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Summary / Overview:

The big picture



Motivation: Why pQCD at high density?

NSs probe densities beyond nuclear density, but below pQCD densities
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Motivation: Why pQCD at high density?

Want to use the fact that NS matter (EoS) goes to pQCD EoS at high
densities as asymptotic limit
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Motivation: Why pQCD at high density?

Want to use the fact that NS matter (EoS) goes to pQCD EoS at high
densities as asymptotic limit

* Can fill in to lower densities
by interpolation
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Motivation: Why pQCD at high density?

Want to use the fact that NS matter (EoS) goes to pQCD EoS at high
densities as asymptotic limit
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Motivation: What is pQCD (cold QM)?

Basic property of cold QM EoS is that it's approximately described by
a free electron gas

e \|D| ox U
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* QM has colored quarks/gluons as DOF

e At high density, as < 1, so quarks/gluons
quasiparticles, with quark Fermi sea*
*(DFD X IJ47 Ppairing X IJZAZ)
Alford+, Rev. Mod. Phys. 80, 1455 (2008)
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Motivation: What is pQCD (cold QM)?

Basic property of cold QM EoS Is that it's approximately described by
a free electron gas

* QM has colored quarks/gluons as DOF

) s —

e At high density, as < 1, so quarks/gluons . g I
quasiparticles, with quark Fermi sea* o
“(Prp T Ppairing X IJZAZ) gﬁo‘ﬁ__
Alford+, Rev. Mod. Phys. 80, 1455 (2008) 0.4 -

Free quarks

-~ Bag model, B=(150MeV)'| |

i ]
« Approximately conformal (no mass scales) - Lo |
0 | [/ 1 1 I 1 1
f— p = 36 0 1 2 . [:é;ev] 4 5 6
Fraga+ Astrophys. J. 781 (2014); see also
 However, the interaction corrections do matter Kurkela+ Phys. Rev. D 81(2010).

(20% effect!), and as(A) depends on a
renormalization mass scale (runs with energy of
interaction)
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Basic property of cold QM EoS Is that it's approximately described by

a free electron gas

* QM has colored quarks/gluons as DOF

e At high density, as < 1, so quarks/gluons
quasiparticles, with quark Fermi sea*
*(DFD X IJ47 Ppairing X IJZAZ)
Alford+, Rev. Mod. Phys. 80, 1455 (2008)

e Approximately conformal (no mass scales)
— p =3¢

 However, the interaction corrections do matter
(20% effect!), and as(A) depends on a
renormalization mass scale (runs with energy of
interaction)
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Fraga+ Astrophys. J. 781 (2014); see also
Kurkela+ Phys. Rev. D 81(2010).

So we want to calculate
these corrections
accurately!
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Motivation: what is Quark Matter? Physical properties

* QM has different physical properties than
hadronic matter:
Fortin+ Phys. Rev. C 94, (2016), Lattimer &

0
Prakash, Astrophys. J. 550 (2001), Gandolfi+ Phys. Rev. C 6 1| "
85 (2012) L= - |
Hadronic Quark Al
¢z increases <1/3
__dilnp - - o6 h
V — d ln c ~ 2.5 ~ 1 2 ‘ |
p/prp ~01-03 ~0.5-0.8 |
04 pQCD
0.2 -
ool—" /yy;;)o.s
04
o U'QIJ/PFD

Annala, TG, Kurkela, Nattila, Vuorinen Nat. Phys.
16 (2020)
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Motivation: what is Quark Matter? Physical properties

* QM has different physical properties than
hadronic matter:

Fortin+ Phys. Rev. C 94, (2016), Lattimer &
Prakash, Astrophys. J. 550 (2001), Gandolfi+ Phys. Rev. C

85 (2012)
Hadronic Quark
¢z increases <1/3
y = e ~2.5 ]

d
p/prp ~01—03 ~05-0.8

| Strategy:

ldentify where EoS changes physical
properties from hadronic - quark
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Motivation: what is Quark Matter? Physical properties

- o non-int. limit -
S

* Similar to looking for change in
behavior of lattice results at
high T.

» |dentify change in phase from
change in physical properties
of matter

stout HISQ
(e-3p)/T4 W W=
p/T4 W
s/4T4 B

T [MeV]

130 170 210 250 290 330 370

HotQCD Phys.Rev.D 90 (2014), Borsanyi+ Phys. Lett.
B 370 (2014)
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Motivation: What is pQCD (cold QM)?

Currently, have large renorm.-scale dependence

« (Can't use cold QM EoS below 45ng; factor 104
of 5-10 higher than is relevant in NSs

L1 1IN

* Hope that higher-order pQCD calculations
will allow us to fix renorm. scale by, e.g,,
Principle of minimum sensitivity
P.M. Stevenson. Nucl. Phys. B 231 (1984)
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Principle of minimum sensitivity = l*e 4 =" S/ 3

P.M. Stevenson. Nucl. Phys. B 231 (1984) % - =1 7
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Framework of high-density calculations

Framework for cold QM computations is relativistic thermal QFT.

