhXb978N27SHLT1wcDjvRlm5vkxo1JZ1rdRWlldW98ob1a2tnd298z9g46MEoGJgyMWiZ6PJGE0JI6iipFeLAjiPiNdf3Kd+d0HIiSNwns1jYnH0SikAcVIaWlg1lyO1Fjw9NaZuS06GvWhO5YxwiS16w3MZzBXvauBWbXqVg64TOyCVEGB9sD8cocRTjgJFWZIyr5txcpLkVAUMzKruIkkes8EjUhf0xBxIr00/2gGT7QyhEEkdIUK5urviRRxKafc153Z/XLRy8T/vH6igksvpWGcKBLi+aIgYVBFMIsHDqkgWLGpJggLqm+FeIwEwkqHWNEh2IsvL5POad0+qzfuzqvNVhFHGRyBY1ADNrgATXAD2sABGDyCZ/AK3own48V4Nz7mrSWjmDkEf2B8/gCCZZzL</latexit>

Same with



Zeno Capatti, ETH Zürich Local Unitarity and Infrared Safety
 25

Initial State Singularities
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Initial State Singularities

The current paradigm uses PDF renormalisation + resummation to eliminate them

Assumptions:

• Interactions between partons inside the 
same hadron are negligible 

• Scattering occurs between one Parton 
from one hadron and one Parton from 
the other

These assumptions lead to singularities that are incurable from KLN

Scattering of hadrons is treated in the 
parton model H

H

Hard scattering
p

<latexit sha1_base64="YiMBp0X+QfFQDarv3Fd7cIrvbr0=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV0f6DHoxWMC5gHJEmYnvcmY2dllZlYIS77AiwdFvPpJ3vwbJ8keNLGgoajqprsrSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hobuq3nlBpHssHM07Qj+hA8pAzaqxUT3qlsltxZyDLxMtJGXLUeqWvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7WezQyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDGz7hMUoOSzReFqSAmJtOvSZ8rZEaMLaFMcXsrYUOqKDM2m6INwVt8eZk0zyveReWqflmu3uZxFOAYTuAMPLiGKtxDDRrAAOEZXuHNeXRenHfnY9664uQzR/AHzucP3F2M+w==</latexit>

k
<latexit sha1_base64="PkWFS1OBnRHO/QBHXvUk1E9uDfM=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV0f6DHoxWMC5gHJEmYnvcmY2dllZlYIS77AiwdFvPpJ3vwbJ8keNLGgoajqprsrSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hobuq3nlBpHssHM07Qj+hA8pAzaqxUH/VKZbfizkCWiZeTMuSo9Upf3X7M0gilYYJq3fHcxPgZVYYzgZNiN9WYUDaiA+xYKmmE2s9mh07IqVX6JIyVLWnITP09kdFI63EU2M6ImqFe9Kbif14nNeGNn3GZpAYlmy8KU0FMTKZfkz5XyIwYW0KZ4vZWwoZUUWZsNkUbgrf48jJpnle8i8pV/bJcvc3jKMAxnMAZeHANVbiHGjSAAcIzvMKb8+i8OO/Ox7x1xclnjuAPnM8f1MmM9g==</latexit>

p� k
<latexit sha1_base64="MOw0D1mY76qinlDv1lVm87AmlEg=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBC8GHZ9oMegF48RzQOSJcxOepMhs7PLzKwQlnyCFw+KePWLvPk3TpI9aGJBQ1HVTXdXkAiujet+O0vLK6tr64WN4ubW9s5uaW+/oeNUMayzWMSqFVCNgkusG24EthKFNAoENoPh7cRvPqHSPJaPZpSgH9G+5CFn1FjpITkddktlt+JOQRaJl5My5Kh1S1+dXszSCKVhgmrd9tzE+BlVhjOB42In1ZhQNqR9bFsqaYTaz6anjsmxVXokjJUtachU/T2R0UjrURTYzoiagZ73JuJ/Xjs14bWfcZmkBiWbLQpTQUxMJn+THlfIjBhZQpni9lbCBlRRZmw6RRuCN//yImmcVbzzyuX9Rbl6k8dRgEM4ghPw4AqqcAc1qAODPjzDK7w5wnlx3p2PWeuSk88cwB84nz8Nso2n</latexit>

k = xp
<latexit sha1_base64="6zlKcSqQ0SrcPX91iRw5eLlaTEM=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0n8QC9C0YvHCqYttKFsttt26WYTdidiCf0NXjwo4tUf5M1/47bNQasPBh7vzTAzL0ykMOi6X05haXllda24XtrY3NreKe/uNUycasZ9FstYt0JquBSK+yhQ8laiOY1CyZvh6GbqNx+4NiJW9zhOeBDRgRJ9wShayR9dPZKkW664VXcG8pd4OalAjnq3/NnpxSyNuEImqTFtz00wyKhGwSSflDqp4QllIzrgbUsVjbgJstmxE3JklR7px9qWQjJTf05kNDJmHIW2M6I4NIveVPzPa6fYvwwyoZIUuWLzRf1UEozJ9HPSE5ozlGNLKNPC3krYkGrK0OZTsiF4iy//JY2TqndaPb87q9Su8ziKcACHcAweXEANbqEOPjAQ8AQv8Ooo59l5c97nrQUnn9mHX3A+vgFYmY5j</latexit>
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+
<latexit sha1_base64="KS5ysgoQB8Ddx7Q6sRqdBPA5RHA=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGHXB3oMevGYgHlAEsLspDcZMzu7zMwKYckXePGgiFc/yZt/4yTZgyYWNBRV3XR3+bHg2rjut5NbWV1b38hvFra2d3b3ivsHDR0limGdRSJSLZ9qFFxi3XAjsBUrpKEvsOmP7qZ+8wmV5pF8MOMYuyEdSB5wRo2Vame9YsktuzOQZeJlpAQZqr3iV6cfsSREaZigWrc9NzbdlCrDmcBJoZNojCkb0QG2LZU0RN1NZ4dOyIlV+iSIlC1pyEz9PZHSUOtx6NvOkJqhXvSm4n9eOzHBTTflMk4MSjZfFCSCmIhMvyZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv8eVl0jgvexflq9plqXKbxZGHIziGU/DgGipwD1WoAwOEZ3iFN+fReXHenY95a87JZg7hD5zPH3PJjLY=</latexit>

parton model

 27

Idea
Instead of using the Parton model, we take inspiration from KLN

The initial state singularity is now absent!

+
<latexit sha1_base64="KS5ysgoQB8Ddx7Q6sRqdBPA5RHA=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGHXB3oMevGYgHlAEsLspDcZMzu7zMwKYckXePGgiFc/yZt/4yTZgyYWNBRV3XR3+bHg2rjut5NbWV1b38hvFra2d3b3ivsHDR0limGdRSJSLZ9qFFxi3XAjsBUrpKEvsOmP7qZ+8wmV5pF8MOMYuyEdSB5wRo2Vame9YsktuzOQZeJlpAQZqr3iV6cfsSREaZigWrc9NzbdlCrDmcBJoZNojCkb0QG2LZU0RN1NZ4dOyIlV+iSIlC1pyEz9PZHSUOtx6NvOkJqhXvSm4n9eOzHBTTflMk4MSjZfFCSCmIhMvyZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv8eVl0jgvexflq9plqXKbxZGHIziGU/DgGipwD1WoAwOEZ3iFN+fReXHenY95a87JZg7hD5zPH3PJjLY=</latexit>

+
<latexit sha1_base64="KS5ysgoQB8Ddx7Q6sRqdBPA5RHA=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGHXB3oMevGYgHlAEsLspDcZMzu7zMwKYckXePGgiFc/yZt/4yTZgyYWNBRV3XR3+bHg2rjut5NbWV1b38hvFra2d3b3ivsHDR0limGdRSJSLZ9qFFxi3XAjsBUrpKEvsOmP7qZ+8wmV5pF8MOMYuyEdSB5wRo2Vame9YsktuzOQZeJlpAQZqr3iV6cfsSREaZigWrc9NzbdlCrDmcBJoZNojCkb0QG2LZU0RN1NZ4dOyIlV+iSIlC1pyEz9PZHSUOtx6NvOkJqhXvSm4n9eOzHBTTflMk4MSjZfFCSCmIhMvyZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv8eVl0jgvexflq9plqXKbxZGHIziGU/DgGipwD1WoAwOEZ3iFN+fReXHenY95a87JZg7hD5zPH3PJjLY=</latexit>

(include all degenerate configurations, higher final-state multiplicities)

Include degenerate initial states !
<latexit sha1_base64="LFSrhdM6ZR484FEpl64Z+/naxPw=">AAAB8nicbVDLSgNBEOyNrxhfUY9eBoPgKez6QI9BLx4jmAckS5idzCZDZneWmV4lLPkMLx4U8erXePNvnCR70MSChqKqm+6uIJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNCrVjDeYkkq3A2q4FDFvoEDJ24nmNAokbwWj26nfeuTaCBU/4DjhfkQHsQgFo2ilTleLwRCp1uqpV664VXcGsky8nFQgR71X/ur2FUsjHiOT1JiO5yboZ1SjYJJPSt3U8ISyER3wjqUxjbjxs9nJE3JilT4JlbYVI5mpvycyGhkzjgLbGVEcmkVvKv7ndVIMr/1MxEmKPGbzRWEqCSoy/Z/0heYM5dgSyrSwtxI2pJoytCmVbAje4svLpHlW9c6rl/cXldpNHkcRjuAYTsGDK6jBHdShAQwUPMMrvDnovDjvzse8teDkM4fwB87nD8T/kZQ=</latexit>

Higher multiplicity initial states

What about  
this diagram?

p
<latexit sha1_base64="YiMBp0X+QfFQDarv3Fd7cIrvbr0=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV0f6DHoxWMC5gHJEmYnvcmY2dllZlYIS77AiwdFvPpJ3vwbJ8keNLGgoajqprsrSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hobuq3nlBpHssHM07Qj+hA8pAzaqxUT3qlsltxZyDLxMtJGXLUeqWvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7WezQyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDGz7hMUoOSzReFqSAmJtOvSZ8rZEaMLaFMcXsrYUOqKDM2m6INwVt8eZk0zyveReWqflmu3uZxFOAYTuAMPLiGKtxDDRrAAOEZXuHNeXRenHfnY9664uQzR/AHzucP3F2M+w==</latexit>

p� k
<latexit sha1_base64="MOw0D1mY76qinlDv1lVm87AmlEg=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBC8GHZ9oMegF48RzQOSJcxOepMhs7PLzKwQlnyCFw+KePWLvPk3TpI9aGJBQ1HVTXdXkAiujet+O0vLK6tr64WN4ubW9s5uaW+/oeNUMayzWMSqFVCNgkusG24EthKFNAoENoPh7cRvPqHSPJaPZpSgH9G+5CFn1FjpITkddktlt+JOQRaJl5My5Kh1S1+dXszSCKVhgmrd9tzE+BlVhjOB42In1ZhQNqR9bFsqaYTaz6anjsmxVXokjJUtachU/T2R0UjrURTYzoiagZ73JuJ/Xjs14bWfcZmkBiWbLQpTQUxMJn+THlfIjBhZQpni9lbCBlRRZmw6RRuCN//yImmcVbzzyuX9Rbl6k8dRgEM4ghPw4AqqcAc1qAODPjzDK7w5wnlx3p2PWeuSk88cwB84nz8Nso2n</latexit>

k
<latexit sha1_base64="PkWFS1OBnRHO/QBHXvUk1E9uDfM=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV0f6DHoxWMC5gHJEmYnvcmY2dllZlYIS77AiwdFvPpJ3vwbJ8keNLGgoajqprsrSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hobuq3nlBpHssHM07Qj+hA8pAzaqxUH/VKZbfizkCWiZeTMuSo9Upf3X7M0gilYYJq3fHcxPgZVYYzgZNiN9WYUDaiA+xYKmmE2s9mh07IqVX6JIyVLWnITP09kdFI63EU2M6ImqFe9Kbif14nNeGNn3GZpAYlmy8KU0FMTKZfkz5XyIwYW0KZ4vZWwoZUUWZsNkUbgrf48jJpnle8i8pV/bJcvc3jKMAxnMAZeHANVbiHGjSAAcIzvMKb8+i8OO/Ox7x1xclnjuAPnM8f1MmM9g==</latexit>

k = xp
<latexit sha1_base64="6zlKcSqQ0SrcPX91iRw5eLlaTEM=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0n8QC9C0YvHCqYttKFsttt26WYTdidiCf0NXjwo4tUf5M1/47bNQasPBh7vzTAzL0ykMOi6X05haXllda24XtrY3NreKe/uNUycasZ9FstYt0JquBSK+yhQ8laiOY1CyZvh6GbqNx+4NiJW9zhOeBDRgRJ9wShayR9dPZKkW664VXcG8pd4OalAjnq3/NnpxSyNuEImqTFtz00wyKhGwSSflDqp4QllIzrgbUsVjbgJstmxE3JklR7px9qWQjJTf05kNDJmHIW2M6I4NIveVPzPa6fYvwwyoZIUuWLzRf1UEozJ9HPSE5ozlGNLKNPC3krYkGrK0OZTsiF4iy//JY2TqndaPb87q9Su8ziKcACHcAweXEANbqEOPjAQ8AQv8Ooo59l5c97nrQUnn9mHX3A+vgFYmY5j</latexit>

Also has collinear  
singularity at

For                                      we used

+<latexit sha1_base64="KS5ysgoQB8Ddx7Q6sRqdBPA5RHA=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGHXB3oMevGYgHlAEsLspDcZMzu7zMwKYckXePGgiFc/yZt/4yTZgyYWNBRV3XR3+bHg2rjut5NbWV1b38hvFra2d3b3ivsHDR0limGdRSJSLZ9qFFxi3XAjsBUrpKEvsOmP7qZ+8wmV5pF8MOMYuyEdSB5wRo2Vame9YsktuzOQZeJlpAQZqr3iV6cfsSREaZigWrc9NzbdlCrDmcBJoZNojCkb0QG2LZU0RN1NZ4dOyIlV+iSIlC1pyEz9PZHSUOtx6NvOkJqhXvSm4n9eOzHBTTflMk4MSjZfFCSCmIhMvyZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv8eVl0jgvexflq9plqXKbxZGHIziGU/DgGipwD1WoAwOEZ3iFN+fReXHenY95a87JZg7hD5zPH3PJjLY=</latexit> +<latexit sha1_base64="KS5ysgoQB8Ddx7Q6sRqdBPA5RHA=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGHXB3oMevGYgHlAEsLspDcZMzu7zMwKYckXePGgiFc/yZt/4yTZgyYWNBRV3XR3+bHg2rjut5NbWV1b38hvFra2d3b3ivsHDR0limGdRSJSLZ9qFFxi3XAjsBUrpKEvsOmP7qZ+8wmV5pF8MOMYuyEdSB5wRo2Vame9YsktuzOQZeJlpAQZqr3iV6cfsSREaZigWrc9NzbdlCrDmcBJoZNojCkb0QG2LZU0RN1NZ4dOyIlV+iSIlC1pyEz9PZHSUOtx6NvOkJqhXvSm4n9eOzHBTTflMk4MSjZfFCSCmIhMvyZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv8eVl0jgvexflq9plqXKbxZGHIziGU/DgGipwD1WoAwOEZ3iFN+fReXHenY95a87JZg7hD5zPH3PJjLY=</latexit> +<latexit sha1_base64="KS5ysgoQB8Ddx7Q6sRqdBPA5RHA=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGHXB3oMevGYgHlAEsLspDcZMzu7zMwKYckXePGgiFc/yZt/4yTZgyYWNBRV3XR3+bHg2rjut5NbWV1b38hvFra2d3b3ivsHDR0limGdRSJSLZ9qFFxi3XAjsBUrpKEvsOmP7qZ+8wmV5pF8MOMYuyEdSB5wRo2Vame9YsktuzOQZeJlpAQZqr3iV6cfsSREaZigWrc9NzbdlCrDmcBJoZNojCkb0QG2LZU0RN1NZ4dOyIlV+iSIlC1pyEz9PZHSUOtx6NvOkJqhXvSm4n9eOzHBTTflMk4MSjZfFCSCmIhMvyZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv8eVl0jgvexflq9plqXKbxZGHIziGU/DgGipwD1WoAwOEZ3iFN+fReXHenY95a87JZg7hD5zPH3PJjLY=</latexit>

Flip it, and obtain the answer for Drell-Yan, 2 j ! e+e�
<latexit sha1_base64="nZeZjiSYeliC7GEbo48dl5rr2JU=">AAACCnicbVC7TsMwFHV4lvIKMLIYKiQkoEoKCMYKFsYi0YfUhMpx3dbUjiPbAVVRZxZ+hYUBhFj5Ajb+BqfNAC1HutLROffq3nuCiFGlHefbmpmdm19YzC3ll1dW19btjc2aErHEpIoFE7IRIEUYDUlVU81II5IE8YCRetC/TP36PZGKivBGDyLic9QNaYdipI3UsndK3iH0ONI9yZO7oSdpt6eRlOIBktsDU0ctu+AUnRHgNHEzUgAZKi37y2sLHHMSasyQUk3XibSfIKkpZmSY92JFIoT7qEuahoaIE+Uno1eGcM8obdgR0lSo4Uj9PZEgrtSAB6YzPVpNeqn4n9eMdefcT2gYxZqEeLyoEzOoBUxzgW0qCdZsYAjCkppbIe4hibA26eVNCO7ky9OkViq6x8XT65NC+SKLIwe2wS7YBy44A2VwBSqgCjB4BM/gFbxZT9aL9W59jFtnrGxmC/yB9fkDFMeZ4A==</latexit>
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The sum of these two diagrams is finite everywhere in phase space

G. Sterman, S. Weinberg, 
“Jets from Quantum Chromodynamics” 
(1977)

Not a new idea!

T. Kinoshita 
“Mass singularities of  
Feynman amplitudes” 
(1962)

T.D. Lee, M. Nauenberg 
“Degenerate systems and 
mass singularities” 
(1963)

Higher multiplicity initial states, but also disconnected! Free travelling gluon!

Frye, Hannesdottir, Paul, Schwartz, Yan 
arXiv:1810.10022 (2019) Also look at

In this case, the cancelling partner is

p
<latexit sha1_base64="YiMBp0X+QfFQDarv3Fd7cIrvbr0=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV0f6DHoxWMC5gHJEmYnvcmY2dllZlYIS77AiwdFvPpJ3vwbJ8keNLGgoajqprsrSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hobuq3nlBpHssHM07Qj+hA8pAzaqxUT3qlsltxZyDLxMtJGXLUeqWvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7WezQyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDGz7hMUoOSzReFqSAmJtOvSZ8rZEaMLaFMcXsrYUOqKDM2m6INwVt8eZk0zyveReWqflmu3uZxFOAYTuAMPLiGKtxDDRrAAOEZXuHNeXRenHfnY9664uQzR/AHzucP3F2M+w==</latexit>

p� k
<latexit sha1_base64="MOw0D1mY76qinlDv1lVm87AmlEg=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBC8GHZ9oMegF48RzQOSJcxOepMhs7PLzKwQlnyCFw+KePWLvPk3TpI9aGJBQ1HVTXdXkAiujet+O0vLK6tr64WN4ubW9s5uaW+/oeNUMayzWMSqFVCNgkusG24EthKFNAoENoPh7cRvPqHSPJaPZpSgH9G+5CFn1FjpITkddktlt+JOQRaJl5My5Kh1S1+dXszSCKVhgmrd9tzE+BlVhjOB42In1ZhQNqR9bFsqaYTaz6anjsmxVXokjJUtachU/T2R0UjrURTYzoiagZ73JuJ/Xjs14bWfcZmkBiWbLQpTQUxMJn+THlfIjBhZQpni9lbCBlRRZmw6RRuCN//yImmcVbzzyuX9Rbl6k8dRgEM4ghPw4AqqcAc1qAODPjzDK7w5wnlx3p2PWeuSk88cwB84nz8Nso2n</latexit>

k
<latexit sha1_base64="PkWFS1OBnRHO/QBHXvUk1E9uDfM=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV0f6DHoxWMC5gHJEmYnvcmY2dllZlYIS77AiwdFvPpJ3vwbJ8keNLGgoajqprsrSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hobuq3nlBpHssHM07Qj+hA8pAzaqxUH/VKZbfizkCWiZeTMuSo9Upf3X7M0gilYYJq3fHcxPgZVYYzgZNiN9WYUDaiA+xYKmmE2s9mh07IqVX6JIyVLWnITP09kdFI63EU2M6ImqFe9Kbif14nNeGNn3GZpAYlmy8KU0FMTKZfkz5XyIwYW0KZ4vZWwoZUUWZsNkUbgrf48jJpnle8i8pV/bJcvc3jKMAxnMAZeHANVbiHGjSAAcIzvMKb8+i8OO/Ox7x1xclnjuAPnM8f1MmM9g==</latexit>

+
<latexit sha1_base64="KS5ysgoQB8Ddx7Q6sRqdBPA5RHA=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGHXB3oMevGYgHlAEsLspDcZMzu7zMwKYckXePGgiFc/yZt/4yTZgyYWNBRV3XR3+bHg2rjut5NbWV1b38hvFra2d3b3ivsHDR0limGdRSJSLZ9qFFxi3XAjsBUrpKEvsOmP7qZ+8wmV5pF8MOMYuyEdSB5wRo2Vame9YsktuzOQZeJlpAQZqr3iV6cfsSREaZigWrc9NzbdlCrDmcBJoZNojCkb0QG2LZU0RN1NZ4dOyIlV+iSIlC1pyEz9PZHSUOtx6NvOkJqhXvSm4n9eOzHBTTflMk4MSjZfFCSCmIhMvyZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv8eVl0jgvexflq9plqXKbxZGHIziGU/DgGipwD1WoAwOEZ3iFN+fReXHenY95a87JZg7hD5zPH3PJjLY=</latexit>
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Multiple initial state partons

This argument suggests that, in order to maintain IR-finiteness, one requires more than 
two initial state partons

H

H

and that the multiple partons should be clustered into two jet-like objects that resemble 
high energy hadrons

After clustering, we get two jets with momenta 

P j
1

<latexit sha1_base64="fG6TRpg1MyIg8E4wKxHsUVSTkYg=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiQ+0GXRjcsK9gFtDJPppB07k4SZSaGE/IkbF4q49U/c+TdO2i609cDA4Zx7uWdOkHCmtON8W6WV1bX1jfJmZWt7Z3fP3j9oqTiVhDZJzGPZCbCinEW0qZnmtJNIikXAaTsY3RZ+e0ylYnH0oCcJ9QQeRCxkBGsj+bbd8N3HrCewHkqRPeW5b1edmjMFWibunFRhjoZvf/X6MUkFjTThWKmu6yTay7DUjHCaV3qpogkmIzygXUMjLKjysmnyHJ0YpY/CWJoXaTRVf29kWCg1EYGZLCKqRa8Q//O6qQ6vvYxFSappRGaHwpQjHaOiBtRnkhLNJ4ZgIpnJisgQS0y0KatiSnAXv7xMWmc197x2eX9Rrd/M6yjDERzDKbhwBXW4gwY0gcAYnuEV3qzMerHerY/ZaMma7xzCH1ifP9eYk88=</latexit>

P j
2

<latexit sha1_base64="DywL9skwiclmCKluMwiUEvRDVx4=">AAAB+XicbVDLSsNAFL3xWesr6tJNsAiuSlIVXRbduKxgH9DGMJlO2rEzkzAzKZTQP3HjQhG3/ok7/8ZJm4W2Hhg4nHMv98wJE0aVdt1va2V1bX1js7RV3t7Z3du3Dw5bKk4lJk0cs1h2QqQIo4I0NdWMdBJJEA8ZaYej29xvj4lUNBYPepIQn6OBoBHFSBspsO1GUHvMehzpoeTZ03Qa2BW36s7gLBOvIBUo0Ajsr14/xiknQmOGlOp6bqL9DElNMSPTci9VJEF4hAaka6hAnCg/myWfOqdG6TtRLM0T2pmpvzcyxJWa8NBM5hHVopeL/3ndVEfXfkZFkmoi8PxQlDJHx05eg9OnkmDNJoYgLKnJ6uAhkghrU1bZlOAtfnmZtGpV77x6eX9Rqd8UdZTgGE7gDDy4gjrcQQOagGEMz/AKb1ZmvVjv1sd8dMUqdo7gD6zPH9kpk9A=</latexit>

!
<latexit sha1_base64="LFSrhdM6ZR484FEpl64Z+/naxPw=">AAAB8nicbVDLSgNBEOyNrxhfUY9eBoPgKez6QI9BLx4jmAckS5idzCZDZneWmV4lLPkMLx4U8erXePNvnCR70MSChqKqm+6uIJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNCrVjDeYkkq3A2q4FDFvoEDJ24nmNAokbwWj26nfeuTaCBU/4DjhfkQHsQgFo2ilTleLwRCp1uqpV664VXcGsky8nFQgR71X/ur2FUsjHiOT1JiO5yboZ1SjYJJPSt3U8ISyER3wjqUxjbjxs9nJE3JilT4JlbYVI5mpvycyGhkzjgLbGVEcmkVvKv7ndVIMr/1MxEmKPGbzRWEqCSoy/Z/0heYM5dgSyrSwtxI2pJoytCmVbAje4svLpHlW9c6rl/cXldpNHkcRjuAYTsGDK6jBHdShAQwUPMMrvDnovDjvzse8teDkM4fwB87nD8T/kZQ=</latexit>

✓ < ⇤
<latexit sha1_base64="f1qY6tr8tpT7JUCB4iMrTC+6Pd0=">AAAB9XicbVDLSsNAFJ3UV62vqks3wSK4KokPdOGi6MaFiwr2AU0sN5NJO3QyCTM3Sgn9DzcuFHHrv7jzb5w+Flo9MHA45x7unROkgmt0nC+rsLC4tLxSXC2trW9sbpW3d5o6yRRlDZqIRLUD0ExwyRrIUbB2qhjEgWCtYHA19lsPTGmeyDscpsyPoSd5xCmgke497DOEC+/GJELolitO1ZnA/kvcGamQGerd8qcXJjSLmUQqQOuO66To56CQU8FGJS/TLAU6gB7rGCohZtrPJ1eP7AOjhHaUKPMk2hP1ZyKHWOthHJjJGLCv572x+J/XyTA693Mu0wyZpNNFUSZsTOxxBXbIFaMohoYAVdzcatM+KKBoiiqZEtz5L/8lzaOqe1w9vT2p1C5ndRTJHtknh8QlZ6RGrkmdNAglijyRF/JqPVrP1pv1Ph0tWLPMLvkF6+MbO+ySWA==</latexit>

q1
<latexit sha1_base64="w5j1tLqukU6ycP2AUdu4aeaYSkY=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKez6QI9BLx4jmgckS5id9CZDZmfXmVkhLPkELx4U8eoXefNvnCR70GhBQ1HVTXdXkAiujet+OYWl5ZXVteJ6aWNza3unvLvX1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoeuq3HlFpHst7M07Qj+hA8pAzaqx099DzeuWKW3VnIH+Jl5MK5Kj3yp/dfszSCKVhgmrd8dzE+BlVhjOBk1I31ZhQNqID7FgqaYTaz2anTsiRVfokjJUtachM/TmR0UjrcRTYzoiaoV70puJ/Xic14aWfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6JRuCt/jyX9I8qXqn1fPbs0rtKo+jCAdwCMfgwQXU4Abq0AAGA3iCF3h1hPPsvDnv89aCk8/swy84H98DSo2g</latexit>

q2
<latexit sha1_base64="WUwBN5vHLe0s4DbpeLAEFOhtqEU=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHZRo0eiF48Y5ZHAhswODUyYnV1nZk3Ihk/w4kFjvPpF3vwbB9iDgpV0UqnqTndXEAuujet+O7mV1bX1jfxmYWt7Z3evuH/Q0FGiGNZZJCLVCqhGwSXWDTcCW7FCGgYCm8HoZuo3n1BpHskHM47RD+lA8j5n1Fjp/rFb6RZLbtmdgSwTLyMlyFDrFr86vYglIUrDBNW67bmx8VOqDGcCJ4VOojGmbEQH2LZU0hC1n85OnZATq/RIP1K2pCEz9fdESkOtx2FgO0NqhnrRm4r/ee3E9K/8lMs4MSjZfFE/EcREZPo36XGFzIixJZQpbm8lbEgVZcamU7AheIsvL5NGpeydlS/uzkvV6yyOPBzBMZyCB5dQhVuoQR0YDOAZXuHNEc6L8+58zFtzTjZzCH/gfP4ABM6NoQ==</latexit> q1 + q2

<latexit sha1_base64="v+vLVFTxDGwljfwaVQKOidJ1gwM=">AAAB7nicbVBNSwMxEJ34WetX1aOXYBEEoexWRY9FLx4r2A9olyWbZtvQbHabZIWy9Ed48aCIV3+PN/+NabsHbX0w8Hhvhpl5QSK4No7zjVZW19Y3Ngtbxe2d3b390sFhU8epoqxBYxGrdkA0E1yyhuFGsHaiGIkCwVrB8G7qt56Y0jyWj2acMC8ifclDTomxUmvku+cjv+qXyk7FmQEvEzcnZchR90tf3V5M04hJQwXRuuM6ifEyogyngk2K3VSzhNAh6bOOpZJETHvZ7NwJPrVKD4exsiUNnqm/JzISaT2OAtsZETPQi95U/M/rpCa88TIuk9QwSeeLwlRgE+Pp77jHFaNGjC0hVHF7K6YDogg1NqGiDcFdfHmZNKsV96Jy9XBZrt3mcRTgGE7gDFy4hhrcQx0aQGEIz/AKbyhBL+gdfcxbV1A+cwR/gD5/AGUOjvU=</latexit>

j
<latexit sha1_base64="pQXhInPBtZJKOiD4xSMjiogD1M8=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsxoRZdFNy4r2Ae2Q8mkmTY2yQxJRihD/8KNC0Xc+jfu/Bsz7Sy09UDgcM695NwTxJxp47rfTmFldW19o7hZ2tre2d0r7x+0dJQoQpsk4pHqBFhTziRtGmY47cSKYhFw2g7GN5nffqJKs0jem0lMfYGHkoWMYGOlh57AZqRE+jjtlytu1Z0BLRMvJxXI0eiXv3qDiCSCSkM41rrrubHxU6wMI5xOS71E0xiTMR7SrqUSC6r9dJZ4ik6sMkBhpOyTBs3U3xspFlpPRGAns4R60cvE/7xuYsIrP2UyTgyVZP5RmHBkIpSdjwZMUWL4xBJMFLNZERlhhYmxJZVsCd7iycukdVb1zqsXd7VK/TqvowhHcAyn4MEl1OEWGtAEAhKe4RXeHO28OO/Ox3y04OQ7h/AHzucPDXeRLA==</latexit>

Cluster initial states analogously to final states: symmetry initial-final state
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The use of a jet algorithm naturally comes with two scales

If the scale is zero, the jet lies exactly on the z axis

• One measuring the maximum angular separation between two partons in a jet 

(Pij)? < ⇤c
<latexit sha1_base64="oaDhFOuNLbFoFy0/GlCMkorp2jg=">AAACDHicbVC7TsMwFHXKq5RXgZElokIqS5XwEAwMFSwMDEWiD6mJIsdxWlPbiWwHqYryASz8CgsDCLHyAWz8DU6bAVqOZOnonHPle48fUyKVZX0bpYXFpeWV8mplbX1jc6u6vdORUSIQbqOIRqLnQ4kp4bitiKK4FwsMmU9x1x9d5X73AQtJIn6nxjF2GRxwEhIElZa8aq3e8lJynx16ToxFfOHc6NkAeqnDoBoKlqIs0ymrYU1gzhO7IDVQoOVVv5wgQgnDXCEKpezbVqzcFApFEMVZxUkkjiEawQHua8ohw9JNJ8dk5oFWAjOMhH5cmRP190QKmZRj5utkvqKc9XLxP6+fqPDcTQmPE4U5mn4UJtRUkZk3YwZEYKToWBOIBNG7mmgIBURK91fRJdizJ8+TzlHDPm6c3p7UmpdFHWWwB/ZBHdjgDDTBNWiBNkDgETyDV/BmPBkvxrvxMY2WjGJmF/yB8fkDL8abvQ==</latexit>

The smaller this scale, the more collinear the partons are

The more collinear the partons, the more divergent the observable 

is the equivalent of the factorisation scale!⇤c
<latexit sha1_base64="9yFohXdK0AFDHqmtw9vzHcKboBg=">AAAB/XicbVC7TsMwFHV4lvIKj43FokJiqhIegrGChYGhSPQhNVHkOG5r1XYi20EqUcSvsDCAECv/wcbf4LQZoOVIlo7OPVf3+IQJo0o7zre1sLi0vLJaWauub2xubds7u20VpxKTFo5ZLLshUoRRQVqaaka6iSSIh4x0wtF1Me88EKloLO71OCE+RwNB+xQjbaTA3vdujTlCQeZxpIeSZzjPA7vm1J0J4DxxS1IDJZqB/eVFMU45ERozpFTPdRLtZ0hqihnJq16qSILwCA1Iz1CBOFF+NkmfwyOjRLAfS/OEhhP190aGuFJjHhpnEVHNzgrxv1kv1f1LP6MiSTUReHqonzKoY1hUASMqCdZsbAjCkpqsEA+RRFibwqqmBHf2y/OkfVJ3T+vnd2e1xlVZRwUcgENwDFxwARrgBjRBC2DwCJ7BK3iznqwX6936mFoXrHJnD/yB9fkDIu+Vrg==</latexit>

⇡ log (⇤c)
<latexit sha1_base64="RVRCUh4FZ2vl3xHAq6r+gs1ZO5E=">AAACFnicbVC7SgNBFJ2NrxhfUUubwSDEwrDrAy2DNhYWEcwDskuYncwmQ2Z3lpm7YljyFTb+io2FIrZi5984m6TQxAMDh3PuYe49fiy4Btv+tnILi0vLK/nVwtr6xuZWcXunoWWiKKtTKaRq+UQzwSNWBw6CtWLFSOgL1vQHV5nfvGdKcxndwTBmXkh6EQ84JWCkTvHIJXGs5IMrZA+7ggVQxu6NyXdJxw0J9FWY0hF2Fe/14bBTLNkVeww8T5wpKaEpap3il9uVNAlZBFQQrduOHYOXEgWcCjYquIlmMaED0mNtQyMSMu2l47NG+MAoXRxIZV4EeKz+TqQk1HoY+mYy21TPepn4n9dOILjwUh7FCbCITj4KEoFB4qwj3OWKURBDQwhV3OyKaZ8oQsE0WTAlOLMnz5PGccU5qZzdnpaql9M68mgP7aMyctA5qqJrVEN1RNEjekav6M16sl6sd+tjMpqzppld9AfW5w9N1592</latexit>

z
<latexit sha1_base64="hFON795rDUTTGYiH9EBI5hmvUkk=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHZ9RI9ELx4hkUcCGzI7NDAyO7uZmTXBDV/gxYPGePWTvPk3DrAHBSvppFLVne6uIBZcG9f9dnIrq2vrG/nNwtb2zu5ecf+goaNEMayzSESqFVCNgkusG24EtmKFNAwENoPR7dRvPqLSPJL3ZhyjH9KB5H3OqLFS7albLLlldwayTLyMlCBDtVv86vQiloQoDRNU67bnxsZPqTKcCZwUOonGmLIRHWDbUklD1H46O3RCTqzSI/1I2ZKGzNTfEykNtR6Hge0MqRnqRW8q/ue1E9O/9lMu48SgZPNF/UQQE5Hp16THFTIjxpZQpri9lbAhVZQZm03BhuAtvrxMGmdl77x8WbsoVW6yOPJwBMdwCh5cQQXuoAp1YIDwDK/w5jw4L8678zFvzTnZzCH8gfP5A+uFjQU=</latexit>

P j
i

<latexit sha1_base64="ustGTavsJZ/mxaYUJcjcAXAN34Y=">AAAB9XicbVDLSgMxFL3js9ZX1aWbYBFclRkf6LLoxmUF+4B2WjJppo1NMkOSUcrQ/3DjQhG3/os7/8ZMOwttPRA4nHMv9+QEMWfauO63s7S8srq2Xtgobm5t7+yW9vYbOkoUoXUS8Ui1AqwpZ5LWDTOctmJFsQg4bQajm8xvPlKlWSTvzTimvsADyUJGsLFSt9btCGyGSqQPkx7rlcpuxZ0CLRIvJ2XIUeuVvjr9iCSCSkM41rrtubHxU6wMI5xOip1E0xiTER7QtqUSC6r9dJp6go6t0kdhpOyTBk3V3xspFlqPRWAns4x63svE/7x2YsIrP2UyTgyVZHYoTDgyEcoqQH2mKDF8bAkmitmsiAyxwsTYooq2BG/+y4ukcVrxzioXd+fl6nVeRwEO4QhOwINLqMIt1KAOBBQ8wyu8OU/Oi/PufMxGl5x85wD+wPn8Aem2kso=</latexit>)

<latexit sha1_base64="cOpwez9ILKbrLQCeDpLQwm8NUI8=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiQ+0GWpG5cV7AOaUCbTSTp0ZhJmJkIJ/Qg3LhRx6/e482+ctllo64ELh3Pu5d57wpQzbVz32ymtrW9sbpW3Kzu7e/sH1cOjjk4yRWibJDxRvRBrypmkbcMMp71UUSxCTrvh+G7md5+o0iyRj2aS0kDgWLKIEWys1PWbLI796aBac+vuHGiVeAWpQYHWoPrlDxOSCSoN4VjrvuemJsixMoxwOq34maYpJmMc076lEguqg3x+7hSdWWWIokTZkgbN1d8TORZaT0RoOwU2I73szcT/vH5motsgZzLNDJVksSjKODIJmv2OhkxRYvjEEkwUs7ciMsIKE2MTqtgQvOWXV0nnou5d1q8frmqNZhFHGU7gFM7BgxtowD20oA0ExvAMr/DmpM6L8+58LFpLTjFzDH/gfP4AJ4uPdQ==</latexit>

< d?
<latexit sha1_base64="I39sAb6tmEsC/J81mH9K1RYxJZ0=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKez6QA8egl48RjAPTJYwO9tJhszOLjOzQljyF148KOLVv/Hm3zhJ9qDRgoaiqpvuriARXBvX/XIKS8srq2vF9dLG5tb2Tnl3r6njVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0c3Ubz2i0jyW92acoB/RgeR9zqix0sNV2Mu6Capk0itX3Ko7A/lLvJxUIEe9V/7shjFLI5SGCap1x3MT42dUGc4ETkrdVGNC2YgOsGOppBFqP5tdPCFHVglJP1a2pCEz9edERiOtx1FgOyNqhnrRm4r/eZ3U9C/9jMskNSjZfFE/FcTEZPo+CblCZsTYEsoUt7cSNqSKMmNDKtkQvMWX/5LmSdU7rZ7fnVVq13kcRTiAQzgGDy6gBrdQhwYwkPAEL/DqaOfZeXPe560FJ5/Zh19wPr4Br0CQ7w==</latexit>

• One measuring the allowed phase space for the total momentum of the jet

(P j
i )? < d?

<latexit sha1_base64="LmI858Kac2YiLZoFb/fgN4DUa9w=">AAACCXicbZC7TsMwFIadcivlFmBksaiQylIlXAQDQwULY5HoRWpC5DhOa+pcZDtIVZSVhVdhYQAhVt6AjbfBSTNAyy9Z+vSfc+RzfjdmVEjD+NYqC4tLyyvV1dra+sbmlr690xVRwjHp4IhFvO8iQRgNSUdSyUg/5gQFLiM9d3yV13sPhAsahbdyEhM7QMOQ+hQjqSxHh422Q++sAMkRD9L77NCxYsLjC89JC8gcvW40jUJwHswS6qBU29G/LC/CSUBCiRkSYmAasbRTxCXFjGQ1KxEkRniMhmSgMEQBEXZaXJLBA+V40I+4eqGEhft7IkWBEJPAVZ35ymK2lpv/1QaJ9M/tlIZxIkmIpx/5CYMygnks0KOcYMkmChDmVO0K8QhxhKUKr6ZCMGdPnofuUdM8bp7enNRbl2UcVbAH9kEDmOAMtMA1aIMOwOARPINX8KY9aS/au/Yxba1o5cwu+CPt8wflYpp8</latexit>

If the two jets are exactly back-to-back. This is equivalent to the
parton’s model

p1 = (x1
p
s, 0, 0, x1

p
s), p2 = (x2

p
s, 0, 0,�x2

p
s)

<latexit sha1_base64="ubhJEMuAm2QGAQTkpzUm5Gr6K+M=">AAACPnicbVDNS8MwHE39nPOr6tFLcAgbzNFORS/C0IvHCe4DtlLSNNvC0rRLUnGU/WVe/Bu8efTiQRGvHs22HubmI4HHe+9H8ntexKhUlvVqLC2vrK6tZzaym1vbO7vm3n5dhrHApIZDFoqmhyRhlJOaooqRZiQICjxGGl7/Zuw3HoiQNOT3ahgRJ0BdTjsUI6Ul16xFrn2Vf3Rt2JYDoRI5KkJrcma1QhG2BzHyYeSWx+nyQvpkViy4Zs4qWRPARWKnJAdSVF3zpe2HOA4IV5ghKVu2FSknQUJRzMgo244liRDuoy5pacpRQKSTTNYfwWOt+LATCn25ghN1diJBgZTDwNPJAKmenPfG4n9eK1adSyehPIoV4Xj6UCdmUIVw3CX0qSBYsaEmCAuq/wpxDwmElW48q0uw51deJPVyyT4tnd+d5SrXaR0ZcAiOQB7Y4AJUwC2oghrA4Am8gQ/waTwb78aX8T2NLhnpzAH4A+PnF4Zeqy8=</latexit>

d? = 0
<latexit sha1_base64="eiqfr+h+r2dyTO7ws4fVJIB3v0M=">AAAB8nicbVDLSsNAFJ3UV62vqks3wSK4KokPdCMU3bisYB+QhjKZ3LRDJzPDzEQooZ/hxoUibv0ad/6N0zYLbT1w4XDOvdx7TyQZ1cbzvp3Syura+kZ5s7K1vbO7V90/aGuRKQItIphQ3QhrYJRDy1DDoCsV4DRi0IlGd1O/8wRKU8EfzVhCmOIBpwkl2FgpiPt5T4KSkxuvX615dW8Gd5n4BamhAs1+9asXC5KlwA1hWOvA96QJc6wMJQwmlV6mQWIywgMILOU4BR3ms5Mn7olVYjcRyhY37kz9PZHjVOtxGtnOFJuhXvSm4n9ekJnkOswpl5kBTuaLkoy5RrjT/92YKiCGjS3BRFF7q0uGWGFibEoVG4K/+PIyaZ/V/fP65cNFrXFbxFFGR+gYnSIfXaEGukdN1EIECfSMXtGbY5wX5935mLeWnGLmEP2B8/kDJEaRKg==</latexit>

P j
i

<latexit sha1_base64="ustGTavsJZ/mxaYUJcjcAXAN34Y=">AAAB9XicbVDLSgMxFL3js9ZX1aWbYBFclRkf6LLoxmUF+4B2WjJppo1NMkOSUcrQ/3DjQhG3/os7/8ZMOwttPRA4nHMv9+QEMWfauO63s7S8srq2Xtgobm5t7+yW9vYbOkoUoXUS8Ui1AqwpZ5LWDTOctmJFsQg4bQajm8xvPlKlWSTvzTimvsADyUJGsLFSt9btCGyGSqQPkx7rlcpuxZ0CLRIvJ2XIUeuVvjr9iCSCSkM41rrtubHxU6wMI5xOip1E0xiTER7QtqUSC6r9dJp6go6t0kdhpOyTBk3V3xspFlqPRWAns4x63svE/7x2YsIrP2UyTgyVZHYoTDgyEcoqQH2mKDF8bAkmitmsiAyxwsTYooq2BG/+y4ukcVrxzioXd+fl6nVeRwEO4QhOwINLqMIt1KAOBBQ8wyu8OU/Oi/PufMxGl5x85wD+wPn8Aem2kso=</latexit>

)

<latexit sha1_base64="cOpwez9ILKbrLQCeDpLQwm8NUI8=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiQ+0GWpG5cV7AOaUCbTSTp0ZhJmJkIJ/Qg3LhRx6/e482+ctllo64ELh3Pu5d57wpQzbVz32ymtrW9sbpW3Kzu7e/sH1cOjjk4yRWibJDxRvRBrypmkbcMMp71UUSxCTrvh+G7md5+o0iyRj2aS0kDgWLKIEWys1PWbLI796aBac+vuHGiVeAWpQYHWoPrlDxOSCSoN4VjrvuemJsixMoxwOq34maYpJmMc076lEguqg3x+7hSdWWWIokTZkgbN1d8TORZaT0RoOwU2I73szcT/vH5motsgZzLNDJVksSjKODIJmv2OhkxRYvjEEkwUs7ciMsIKE2MTqtgQvOWXV0nnou5d1q8frmqNZhFHGU7gFM7BgxtowD20oA0ExvAMr/DmpM6L8+58LFpLTjFzDH/gfP4AJ4uPdQ==</latexit>

< ⇤c
<latexit sha1_base64="RgwuCn2/eMDmDmx8D3G6F/jBSM4=">AAAB/nicbVDLSsNAFJ34rPUVFVduBovgqiQ+0IWLohsXLirYBzQhTCbTdujMJMxMhBIC/oobF4q49Tvc+TdO2iy09cDA4dxzuWdOmDCqtON8WwuLS8srq5W16vrG5ta2vbPbVnEqMWnhmMWyGyJFGBWkpalmpJtIgnjISCcc3RTzziORisbiQY8T4nM0ELRPMdJGCuz9K+/OuCMUZB5Heih5hvM8sGtO3ZkAzhO3JDVQohnYX14U45QToTFDSvVcJ9F+hqSmmJG86qWKJAiP0ID0DBWIE+Vnk/g5PDJKBPuxNE9oOFF/b2SIKzXmoXEWEdXsrBD/m/VS3b/0MyqSVBOBp4f6KYM6hkUXMKKSYM3GhiAsqckK8RBJhLVprGpKcGe/PE/aJ3X3tH5+f1ZrXJd1VMABOATHwAUXoAFuQRO0AAYZeAav4M16sl6sd+tjal2wyp098AfW5w+nuJX0</latexit>
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Up to redefinition of observables, this is equivalent to

+<latexit sha1_base64="KS5ysgoQB8Ddx7Q6sRqdBPA5RHA=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGHXB3oMevGYgHlAEsLspDcZMzu7zMwKYckXePGgiFc/yZt/4yTZgyYWNBRV3XR3+bHg2rjut5NbWV1b38hvFra2d3b3ivsHDR0limGdRSJSLZ9qFFxi3XAjsBUrpKEvsOmP7qZ+8wmV5pF8MOMYuyEdSB5wRo2Vame9YsktuzOQZeJlpAQZqr3iV6cfsSREaZigWrc9NzbdlCrDmcBJoZNojCkb0QG2LZU0RN1NZ4dOyIlV+iSIlC1pyEz9PZHSUOtx6NvOkJqhXvSm4n9eOzHBTTflMk4MSjZfFCSCmIhMvyZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv8eVl0jgvexflq9plqXKbxZGHIziGU/DgGipwD1WoAwOEZ3iFN+fReXHenY95a87JZg7hD5zPH3PJjLY=</latexit> +<latexit sha1_base64="KS5ysgoQB8Ddx7Q6sRqdBPA5RHA=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGHXB3oMevGYgHlAEsLspDcZMzu7zMwKYckXePGgiFc/yZt/4yTZgyYWNBRV3XR3+bHg2rjut5NbWV1b38hvFra2d3b3ivsHDR0limGdRSJSLZ9qFFxi3XAjsBUrpKEvsOmP7qZ+8wmV5pF8MOMYuyEdSB5wRo2Vame9YsktuzOQZeJlpAQZqr3iV6cfsSREaZigWrc9NzbdlCrDmcBJoZNojCkb0QG2LZU0RN1NZ4dOyIlV+iSIlC1pyEz9PZHSUOtx6NvOkJqhXvSm4n9eOzHBTTflMk4MSjZfFCSCmIhMvyZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv8eVl0jgvexflq9plqXKbxZGHIziGU/DgGipwD1WoAwOEZ3iFN+fReXHenY95a87JZg7hD5zPH3PJjLY=</latexit> +<latexit sha1_base64="KS5ysgoQB8Ddx7Q6sRqdBPA5RHA=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGHXB3oMevGYgHlAEsLspDcZMzu7zMwKYckXePGgiFc/yZt/4yTZgyYWNBRV3XR3+bHg2rjut5NbWV1b38hvFra2d3b3ivsHDR0limGdRSJSLZ9qFFxi3XAjsBUrpKEvsOmP7qZ+8wmV5pF8MOMYuyEdSB5wRo2Vame9YsktuzOQZeJlpAQZqr3iV6cfsSREaZigWrc9NzbdlCrDmcBJoZNojCkb0QG2LZU0RN1NZ4dOyIlV+iSIlC1pyEz9PZHSUOtx6NvOkJqhXvSm4n9eOzHBTTflMk4MSjZfFCSCmIhMvyZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv8eVl0jgvexflq9plqXKbxZGHIziGU/DgGipwD1WoAwOEZ3iFN+fReXHenY95a87JZg7hD5zPH3PJjLY=</latexit>

But how do we compute all this?

+
<latexit sha1_base64="KS5ysgoQB8Ddx7Q6sRqdBPA5RHA=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGHXB3oMevGYgHlAEsLspDcZMzu7zMwKYckXePGgiFc/yZt/4yTZgyYWNBRV3XR3+bHg2rjut5NbWV1b38hvFra2d3b3ivsHDR0limGdRSJSLZ9qFFxi3XAjsBUrpKEvsOmP7qZ+8wmV5pF8MOMYuyEdSB5wRo2Vame9YsktuzOQZeJlpAQZqr3iV6cfsSREaZigWrc9NzbdlCrDmcBJoZNojCkb0QG2LZU0RN1NZ4dOyIlV+iSIlC1pyEz9PZHSUOtx6NvOkJqhXvSm4n9eOzHBTTflMk4MSjZfFCSCmIhMvyZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv8eVl0jgvexflq9plqXKbxZGHIziGU/DgGipwD1WoAwOEZ3iFN+fReXHenY95a87JZg7hD5zPH3PJjLY=</latexit>

+
<latexit sha1_base64="KS5ysgoQB8Ddx7Q6sRqdBPA5RHA=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGHXB3oMevGYgHlAEsLspDcZMzu7zMwKYckXePGgiFc/yZt/4yTZgyYWNBRV3XR3+bHg2rjut5NbWV1b38hvFra2d3b3ivsHDR0limGdRSJSLZ9qFFxi3XAjsBUrpKEvsOmP7qZ+8wmV5pF8MOMYuyEdSB5wRo2Vame9YsktuzOQZeJlpAQZqr3iV6cfsSREaZigWrc9NzbdlCrDmcBJoZNojCkb0QG2LZU0RN1NZ4dOyIlV+iSIlC1pyEz9PZHSUOtx6NvOkJqhXvSm4n9eOzHBTTflMk4MSjZfFCSCmIhMvyZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv8eVl0jgvexflq9plqXKbxZGHIziGU/DgGipwD1WoAwOEZ3iFN+fReXHenY95a87JZg7hD5zPH3PJjLY=</latexit>

+
<latexit sha1_base64="KS5ysgoQB8Ddx7Q6sRqdBPA5RHA=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGHXB3oMevGYgHlAEsLspDcZMzu7zMwKYckXePGgiFc/yZt/4yTZgyYWNBRV3XR3+bHg2rjut5NbWV1b38hvFra2d3b3ivsHDR0limGdRSJSLZ9qFFxi3XAjsBUrpKEvsOmP7qZ+8wmV5pF8MOMYuyEdSB5wRo2Vame9YsktuzOQZeJlpAQZqr3iV6cfsSREaZigWrc9NzbdlCrDmcBJoZNojCkb0QG2LZU0RN1NZ4dOyIlV+iSIlC1pyEz9PZHSUOtx6NvOkJqhXvSm4n9eOzHBTTflMk4MSjZfFCSCmIhMvyZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv8eVl0jgvexflq9plqXKbxZGHIziGU/DgGipwD1WoAwOEZ3iFN+fReXHenY95a87JZg7hD5zPH3PJjLY=</latexit>

So we can use Local Unitarity!

+
<latexit sha1_base64="KS5ysgoQB8Ddx7Q6sRqdBPA5RHA=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGHXB3oMevGYgHlAEsLspDcZMzu7zMwKYckXePGgiFc/yZt/4yTZgyYWNBRV3XR3+bHg2rjut5NbWV1b38hvFra2d3b3ivsHDR0limGdRSJSLZ9qFFxi3XAjsBUrpKEvsOmP7qZ+8wmV5pF8MOMYuyEdSB5wRo2Vame9YsktuzOQZeJlpAQZqr3iV6cfsSREaZigWrc9NzbdlCrDmcBJoZNojCkb0QG2LZU0RN1NZ4dOyIlV+iSIlC1pyEz9PZHSUOtx6NvOkJqhXvSm4n9eOzHBTTflMk4MSjZfFCSCmIhMvyZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv8eVl0jgvexflq9plqXKbxZGHIziGU/DgGipwD1WoAwOEZ3iFN+fReXHenY95a87JZg7hD5zPH3PJjLY=</latexit>

+
<latexit sha1_base64="KS5ysgoQB8Ddx7Q6sRqdBPA5RHA=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGHXB3oMevGYgHlAEsLspDcZMzu7zMwKYckXePGgiFc/yZt/4yTZgyYWNBRV3XR3+bHg2rjut5NbWV1b38hvFra2d3b3ivsHDR0limGdRSJSLZ9qFFxi3XAjsBUrpKEvsOmP7qZ+8wmV5pF8MOMYuyEdSB5wRo2Vame9YsktuzOQZeJlpAQZqr3iV6cfsSREaZigWrc9NzbdlCrDmcBJoZNojCkb0QG2LZU0RN1NZ4dOyIlV+iSIlC1pyEz9PZHSUOtx6NvOkJqhXvSm4n9eOzHBTTflMk4MSjZfFCSCmIhMvyZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv8eVl0jgvexflq9plqXKbxZGHIziGU/DgGipwD1WoAwOEZ3iFN+fReXHenY95a87JZg7hD5zPH3PJjLY=</latexit>

+
<latexit sha1_base64="KS5ysgoQB8Ddx7Q6sRqdBPA5RHA=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGHXB3oMevGYgHlAEsLspDcZMzu7zMwKYckXePGgiFc/yZt/4yTZgyYWNBRV3XR3+bHg2rjut5NbWV1b38hvFra2d3b3ivsHDR0limGdRSJSLZ9qFFxi3XAjsBUrpKEvsOmP7qZ+8wmV5pF8MOMYuyEdSB5wRo2Vame9YsktuzOQZeJlpAQZqr3iV6cfsSREaZigWrc9NzbdlCrDmcBJoZNojCkb0QG2LZU0RN1NZ4dOyIlV+iSIlC1pyEz9PZHSUOtx6NvOkJqhXvSm4n9eOzHBTTflMk4MSjZfFCSCmIhMvyZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv8eVl0jgvexflq9plqXKbxZGHIziGU/DgGipwD1WoAwOEZ3iFN+fReXHenY95a87JZg7hD5zPH3PJjLY=</latexit> =

Z
d⇧ fLU

<latexit sha1_base64="CRLmeG9imHs3FKQsMuhztgf4mtw=">AAACDXicbVC7SgNBFJ2Nrxhfq5Y2g1GwkLDrA22EoI2FRQQ3CWRDmJ3MJkNmH8zcFcOyP2Djr9hYKGJrb+ffOJuk0MQDA4dz7mXOPV4suALL+jYKc/MLi0vF5dLK6tr6hrm5VVdRIilzaCQi2fSIYoKHzAEOgjVjyUjgCdbwBle537hnUvEovINhzNoB6YXc55SAljrm3oXLQ8BuQKAvg7SbuTWO3UPsd1IX2AOkN06WdcyyVbFGwLPEnpAymqDWMb/cbkSTgIVABVGqZVsxtFMigVPBspKbKBYTOiA91tI0JAFT7XR0TYb3tdLFfiT109FG6u+NlARKDQNPT+ap1bSXi/95rQT883bKwzgBFtLxR34iMEQ4rwZ3uWQUxFATQiXXWTHtE0ko6AJLugR7+uRZUj+q2MeV09uTcvVyUkcR7aBddIBsdIaq6BrVkIMoekTP6BW9GU/Gi/FufIxHC8ZkZxv9gfH5A0KCm7M=</latexit>

Where the integrand is locally finite! We can Monte Carlo integrate it.
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What can we do?

• Bin the distribution in the Bjorken variables

x1 =
(P j

1)
0 + (P j

1)
3

2
<latexit sha1_base64="eK00gPhNmCY2uQn4IXkis992H+Q=">AAACIHicbVDLSsNAFJ34rPUVdekmWISKUJJWqRuh6MZlBfuApg2T6aQdO5OEmYlYQj7Fjb/ixoUiutOvcdJmoW0PXDiccy/33uOGlAhpmt/a0vLK6tp6biO/ubW9s6vv7TdFEHGEGyigAW+7UGBKfNyQRFLcDjmGzKW45Y6uU7/1gLkggX8nxyHuMjjwiUcQlEpy9OqjY13aHocoLtYdqxfbDMohZ/F9kpz0zNMFYiWJy4mjF8ySOYExT6yMFECGuqN/2f0ARQz7ElEoRMcyQ9mNIZcEUZzk7UjgEKIRHOCOoj5kWHTjyYOJcayUvuEFXJUvjYn6dyKGTIgxc1VneqmY9VJxkdeJpHfRjYkfRhL7aLrIi6ghAyNNy+gTjpGkY0Ug4kTdaqAhVGlJlWlehWDNvjxPmuWSVSmd354ValdZHDlwCI5AEVigCmrgBtRBAyDwBF7AG3jXnrVX7UP7nLYuadnMAfgH7ecXWJajHQ==</latexit>

x2 =
(P j

2)
0 � (P j

2)
3

2
<latexit sha1_base64="A00KQcW76rleKfIK+BM6K34TxJY=">AAACIHicbVDLSsNAFJ34rPUVdekmWIS6sCSpUjdC0Y3LCvYBTRom00k7dvJgZiKWkE9x46+4caGI7vRrnLRZaNsDFw7n3Mu997gRJVzo+reytLyyurZe2Chubm3v7Kp7+y0exgzhJgppyDou5JiSADcFERR3Ioah71LcdkfXmd9+wIyTMLgT4wjbPhwExCMICik5au3RMS8tj0GUlBuO2UssH4oh85P7ND3p6acLxGqamKmjlvSKPoE2T4yclECOhqN+Wf0QxT4OBKKQ866hR8JOIBMEUZwWrZjjCKIRHOCupAH0MbeTyYOpdiyVvuaFTFYgtIn6dyKBPudj35Wd2aV81svERV43Ft6FnZAgigUO0HSRF1NNhFqWltYnDCNBx5JAxIi8VUNDKNMSMtOiDMGYfXmetMyKUa2c356V6ld5HAVwCI5AGRigBurgBjRAEyDwBF7AG3hXnpVX5UP5nLYuKfnMAfgH5ecXYMujIg==</latexit>

This allows us to define Bjorken variables

For a 2 to N diagram this reproduces the parton model

Fit PDFs!!
<latexit sha1_base64="LFSrhdM6ZR484FEpl64Z+/naxPw=">AAAB8nicbVDLSgNBEOyNrxhfUY9eBoPgKez6QI9BLx4jmAckS5idzCZDZneWmV4lLPkMLx4U8erXePNvnCR70MSChqKqm+6uIJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNCrVjDeYkkq3A2q4FDFvoEDJ24nmNAokbwWj26nfeuTaCBU/4DjhfkQHsQgFo2ilTleLwRCp1uqpV664VXcGsky8nFQgR71X/ur2FUsjHiOT1JiO5yboZ1SjYJJPSt3U8ISyER3wjqUxjbjxs9nJE3JilT4JlbYVI5mpvycyGhkzjgLbGVEcmkVvKv7ndVIMr/1MxEmKPGbzRWEqCSoy/Z/0heYM5dgSyrSwtxI2pJoytCmVbAje4svLpHlW9c6rl/cXldpNHkcRjuAYTsGDK6jBHdShAQwUPMMrvDnovDjvzse8teDkM4fwB87nD8T/kZQ=</latexit>

(not in MS bar)

• Vary the factorisation scale ⇤c
<latexit sha1_base64="9yFohXdK0AFDHqmtw9vzHcKboBg=">AAAB/XicbVC7TsMwFHV4lvIKj43FokJiqhIegrGChYGhSPQhNVHkOG5r1XYi20EqUcSvsDCAECv/wcbf4LQZoOVIlo7OPVf3+IQJo0o7zre1sLi0vLJaWauub2xubds7u20VpxKTFo5ZLLshUoRRQVqaaka6iSSIh4x0wtF1Me88EKloLO71OCE+RwNB+xQjbaTA3vdujTlCQeZxpIeSZzjPA7vm1J0J4DxxS1IDJZqB/eVFMU45ERozpFTPdRLtZ0hqihnJq16qSILwCA1Iz1CBOFF+NkmfwyOjRLAfS/OEhhP190aGuFJjHhpnEVHNzgrxv1kv1f1LP6MiSTUReHqonzKoY1hUASMqCdZsbAjCkpqsEA+RRFibwqqmBHf2y/OkfVJ3T+vnd2e1xlVZRwUcgENwDFxwARrgBjRBC2DwCJ7BK3iznqwX6936mFoXrHJnD/yB9fkDIu+Vrg==</latexit>

and interpolate the dependence on the 

factorisation scale

Banfi, Salam, Zanderighi, 
arXiv:0407286 (2004) Numerical resummation

• Take the limit analytically and obtain exact back to back jets

P j
i = ((P j

i )
0, 0, 0, (P j

i )
3)

<latexit sha1_base64="dFfbx/wYYGXUqx5e+TIBO24X6oA=">AAACL3icbVDLSsNAFJ3UV62vqEs3wSK0ICWxim6EoiAuK9gHtGmYTCft2MkkzEyEEvJHbvyVbkQUcetfOGmz0LZnGDiccy/33uOGlAhpmu9abmV1bX0jv1nY2t7Z3dP3D5oiiDjCDRTQgLddKDAlDDckkRS3Q46h71Lccke3qd96xlyQgD3KcYhtHw4Y8QiCUkmOfld3YpL04q4P5ZD78VOSXJdKi2K5Z56mb6lVLTt60ayYUxiLxMpIEWSoO/qk2w9Q5GMmEYVCdCwzlHYMuSSI4qTQjQQOIRrBAe4oyqCPhR1P702ME6X0DS/g6jNpTNW/HTH0hRj7rqpM1xTzXiou8zqR9K7smLAwkpih2SAvooYMjDQ8o084RpKOFYGIE7WrgYaQQyRVxAUVgjV/8iJpnlWsauXi4bxYu8niyIMjcAxKwAKXoAbuQR00AAIvYAI+wKf2qr1pX9r3rDSnZT2H4B+0n18cC6mo</latexit>

d? ! 0
<latexit sha1_base64="YnFApUAlj78xRJWB09a/YHt8DF8=">AAAB/XicbVDLSgMxFM34rPU1PnZugkVwVWZ8oMuiG5cV7AM6w5BJM21oJglJRqlD8VfcuFDErf/hzr8xbWehrQcuHM65l3vviSWj2njet7OwuLS8slpaK69vbG5tuzu7TS0yhUkDCyZUO0aaMMpJw1DDSFsqgtKYkVY8uB77rXuiNBX8zgwlCVPU4zShGBkrRe5+NwokUTJQtNc3SCnxAL3IrXhVbwI4T/yCVECBeuR+BV2Bs5RwgxnSuuN70oQ5UoZiRkblINNEIjxAPdKxlKOU6DCfXD+CR1bpwkQoW9zAifp7Ikep1sM0tp0pMn09643F/7xOZpLLMKdcZoZwPF2UZAwaAcdRwC5VBBs2tARhRe2tEPeRQtjYwMo2BH/25XnSPKn6p9Xz27NK7aqIowQOwCE4Bj64ADVwA+qgATB4BM/gFbw5T86L8+58TFsXnGJmD/yB8/kDhseVRQ==</latexit>
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d2�p

dx1dx2
(2 j ! X + n j,⇤c)

<latexit sha1_base64="pvo+ySKRGryPI6kpBwW0rGch/X0="></latexit>

Z
dx1dx2

<latexit sha1_base64="R1oAcgYRwpr8BLOlis7hW3cDZsA=">AAACCXicbVC7TsMwFHXKq5RXgJHFokJiqpICgrGChbFI9CG1UeQ4TmvVdiLbQVRRVxZ+hYUBhFj5Azb+BqfNQFuOZOn43Ht1zz1BwqjSjvNjlVZW19Y3ypuVre2d3T17/6Ct4lRi0sIxi2U3QIowKkhLU81IN5EE8YCRTjC6yeudByIVjcW9HifE42ggaEQx0kbybdinQsM+R3ooeRZOHn137lf37apTc6aAy8QtSBUUaPr2dz+MccqJ0JghpXquk2gvQ1JTzMik0k8VSRAeoQHpGSoQJ8rLppdM4IlRQhjF0jzja6r+ncgQV2rMA9OZm1SLtVz8r9ZLdXTlZVQkqSYCzxZFKYM6hnksMKSSYM3GhiAsqfEK8RBJhLUJr2JCcBdPXibtes09q13cnVcb10UcZXAEjsEpcMElaIBb0AQtgMETeAFv4N16tl6tD+tz1lqyiplDMAfr6xfSkZps</latexit>

f(x1,⇤c)
<latexit sha1_base64="giB1nuyNPK2XXpw/3nkUnU9d2Rc=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBahgpTEB7osunHhooJ9QBPCZDpph84kYWYilpCNG3/FjQtF3PoP7vwbJ20WWj0wcDjnHube48eMSmVZX0Zpbn5hcam8XFlZXVvfMDe32jJKBCYtHLFIdH0kCaMhaSmqGOnGgiDuM9LxR5e537kjQtIovFXjmLgcDUIaUIyUljxzN6jde/YhdK51po+81OFIDQVPcZYdeGbVqlsTwL/ELkgVFGh65qfTj3DCSagwQ1L2bCtWboqEopiRrOIkksQIj9CA9DQNESfSTSdXZHBfK30YREK/UMGJ+jORIi7lmPt6Mt9Rznq5+J/XS1Rw7qY0jBNFQjz9KEgYVBHMK4F9KghWbKwJwoLqXSEeIoGw0sVVdAn27Ml/Sfuobh/XT29Oqo2Loo4y2AF7oAZscAYa4Ao0QQtg8ACewAt4NR6NZ+PNeJ+Olowisw1+wfj4BpvMmAk=</latexit>

f(x2,⇤c)
<latexit sha1_base64="2beqJPx8ppSI3ezbzi1cd7Q82yQ=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBahgpSkKrosunHhooJ9QBPCZDJph04ezEzEErJx46+4caGIW//BnX/jpM1CWw8MHM65h7n3uDGjQhrGt1ZaWFxaXimvVtbWNza39O2djogSjkkbRyziPRcJwmhI2pJKRnoxJyhwGem6o6vc794TLmgU3slxTOwADULqU4ykkhx93689OI1jaN2ojIec1AqQHPIgxVl25OhVo25MAOeJWZAqKNBy9C/Li3ASkFBihoTom0Ys7RRxSTEjWcVKBIkRHqEB6SsaooAIO51ckcFDpXjQj7h6oYQT9XciRYEQ48BVk/mOYtbLxf+8fiL9CzulYZxIEuLpR37CoIxgXgn0KCdYsrEiCHOqdoV4iDjCUhVXUSWYsyfPk06jbp7Uz25Pq83Loo4y2AMHoAZMcA6a4Bq0QBtg8AiewSt40560F+1d+5iOlrQiswv+QPv8AZ1nmAo=</latexit>

�(HH ! X + n j)
<latexit sha1_base64="y6wBP60uf5dWvvUMBnEZmTHUoH8=">AAACEHicbVDJSgNBEO1xjXGLevTSGMSIEmZc0GPQS44RzAKZEHo6PZM2vQzdPUoY8gle/BUvHhTx6tGbf2NnOWjig4LHe1VU1QtiRrVx3W9nbn5hcWk5s5JdXVvf2Mxtbde0TBQmVSyZVI0AacKoIFVDDSONWBHEA0bqQe966NfvidJUilvTj0mLo0jQkGJkrNTOHfiaRhwVymVf0ahrkFLyATaOBPSPoc+R6Sqe3g0O27m8W3RHgLPEm5A8mKDSzn35HYkTToTBDGnd9NzYtFKkDMWMDLJ+okmMcA9FpGmpQJzoVjp6aAD3rdKBoVS2hIEj9fdEirjWfR7YzuGJetobiv95zcSEl62UijgxRODxojBh0Eg4TAd2qCLYsL4lCCtqb4W4ixTCxmaYtSF40y/PktpJ0Tstnt+c5UtXkzgyYBfsgQLwwAUogTKogCrA4BE8g1fw5jw5L8678zFunXMmMzvgD5zPH4/tnEs=</latexit>

=<latexit sha1_base64="wmqm1Zp1A2MDDclPjP9nODsI2BA=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKez6QC9C0IvHBMwDkiXMTjrJmNnZZWZWCEu+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K4gF18Z1v53cyura+kZ+s7C1vbO7V9w/aOgoUQzrLBKRagVUo+AS64Ybga1YIQ0Dgc1gdDf1m0+oNI/kgxnH6Id0IHmfM2qsVLvpFktu2Z2BLBMvIyXIUO0Wvzq9iCUhSsME1brtubHxU6oMZwInhU6iMaZsRAfYtlTSELWfzg6dkBOr9Eg/UrakITP190RKQ63HYWA7Q2qGetGbiv957cT0r/2UyzgxKNl8UT8RxERk+jXpcYXMiLEllClubyVsSBVlxmZTsCF4iy8vk8ZZ2TsvX9YuSpXbLI48HMExnIIHV1CBe6hCHRggPMMrvDmPzovz7nzMW3NONnMIf+B8/gCPEYzI</latexit>

Hadronic cross-sections

In the end, we arrive to

In a sense, we get the renormalised result to begin with!

�(HH ! X + n j)
<latexit sha1_base64="y6wBP60uf5dWvvUMBnEZmTHUoH8=">AAACEHicbVDJSgNBEO1xjXGLevTSGMSIEmZc0GPQS44RzAKZEHo6PZM2vQzdPUoY8gle/BUvHhTx6tGbf2NnOWjig4LHe1VU1QtiRrVx3W9nbn5hcWk5s5JdXVvf2Mxtbde0TBQmVSyZVI0AacKoIFVDDSONWBHEA0bqQe966NfvidJUilvTj0mLo0jQkGJkrNTOHfiaRhwVymVf0ahrkFLyATaOBPSPoc+R6Sqe3g0O27m8W3RHgLPEm5A8mKDSzn35HYkTToTBDGnd9NzYtFKkDMWMDLJ+okmMcA9FpGmpQJzoVjp6aAD3rdKBoVS2hIEj9fdEirjWfR7YzuGJetobiv95zcSEl62UijgxRODxojBh0Eg4TAd2qCLYsL4lCCtqb4W4ixTCxmaYtSF40y/PktpJ0Tstnt+c5UtXkzgyYBfsgQLwwAUogTKogCrA4BE8g1fw5jw5L8678zFunXMmMzvgD5zPH4/tnEs=</latexit>

=<latexit sha1_base64="wmqm1Zp1A2MDDclPjP9nODsI2BA=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKez6QC9C0IvHBMwDkiXMTjrJmNnZZWZWCEu+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K4gF18Z1v53cyura+kZ+s7C1vbO7V9w/aOgoUQzrLBKRagVUo+AS64Ybga1YIQ0Dgc1gdDf1m0+oNI/kgxnH6Id0IHmfM2qsVLvpFktu2Z2BLBMvIyXIUO0Wvzq9iCUhSsME1brtubHxU6oMZwInhU6iMaZsRAfYtlTSELWfzg6dkBOr9Eg/UrakITP190RKQ63HYWA7Q2qGetGbiv957cT0r/2UyzgxKNl8UT8RxERk+jXpcYXMiLEllClubyVsSBVlxmZTsCF4iy8vk8ZZ2TsvX9YuSpXbLI48HMExnIIHV1CBe6hCHRggPMMrvDmPzovz7nzMW3NONnMIf+B8/gCPEYzI</latexit>

We started with a very generic formalism for scattering

X

m
<latexit sha1_base64="NKmyIC7TYvGLCADLhU5WaYbDnOw=">AAAB7XicbVDJSgNBEK2JW4xb1KOXxiB4CjMu6DHoxWMEs0AyhJ5OT9Kml6G7RwhD/sGLB0W8+j/e/Bs7yRw08UHB470qqupFCWfG+v63V1hZXVvfKG6WtrZ3dvfK+wdNo1JNaIMornQ7woZyJmnDMstpO9EUi4jTVjS6nfqtJ6oNU/LBjhMaCjyQLGYEWyc1uyYVPdErV/yqPwNaJkFOKpCj3it/dfuKpIJKSzg2phP4iQ0zrC0jnE5K3dTQBJMRHtCOoxILasJsdu0EnTilj2KlXUmLZurviQwLY8Yicp0C26FZ9Kbif14ntfF1mDGZpJZKMl8UpxxZhaavoz7TlFg+dgQTzdytiAyxxsS6gEouhGDx5WXSPKsG59XL+4tK7SaPowhHcAynEMAV1OAO6tAAAo/wDK/w5invxXv3PuatBS+fOYQ/8D5/ALcFjzo=</latexit>

Sum over number of 
initial state partons

Z "
mY

i=1

d3~pi

#

<latexit sha1_base64="7RIQMIjlTncY6BasNGo6XGaxItk=">AAACHnicbVDLSsNAFJ34rPVVdelmsAiuSuID3QhFNy4VrApNDJPJTTs4k4SZG6GEfIkbf8WNC0UEV/o3TmsXvg4MHM65lzn3RLkUBl33w5mYnJqema3N1ecXFpeWGyurFyYrNIcOz2SmryJmQIoUOihQwlWugalIwmV0czz0L29BG5Gl5zjIIVCsl4pEcIZWCht7vkiR+hIS7Pq5zuKwFIdeda18xbCvVRlX1zv+LfAyr0Lha9HrY0DDRtNtuSPQv8QbkyYZ4zRsvPlxxgsFKXLJjOl6bo5ByTQKLqGq+4WBnPEb1oOupSlTYIJydF5FN60S0yTT9tmwI/X7RsmUMQMV2clhaPPbG4r/ed0Ck4OgFGleIKT866OkkBQzOuyKxkIDRzmwhHEtbFbK+0wzjrbRui3B+33yX3Kx3fJ2Wntnu8320biOGlknG2SLeGSftMkJOSUdwskdeSBP5Nm5dx6dF+f1a3TCGe+skR9w3j8B0G2jig==</latexit>

Integration over initial 
state partons momenta

f(p1, ..., pm)
<latexit sha1_base64="JhfBmmZ+/w4To2+Qbc5R5U5BXIQ=">AAAB+HicbVDLSgMxFM34rPXRUZdugkWoUIYZH+iy6MZlBfuAdhgyaaYNTTIhyQi19EvcuFDErZ/izr8xbWehrQcuHM65l3vviSWj2vj+t7Oyura+sVnYKm7v7O6V3P2Dpk4zhUkDpyxV7RhpwqggDUMNI22pCOIxI614eDv1W49EaZqKBzOSJOSoL2hCMTJWitxSUpFRUPU8ryojfgojt+x7/gxwmQQ5KYMc9cj96vZSnHEiDGZI607gSxOOkTIUMzIpdjNNJMJD1CcdSwXiRIfj2eETeGKVHkxSZUsYOFN/T4wR13rEY9vJkRnoRW8q/ud1MpNch2MqZGaIwPNFScagSeE0BdijimDDRpYgrKi9FeIBUggbm1XRhhAsvrxMmmdecO5d3l+Uazd5HAVwBI5BBQTgCtTAHaiDBsAgA8/gFbw5T86L8+58zFtXnHzmEPyB8/kDzDWRPQ==</latexit>

Weight

dm�

dp1...dpm
(p1, ..., pm ! X + nj)

<latexit sha1_base64="ZqhOt/HmIkxF9QRWUURal9SGhnk="></latexit>

Cross-sections for m initial 
state partons
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Phenomenology
Let us look specifically at:

p
<latexit sha1_base64="YiMBp0X+QfFQDarv3Fd7cIrvbr0=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV0f6DHoxWMC5gHJEmYnvcmY2dllZlYIS77AiwdFvPpJ3vwbJ8keNLGgoajqprsrSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hobuq3nlBpHssHM07Qj+hA8pAzaqxUT3qlsltxZyDLxMtJGXLUeqWvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7WezQyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDGz7hMUoOSzReFqSAmJtOvSZ8rZEaMLaFMcXsrYUOqKDM2m6INwVt8eZk0zyveReWqflmu3uZxFOAYTuAMPLiGKtxDDRrAAOEZXuHNeXRenHfnY9664uQzR/AHzucP3F2M+w==</latexit>

p� k
<latexit sha1_base64="MOw0D1mY76qinlDv1lVm87AmlEg=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBC8GHZ9oMegF48RzQOSJcxOepMhs7PLzKwQlnyCFw+KePWLvPk3TpI9aGJBQ1HVTXdXkAiujet+O0vLK6tr64WN4ubW9s5uaW+/oeNUMayzWMSqFVCNgkusG24EthKFNAoENoPh7cRvPqHSPJaPZpSgH9G+5CFn1FjpITkddktlt+JOQRaJl5My5Kh1S1+dXszSCKVhgmrd9tzE+BlVhjOB42In1ZhQNqR9bFsqaYTaz6anjsmxVXokjJUtachU/T2R0UjrURTYzoiagZ73JuJ/Xjs14bWfcZmkBiWbLQpTQUxMJn+THlfIjBhZQpni9lbCBlRRZmw6RRuCN//yImmcVbzzyuX9Rbl6k8dRgEM4ghPw4AqqcAc1qAODPjzDK7w5wnlx3p2PWeuSk88cwB84nz8Nso2n</latexit>

k
<latexit sha1_base64="PkWFS1OBnRHO/QBHXvUk1E9uDfM=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV0f6DHoxWMC5gHJEmYnvcmY2dllZlYIS77AiwdFvPpJ3vwbJ8keNLGgoajqprsrSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hobuq3nlBpHssHM07Qj+hA8pAzaqxUH/VKZbfizkCWiZeTMuSo9Upf3X7M0gilYYJq3fHcxPgZVYYzgZNiN9WYUDaiA+xYKmmE2s9mh07IqVX6JIyVLWnITP09kdFI63EU2M6ImqFe9Kbif14nNeGNn3GZpAYlmy8KU0FMTKZfkz5XyIwYW0KZ4vZWwoZUUWZsNkUbgrf48jJpnle8i8pV/bJcvc3jKMAxnMAZeHANVbiHGjSAAcIzvMKb8+i8OO/Ox7x1xclnjuAPnM8f1MmM9g==</latexit>

+
<latexit sha1_base64="KS5ysgoQB8Ddx7Q6sRqdBPA5RHA=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGHXB3oMevGYgHlAEsLspDcZMzu7zMwKYckXePGgiFc/yZt/4yTZgyYWNBRV3XR3+bHg2rjut5NbWV1b38hvFra2d3b3ivsHDR0limGdRSJSLZ9qFFxi3XAjsBUrpKEvsOmP7qZ+8wmV5pF8MOMYuyEdSB5wRo2Vame9YsktuzOQZeJlpAQZqr3iV6cfsSREaZigWrc9NzbdlCrDmcBJoZNojCkb0QG2LZU0RN1NZ4dOyIlV+iSIlC1pyEz9PZHSUOtx6NvOkJqhXvSm4n9eOzHBTTflMk4MSjZfFCSCmIhMvyZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv8eVl0jgvexflq9plqXKbxZGHIziGU/DgGipwD1WoAwOEZ3iFN+fReXHenY95a87JZg7hD5zPH3PJjLY=</latexit>

We integrate the “usual” diagram and check that it matches with traditional computations
And bin the transverse momentum distribution of the gluon (jet)

Singularity at zero 
transverse momentum

k? ! 0
<latexit sha1_base64="uDTD9gIeqlBV4p8YpgQ2WrjpKp4=">AAAB/XicbVDLSgMxFM34rPU1PnZugkVwVWZ8oMuiG5cV7AM6w5BJM21oJglJRqlD8VfcuFDErf/hzr8xbWehrQcuHM65l3vviSWj2njet7OwuLS8slpaK69vbG5tuzu7TS0yhUkDCyZUO0aaMMpJw1DDSFsqgtKYkVY8uB77rXuiNBX8zgwlCVPU4zShGBkrRe7+IAokUTJQtNc3SCnxAL3IrXhVbwI4T/yCVECBeuR+BV2Bs5RwgxnSuuN70oQ5UoZiRkblINNEIjxAPdKxlKOU6DCfXD+CR1bpwkQoW9zAifp7Ikep1sM0tp0pMn09643F/7xOZpLLMKdcZoZwPF2UZAwaAcdRwC5VBBs2tARhRe2tEPeRQtjYwMo2BH/25XnSPKn6p9Xz27NK7aqIowQOwCE4Bj64ADVwA+qgATB4BM/gFbw5T86L8+58TFsXnGJmD/yB8/kDkeiVTA==</latexit>

Since

p? = 0
<latexit sha1_base64="PwU99qO/oaWjZNnDydPocHWJVqo=">AAAB8HicbVDLSgMxFM3UV62vqks3wSK4KjM+0I1QdOOygn1IO5RMeqcNTTIhyQhl6Fe4caGIWz/HnX9j2s5CqwcuHM65l3vviRRnxvr+l1dYWl5ZXSuulzY2t7Z3yrt7TZOkmkKDJjzR7YgY4ExCwzLLoa00EBFxaEWjm6nfegRtWCLv7VhBKMhAsphRYp30oHpdBVpd+b1yxa/6M+C/JMhJBeWo98qf3X5CUwHSUk6M6QS+smFGtGWUw6TUTQ0oQkdkAB1HJRFgwmx28AQfOaWP40S7khbP1J8TGRHGjEXkOgWxQ7PoTcX/vE5q48swY1KlFiSdL4pTjm2Cp9/jPtNALR87Qqhm7lZMh0QTal1GJRdCsPjyX9I8qQan1fO7s0rtOo+jiA7QITpGAbpANXSL6qiBKBLoCb2gV097z96b9z5vLXj5zD76Be/jG2yDkCo=</latexit>

k = xp
<latexit sha1_base64="6zlKcSqQ0SrcPX91iRw5eLlaTEM=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0n8QC9C0YvHCqYttKFsttt26WYTdidiCf0NXjwo4tUf5M1/47bNQasPBh7vzTAzL0ykMOi6X05haXllda24XtrY3NreKe/uNUycasZ9FstYt0JquBSK+yhQ8laiOY1CyZvh6GbqNx+4NiJW9zhOeBDRgRJ9wShayR9dPZKkW664VXcG8pd4OalAjnq3/NnpxSyNuEImqTFtz00wyKhGwSSflDqp4QllIzrgbUsVjbgJstmxE3JklR7px9qWQjJTf05kNDJmHIW2M6I4NIveVPzPa6fYvwwyoZIUuWLzRf1UEozJ9HPSE5ozlGNLKNPC3krYkGrK0OZTsiF4iy//JY2TqndaPb87q9Su8ziKcACHcAweXEANbqEOPjAQ8AQv8Ooo59l5c97nrQUnn9mHX3A+vgFYmY5j</latexit>

This implies

log10

✓
d�

dp?
[pb]

◆

<latexit sha1_base64="yqLVYnqGUF8Ae7b3M6qqFS5tb7I="></latexit>

LU
MadGraph

k? [GeV]
<latexit sha1_base64="OThAhuB5TQ5yz1N/Iyvi0gOZowY=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1gEF1ISH+iy6EKXFewDkhAm09t26OTBzEQoobjxV9y4UMStX+HOv3HSZqGtBy4czrmXe+8JEs6ksqxvo7SwuLS8Ul6trK1vbG6Z2zstGaeCQpPGPBadgEjgLIKmYopDJxFAwoBDOxhe5377AYRkcXSvRgl4IelHrMcoUVryzb2h7yYgEuweY8cNiRqIMLuB1tjzzapVsybA88QuSBUVaPjml9uNaRpCpCgnUjq2lSgvI0IxymFccVMJCaFD0gdH04iEIL1s8sIYH2qli3ux0BUpPFF/T2QklHIUBrozP1LOern4n+ekqnfpZSxKUgURnS7qpRyrGOd54C4TQBUfaUKoYPpWTAdEEKp0ahUdgj378jxpndTs09r53Vm1flXEUUb76AAdIRtdoDq6RQ3URBQ9omf0it6MJ+PFeDc+pq0lo5jZRX9gfP4Aj2iW6A==</latexit>
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We have to choose ⇤c
<latexit sha1_base64="9yFohXdK0AFDHqmtw9vzHcKboBg=">AAAB/XicbVC7TsMwFHV4lvIKj43FokJiqhIegrGChYGhSPQhNVHkOG5r1XYi20EqUcSvsDCAECv/wcbf4LQZoOVIlo7OPVf3+IQJo0o7zre1sLi0vLJaWauub2xubds7u20VpxKTFo5ZLLshUoRRQVqaaka6iSSIh4x0wtF1Me88EKloLO71OCE+RwNB+xQjbaTA3vdujTlCQeZxpIeSZzjPA7vm1J0J4DxxS1IDJZqB/eVFMU45ERozpFTPdRLtZ0hqihnJq16qSILwCA1Iz1CBOFF+NkmfwyOjRLAfS/OEhhP190aGuFJjHhpnEVHNzgrxv1kv1f1LP6MiSTUReHqonzKoY1hUASMqCdZsbAjCkpqsEA+RRFibwqqmBHf2y/OkfVJ3T+vnd2e1xlVZRwUcgENwDFxwARrgBjRBC2DwCJ7BK3iznqwX6936mFoXrHJnD/yB9fkDIu+Vrg==</latexit>

Distribution is finite for any k?
<latexit sha1_base64="zIzK7YDnbjXsFGe/yDhZfWHq+zI=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69BIvgqSR+oMeiF48VrC20oWy2k3bJZrPsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8UHKmjed9O6WV1bX1jfJmZWt7Z3evun/wqNNMUWzRlKeqExKNnAlsGWY4dqRCkoQc22F8O/XbT6g0S8WDGUsMEjIULGKUGCu1435PopL9as2rezO4y8QvSA0KNPvVr94gpVmCwlBOtO76njRBTpRhlOOk0ss0SkJjMsSupYIkqIN8du7EPbHKwI1SZUsYd6b+nshJovU4CW1nQsxIL3pT8T+vm5noOsiZkJlBQeeLooy7JnWnv7sDppAaPraEUMXsrS4dEUWosQlVbAj+4svL5PGs7p/XL+8vao2bIo4yHMExnIIPV9CAO2hCCyjE8Ayv8OZI58V5dz7mrSWnmDmEP3A+fwBvq4+k</latexit>

First observation: for ⇤c > 50GeV
<latexit sha1_base64="eHbocFyMgI4xsCp8ED9yL+Q+y7g=">AAACEHicbVDLSsNAFJ3UV62vqEs3g0V0ISVRi66k6EIXLirYBzQhTCaTdujkwcxEKCGf4MZfceNCEbcu3fk3TtoI2npg4HDOucy9x40ZFdIwvrTS3PzC4lJ5ubKyura+oW9utUWUcExaOGIR77pIEEZD0pJUMtKNOUGBy0jHHV7mfueecEGj8E6OYmIHqB9Sn2IkleTo+9aNCnvISa0AyQEPUpxl53UDWofwR7ki7czRq0bNGAPOErMgVVCg6eiflhfhJCChxAwJ0TONWNop4pJiRrKKlQgSIzxEfdJTNEQBEXY6PiiDe0rxoB9x9UIJx+rviRQFQowCVyXzHcW0l4v/eb1E+md2SsM4kSTEk4/8hEEZwbwd6FFOsGQjRRDmVO0K8QBxhKXqsKJKMKdPniXto5p5XKvfnlQbF0UdZbADdsEBMMEpaIBr0AQtgMEDeAIv4FV71J61N+19Ei1pxcw2+APt4xs7YZy2</latexit>

the distribution does not change anymore

Now include the other graph

k
<latexit sha1_base64="PkWFS1OBnRHO/QBHXvUk1E9uDfM=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV0f6DHoxWMC5gHJEmYnvcmY2dllZlYIS77AiwdFvPpJ3vwbJ8keNLGgoajqprsrSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hobuq3nlBpHssHM07Qj+hA8pAzaqxUH/VKZbfizkCWiZeTMuSo9Upf3X7M0gilYYJq3fHcxPgZVYYzgZNiN9WYUDaiA+xYKmmE2s9mh07IqVX6JIyVLWnITP09kdFI63EU2M6ImqFe9Kbif14nNeGNn3GZpAYlmy8KU0FMTKZfkz5XyIwYW0KZ4vZWwoZUUWZsNkUbgrf48jJpnle8i8pV/bJcvc3jKMAxnMAZeHANVbiHGjSAAcIzvMKb8+i8OO/Ox7x1xclnjuAPnM8f1MmM9g==</latexit>

p
<latexit sha1_base64="YiMBp0X+QfFQDarv3Fd7cIrvbr0=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV0f6DHoxWMC5gHJEmYnvcmY2dllZlYIS77AiwdFvPpJ3vwbJ8keNLGgoajqprsrSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hobuq3nlBpHssHM07Qj+hA8pAzaqxUT3qlsltxZyDLxMtJGXLUeqWvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7WezQyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDGz7hMUoOSzReFqSAmJtOvSZ8rZEaMLaFMcXsrYUOqKDM2m6INwVt8eZk0zyveReWqflmu3uZxFOAYTuAMPLiGKtxDDRrAAOEZXuHNeXRenHfnY9664uQzR/AHzucP3F2M+w==</latexit>

p� k
<latexit sha1_base64="MOw0D1mY76qinlDv1lVm87AmlEg=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBC8GHZ9oMegF48RzQOSJcxOepMhs7PLzKwQlnyCFw+KePWLvPk3TpI9aGJBQ1HVTXdXkAiujet+O0vLK6tr64WN4ubW9s5uaW+/oeNUMayzWMSqFVCNgkusG24EthKFNAoENoPh7cRvPqHSPJaPZpSgH9G+5CFn1FjpITkddktlt+JOQRaJl5My5Kh1S1+dXszSCKVhgmrd9tzE+BlVhjOB42In1ZhQNqR9bFsqaYTaz6anjsmxVXokjJUtachU/T2R0UjrURTYzoiagZ73JuJ/Xjs14bWfcZmkBiWbLQpTQUxMJn+THlfIjBhZQpni9lbCBlRRZmw6RRuCN//yImmcVbzzyuX9Rbl6k8dRgEM4ghPw4AqqcAc1qAODPjzDK7w5wnlx3p2PWeuSk88cwB84nz8Nso2n</latexit>

(p� k)?, p? < mZ
<latexit sha1_base64="qmZRSsrze6biFcFc48DvaTo3Y3A=">AAACBnicbZDLSgMxFIYz9VbrbdSlCMEiVKhlxgu6cFF047KCvWBnGDJp2oZmMiHJCGXoyo2v4saFIm59Bne+jWk7C63+EPj4zzmcnD8UjCrtOF9Wbm5+YXEpv1xYWV1b37A3txoqTiQmdRyzWLZCpAijnNQ11Yy0hCQoChlphoOrcb15T6SiMb/VQ0H8CPU47VKMtLECe7ckDgcHgSeIFGXolaGYMryAUXAX2EWn4kwE/4KbQRFkqgX2p9eJcRIRrjFDSrVdR2g/RVJTzMio4CWKCIQHqEfaBjmKiPLTyRkjuG+cDuzG0jyu4cT9OZGiSKlhFJrOCOm+mq2Nzf9q7UR3z/2UcpFowvF0UTdhUMdwnAnsUEmwZkMDCEtq/gpxH0mEtUmuYEJwZ0/+C42jintcOb05KVYvszjyYAfsgRJwwRmogmtQA3WAwQN4Ai/g1Xq0nq03633amrOymW3wS9bHN0K9lxc=</latexit>

due to energy/momentum conservationk? < mZ
<latexit sha1_base64="Ucya21a9YotLT5SbAuCRvkiRYRg=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoPgKez6QA8egl48RjAPTJZldjKbDJnZHWdmA2HJd3jxoIhXP8abf+Mk2YNGCxqKqm66u0LJmTau++UUlpZXVteK66WNza3tnfLuXlMnqSK0QRKeqHaINeUspg3DDKdtqSgWIaetcHgz9VsjqjRL4nszltQXuB+ziBFsrOQPg66kSqIrJIKHoFxxq+4M6C/xclKBHPWg/NntJSQVNDaEY607niuNn2FlGOF0UuqmmkpMhrhPO5bGWFDtZ7OjJ+jIKj0UJcpWbNBM/TmRYaH1WIS2U2Az0IveVPzP66QmuvQzFsvU0JjMF0UpRyZB0wRQjylKDB9bgoli9lZEBlhhYmxOJRuCt/jyX9I8qXqn1fO7s0rtOo+jCAdwCMfgwQXU4Bbq0AACj/AEL/DqjJxn5815n7cWnHxmH37B+fgG23WRgg==</latexit>

Highest separation of two partons in a jet is of order of Z mass

Factorisation scale has natural range choice associated to process scale

k? [GeV]
<latexit sha1_base64="OThAhuB5TQ5yz1N/Iyvi0gOZowY=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1gEF1ISH+iy6EKXFewDkhAm09t26OTBzEQoobjxV9y4UMStX+HOv3HSZqGtBy4czrmXe+8JEs6ksqxvo7SwuLS8Ul6trK1vbG6Z2zstGaeCQpPGPBadgEjgLIKmYopDJxFAwoBDOxhe5377AYRkcXSvRgl4IelHrMcoUVryzb2h7yYgEuweY8cNiRqIMLuB1tjzzapVsybA88QuSBUVaPjml9uNaRpCpCgnUjq2lSgvI0IxymFccVMJCaFD0gdH04iEIL1s8sIYH2qli3ux0BUpPFF/T2QklHIUBrozP1LOern4n+ekqnfpZSxKUgURnS7qpRyrGOd54C4TQBUfaUKoYPpWTAdEEKp0ahUdgj378jxpndTs09r53Vm1flXEUUb76AAdIRtdoDq6RQ3URBQ9omf0it6MJ+PFeDc+pq0lo5jZRX9gfP4Aj2iW6A==</latexit>

⇤c = 0
<latexit sha1_base64="Xw2iQn0eIXisnPi5DaYMBcj8epM=">AAAB/3icbVDLSsNAFJ3UV62vqODGTbAIrkriA90IRTcuXFSwD2hCmEwm7dCZSZiZCCVm4a+4caGIW3/DnX/jpM1CWw8MHM49l3vmBAklUtn2t1FZWFxaXqmu1tbWNza3zO2djoxTgXAbxTQWvQBKTAnHbUUUxb1EYMgCirvB6LqYdx+wkCTm92qcYI/BAScRQVBpyTf33FttDqGfuQyqoWAZyvNL2zfrdsOewJonTknqoETLN7/cMEYpw1whCqXsO3aivAwKRRDFec1NJU4gGsEB7mvKIcPSyyb5c+tQK6EVxUI/rqyJ+nsjg0zKMQu0swgpZ2eF+N+sn6rowssIT1KFOZoeilJqqdgqyrBCIjBSdKwJRILorBYaQgGR0pXVdAnO7JfnSee44Zw0zu5O682rso4q2AcH4Ag44Bw0wQ1ogTZA4BE8g1fwZjwZL8a78TG1VoxyZxf8gfH5AyMrli8=</latexit>

20 40 60 80 100
0

5

10

15

20

25

30 k?
d�

dk?
<latexit sha1_base64="P41xETxCqKVfLIbgZkw8ZOsJt4w=">AAACG3icbVDLSsNAFJ34rPUVdelmsAiuSlIVXRbduKxgH9CEMJlO2qEzyTAzEUrIf7jxV9y4UMSV4MK/cdJmUVsPDBzOOZe594SCUaUd58daWV1b39isbFW3d3b39u2Dw45KUolJGycskb0QKcJoTNqaakZ6QhLEQ0a64fi28LuPRCqaxA96IojP0TCmEcVIGymwG+PAE0QK6EUS4czjSI8kzwa5p+iQo3xOKZN5YNecujMFXCZuSWqgRCuwv7xBglNOYo0ZUqrvOkL7GZKaYkbyqpcqIhAeoyHpGxojTpSfTW/L4alRBjBKpHmxhlN1fiJDXKkJD02y2FQteoX4n9dPdXTtZzQWqSYxnn0UpQzqBBZFwQGVBGs2MQRhSc2uEI+QKUmbOqumBHfx5GXSadTd8/rl/UWteVPWUQHH4AScARdcgSa4Ay3QBhg8gRfwBt6tZ+vV+rA+Z9EVq5w5An9gff8CFhCjVw==</latexit>

(~MG)

⇤c ⇡ 20GeV
<latexit sha1_base64="Qf5c2mdYMFbh9GNHyW4QSfsUiqQ=">AAACFXicbVDLSsNAFJ3UV62vqEs3g0VwUUpSFV0WXejCRQX7gCaEyWTSDp08mJmIJeQn3Pgrblwo4lZw5984aSNo64GBwznnMvceN2ZUSMP40koLi0vLK+XVytr6xuaWvr3TEVHCMWnjiEW85yJBGA1JW1LJSC/mBAUuI113dJH73TvCBY3CWzmOiR2gQUh9ipFUkqPXrGsV9pBjBUgOeZDizEJxzKN72DCgVYM/+iXpZI5eNerGBHCemAWpggItR/+0vAgnAQklZkiIvmnE0k4RlxQzklWsRJAY4REakL6iIQqIsNPJVRk8UIoH/YirF0o4UX9PpCgQYhy4KpnvKGa9XPzP6yfSP7NTGsaJJCGefuQnDMoI5hVBj3KCJRsrgjCnaleIh4gjLFWRFVWCOXvyPOk06uZR/eTmuNo8L+oogz2wDw6BCU5BE1yBFmgDDB7AE3gBr9qj9qy9ae/TaEkrZnbBH2gf3xhOnsU=</latexit>

20GeV
<latexit sha1_base64="7jrgOKyvWGVCZ1GIbuUzvM743gg=">AAAB+3icbVDLSgMxFM3UV62vsS7dBIvgQspMVXRZdKHLCvYBnaFk0kwbmmSGJCOWYX7FjQtF3Poj7vwbM+0stPVA4HDOvdyTE8SMKu0431ZpZXVtfaO8Wdna3tnds/erHRUlEpM2jlgkewFShFFB2ppqRnqxJIgHjHSDyU3udx+JVDQSD3oaE5+jkaAhxUgbaWBXGw70TqHHkR5Lnt6STjawa07dmQEuE7cgNVCgNbC/vGGEE06Exgwp1XedWPspkppiRrKKlygSIzxBI9I3VCBOlJ/Osmfw2ChDGEbSPKHhTP29kSKu1JQHZjLPqBa9XPzP6yc6vPJTKuJEE4Hnh8KEQR3BvAg4pJJgzaaGICypyQrxGEmEtamrYkpwF7+8TDqNuntWv7g/rzWvizrK4BAcgRPggkvQBHegBdoAgyfwDF7Bm5VZL9a79TEfLVnFzgH4A+vzB3D2k28=</latexit>

50GeV
<latexit sha1_base64="rStvSSRXKHmB2zYWv1LYyKLpBCo=">AAAB+3icbVDLSgMxFM3UV62vsS7dBIvgQsqMWnRZdKHLCvYBnaFk0kwbmmSGJCOWYX7FjQtF3Poj7vwbM+0stPVA4HDOvdyTE8SMKu0431ZpZXVtfaO8Wdna3tnds/erHRUlEpM2jlgkewFShFFB2ppqRnqxJIgHjHSDyU3udx+JVDQSD3oaE5+jkaAhxUgbaWBXGw70TqHHkR5Lnt6STjawa07dmQEuE7cgNVCgNbC/vGGEE06Exgwp1XedWPspkppiRrKKlygSIzxBI9I3VCBOlJ/Osmfw2ChDGEbSPKHhTP29kSKu1JQHZjLPqBa9XPzP6yc6vPJTKuJEE4Hnh8KEQR3BvAg4pJJgzaaGICypyQrxGEmEtamrYkpwF7+8TDpndfe83ri/qDWvizrK4BAcgRPggkvQBHegBdoAgyfwDF7Bm5VZL9a79TEfLVnFzgH4A+vzB3W1k3I=</latexit>

⇤c ⇡ 50GeV
<latexit sha1_base64="zyECHhNxLVg29NBWtozBys2Kcj0=">AAACF3icbVDLSsNAFJ34rPUVdelmsAguJCRq0WXRhS5cVLAPaEKYTCbt0MmDmYlYQv7Cjb/ixoUibnXn3zhpI2jrgYHDOecy9x4vYVRI0/zS5uYXFpeWKyvV1bX1jU19a7st4pRj0sIxi3nXQ4IwGpGWpJKRbsIJCj1GOt7wovA7d4QLGke3cpQQJ0T9iAYUI6kkVzfsaxX2kZvZIZIDHmY4z22UJDy+h3UT2ofwx7gk7dzVa6ZhjgFniVWSGijRdPVP249xGpJIYoaE6FlmIp0McUkxI3nVTgVJEB6iPukpGqGQCCcb35XDfaX4MIi5epGEY/X3RIZCIUahp5LFjmLaK8T/vF4qgzMno1GSShLhyUdByqCMYVES9CknWLKRIghzqnaFeIA4wlJVWVUlWNMnz5L2kWEdG/Wbk1rjvKyjAnbBHjgAFjgFDXAFmqAFMHgAT+AFvGqP2rP2pr1PonNaObMD/kD7+AYIcJ/U</latexit>
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Scale dependence

Consider now the integral

I(⇤c) =

Z 100

0
dk?

d�

dk?
(⇤c)

<latexit sha1_base64="r4IRqfEIk10k6euiVhhtAkMdy7E="></latexit>

as a function of the factorisation scale

⇤c [GeV]
<latexit sha1_base64="2XdWVwdR8BKc+8B1hgY2xuyA49U=">AAACDXicbVDLSsNAFJ3UV62vqEs3g1VwISXxgS6LLnThooJ9QBLCZDJph04ezEyEEvIDbvwVNy4UcevenX/jpI2grQcGzpxzL/fe4yWMCmkYX1plbn5hcam6XFtZXVvf0De3OiJOOSZtHLOY9zwkCKMRaUsqGeklnKDQY6TrDS8Lv3tPuKBxdCdHCXFC1I9oQDGSSnL1PftGFfvItUMkBzzMcA7tQ2j9fK9IJ3dcvW40jDHgLDFLUgclWq7+afsxTkMSScyQEJZpJNLJEJcUM5LX7FSQBOEh6hNL0QiFRDjZ+Joc7ivFh0HM1YskHKu/OzIUCjEKPVVZLCmmvUL8z7NSGZw7GY2SVJIITwYFKYMyhkU00KecYMlGiiDMqdoV4gHiCEsVYE2FYE6fPEs6Rw3zuHF6e1JvXpRxVMEO2AUHwARnoAmuQQu0AQYP4Am8gFftUXvW3rT3SWlFK3u2wR9oH99KXpu1</latexit>

I(⇤c)
<latexit sha1_base64="a5OiL7Dwpj6HxFsckc/aebPGtiU=">AAAB/nicbVDLSgMxFM34rPU1Kq7cBItQN2XGB7osulFwUcE+oDMMmUymDU0yQ5IRylDwV9y4UMSt3+HOvzFtZ6GtBwKHc8/lnpwwZVRpx/m2FhaXlldWS2vl9Y3NrW17Z7elkkxi0sQJS2QnRIowKkhTU81IJ5UE8ZCRdji4Hs/bj0QqmogHPUyJz1FP0JhipI0U2Pu3Ve/O2CMUeBzpvuQ5Hh0HdsWpORPAeeIWpAIKNAL7y4sSnHEiNGZIqa7rpNrPkdQUMzIqe5kiKcID1CNdQwXiRPn5JP4IHhklgnEizRMaTtTfGzniSg15aJzjiGp2Nhb/m3UzHV/6ORVpponA00NxxqBO4LgLGFFJsGZDQxCW1GSFuI8kwto0VjYluLNfnietk5p7Wju/P6vUr4o6SuAAHIIqcMEFqIMb0ABNgEEOnsEreLOerBfr3fqYWhesYmcP/IH1+QO5+JVa</latexit>
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<latexit sha1_base64="W/i04uAtqL553kacAKftF8mtmbA="></latexit>
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Local Unitarity is a fully local and generic paradigm

It is particularly suitable to numerical integration!

• Take advantage of the robustness of MonteCarlo methods 

• Full automation underway 

• Evaluation speed and convergence constitute important challenges 

e
+
e
� ! tt̄H

<latexit sha1_base64="SUR5dIcnknsZYkZJWVX+7ooRyqo=">AAACBnicbVDJSgNBEO2JW4zbqEcRGoMgiGHGBT0GveQYwSyQjZ5OJWnSs9Bdo4QhJy/+ihcPinj1G7z5N3aWgyY+KHi8V0VVPS+SQqPjfFuphcWl5ZX0amZtfWNzy97eKeswVhxKPJShqnpMgxQBlFCghGqkgPmehIrXvxn5lXtQWoTBHQ4iaPisG4iO4AyN1LL3oXkMzZO6Et0eMqXCB4q07jGV4JAWWnbWyTlj0HniTkmWTFFs2V/1dshjHwLkkmldc50IGwlTKLiEYaYea4gY77Mu1AwNmA+6kYzfGNJDo7RpJ1SmAqRj9fdEwnytB75nOn2GPT3rjcT/vFqMnatGIoIoRgj4ZFEnlhRDOsqEtoUCjnJgCONKmFsp7zHFOJrkMiYEd/bleVI+zblnuYvb82z+ehpHmuyRA3JEXHJJ8qRAiqREOHkkz+SVvFlP1ov1bn1MWlPWdGaX/IH1+QNhZ5hw</latexit>

N
2
LO

<latexit sha1_base64="qrzmxp87mR4E4BcEP5dgBOFRgYk=">AAAB/HicbZDLSsNAFIYnXmu9Rbt0EyyCq5JURZdFNy5EK9gLtLFMppN26GQSZk7EEOKruHGhiFsfxJ1v47TNQlt/GPj4zzmcM78XcabAtr+NhcWl5ZXVwlpxfWNza9vc2W2qMJaENkjIQ9n2sKKcCdoABpy2I0lx4HHa8kYX43rrgUrFQnEHSUTdAA8E8xnBoK2eWeoCfYT0OruvTunqJuuZZbtiT2TNg5NDGeWq98yvbj8kcUAFEI6V6jh2BG6KJTDCaVbsxopGmIzwgHY0ChxQ5aaT4zPrQDt9yw+lfgKsift7IsWBUkng6c4Aw1DN1sbmf7VODP6ZmzIRxUAFmS7yY25BaI2TsPpMUgI80YCJZPpWiwyxxAR0XkUdgjP75XloVivOUeXk9rhcO8/jKKA9tI8OkYNOUQ1dojpqIIIS9Ixe0ZvxZLwY78bHtHXByGdK6I+Mzx8pj5Ub</latexit>

cross-sectionFuture 
application:

 

• IR singularities regulated by realising KLN locally 

• Thresholds regulated using local deformation 

• Local UV and renormalisation fully automated

It forces to unify different aspects of fixed-order computations

• Phase-space/Loop integrals 

• Initial State Singularities/Final State Singularities



Zeno Capatti, ETH Zürich Local Unitarity and Infrared Safety
 38

Selected reads

LTD/cLTD
Catani, Gleisberg, Krauss, Rodrigo, Winter  
arXiv: 0804.3170 (2008)

Bierenbaum, Catani, Draggiotis, Rodrigo 
arXiv: 1007.0194 (2010)

Runkel, Ször, Vesga, Weinzierl 
arXiv: 1902.02135 (2019)

ZC, Hirschi, Kermanshah, Ruijl 
arXiv: 1906.06138 (2019)

ZC, Hirschi, Kermanshah, Pelloni, Ruijl 
arXiv:  2009.05509  (2020)

Verdugo, Hernandez-Pinto, Rodrigo, Sborlini et al.  
arXiv: 2010.12971 (2020)

Subtraction of loop integrals

Local Unitarity

Contour Deformation

Soper,  
arXiv: 9804454 (1998)

ZC, Hirschi, Pelloni, Ruijl 
arXiv: 2010.01068 (2020)

Soper, 
Beowulf (pages.uoregon.edu/soper/beowulf/)

Gong, Nagy, Soper 
arXiv:0812.3686 (2009)
Becker, Reuschle, Weinzierl 
arXiv:1010.4187 (2010)

Buchta, Chachamis, Draggiotis, Rodrigo  
arXiv:1510.00187 (2017)
ZC, Hirschi, Kermanschah, Pelloni, Ruijl 
arXiv: 1510.00187 (2019)

Becker, Götz, Reuschle, Schwan, Weinzierl 
arXiv:1111.1733 (2011)

Anastasiou, Sterman 
arXiv:1812.03753 (2018)

Anastasiou, Haindl, et al. 
arXiv:2008.12293 (2020)

Yao Ma 
arXiv:1910.11304 (2019)

Becker, Reuschle, Weinzierl 
arXiv:1010.4187 (2010)

KLN for ISS
Kinoshita, “Mass singularities of Feynman amplitudes” 
(1962)

Lee, Nauenberg, “Degenerate systems and mass 
singularities” (1963)

Frye, Hannesdottir, Paul, Schwartz, Yan 
arXiv:1810.10022 (2019) 

Khalil, Abdullah, Horowitz, 
arXiv:1701.00763 (2017)

https://arxiv.org/abs/0804.3170
https://arxiv.org/abs/1007.0194
https://arxiv.org/abs/1902.02135
https://arxiv.org/abs/1906.06138
https://arxiv.org/abs/1906.06138
https://arxiv.org/abs/2010.12971
https://arxiv.org/abs/hep-ph/9804454
https://arxiv.org/abs/1906.06138
https://arxiv.org/abs/0812.3686
https://arxiv.org/abs/0812.3686
https://arxiv.org/abs/1510.00187
https://arxiv.org/abs/1510.00187
https://arxiv.org/abs/1111.1733
https://arxiv.org/abs/1812.03753
https://arxiv.org/abs/1812.03753
https://arxiv.org/abs/1910.11304
https://arxiv.org/abs/0812.3686