« Systemmatic framework for calculating corrections in a series
expansion in a.* (important caveats to come!)

p=_Po +pils+paas + -
—~—

free quark gas
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Framework for cold QM computations is relativistic thermal QFT.

« Systemmatic framework for calculating corrections in a series
expansion in a.* (important caveats to come!)

p=_Po +pils+paas + -
—~—

free quark gas

* Language for this expansion is Feynman diagrams

gluon
NS
coupling
quark
N_~
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Framework of high-density calculations

Framework for cold QM computations is relativistic thermal QFT.

« Systemmatic framework for calculating corrections in a series
expansion in a.* (important caveats to come!)

p=_Po +pils+paas + -
—~—

free quark gas

* Language for this expansion is Feynman diagrams

gluon

TN (no external lines
coupling because this is the
quark vacuum with p>0)
N~
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IR problems...

Important caveat is that TQFT has IR (long-wavelength) differences
from what you would expect

eg.: N

A E(p) for gluon

“self-energy”

~

—E(P)? + P? + N(E(B), ) =0

‘describes quantum + statistical
> corrections to particle
propagation

“ E = p (massless)
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eg.: N

A E(p) for gluon

“self-energy”

~

—E(P)? + P? + N(E(B), ) =0

‘describes quantum + statistical
> corrections to particle
propagation

7" E = p (massless)

gluon has a thermal mass!
me = O(ag'*p, a5/’ T)
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IR problems...

Important caveat is that TQFT has IR (long-wavelength) differences
from what you would expect

eg.: N

A E(p) for gluon

“self-energy”

~

—E(P)? + P? + N(E(B), ) =0

‘describes quantum + statistical
> corrections to particle
propagation

“ E = p (massless)
e Mass screws up naive Feynman-
diagram expansions

gluon has a thermal mass!

o Loop expansion # coupling expansion
Mg = O(as/ u,ors/ T)
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...and their effects

This will modify the naive expectations:

pz[po +plas + pla? + pla?
—~—

J\_

free quark gas [4_ PSO@ + pgaﬁ
e

v _/
m ~3
free soft |_|_ p3 o
pressure

(screened)

TG+ Phys. Rev. D 104 (2021), Phys. Rev. Lett. 127 (2021);

< scale |P| Z u
+ scale |P| < mg

< mixed; both scales

see also TG+ Phys. Rev. Lett. 121 (2018); O(a.2): Freedman & McLerran Phys. Rev. D 16 (1977)
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Let’s dive in!



Defining equations of QCD as a theory

Defining equations (Minkowski space):

. 1
Loco = @i —m)y — ZFﬁvFaW
. . A B
= > B85 (V0 — mp) Hav"ASTE )W |- S Fa P,
7
with interactions

Fo, = OuAS — O,A — gfabCAgAg

T¢ = )\a/z generators of SU(3) in the fundamental representation.

010 ) 0 —i 0 . 1 0 0
ANM=1[1 0 0], A=[i 0o of, =0 =1 0o,
]c111:1,]c458:f678:£ 0 0 O 0 0 O 0 0 0

2 1 , 0 0 1 ; 0 0 —i
147 _ f165 _ £246 _ £257 _ £345 _ £376 A'=0 0 0], A=[0 0 0],
U7 = 190 = 0 = 25 = 30 - 0 = 3



Defining equations of QCD as a theory

Defining equations (Minkowski space):

= > B85 (V0 — mp) Hav"ASTE )W |- S Fa P,
-

wWith interactions

Fo, = OuAS — O,A — gfabCAgAg

T¢ = )\a/z generators of SU(3) in the fundamental representation.

Usually, the algebraic identities below are more important than the actual
matrices: (Tr=3,Ca=8,Cr= %)

[Ta, Tb} — I']cabcTc U(TaTb) _ TF(Sab, (TGTG)U — Cf(sijv ]cacd]cbcd _ CA(Sab,
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Defining equations of QCD as a theory

Defining equations (Minkowski space):

= > B85 (V0 — mp) Hav"ASTE )W |- S Fa P,
-

with interactions
Note that only u,d,s

F3, = 8,A3 — 8,A% | gfabeAlAC active in dense matter!

T¢ = )\a/z generators of SU(3) in the fundamental representation.

Usually, the algebraic identities below are more important than the actual
matrices: (Tr=3,Ca=8,Cr= %)

[Ta, Tb} — I']cabcTc U(TaTb) _ TF(Sab, (TGTG)U — Cf(sijv ]cacd]cbcd _ CA(Sab,
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Thermodynamics of relativistic QFTs: partition function

Want to evaluate partition function: conserved current

/
y __ thermodynamic

7 — tr [Q—BH} I [e—B(H—uN)} _ o0 4" grand potential

7

(T>0) (T>0,u>0)
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Want to evaluate partition function: conserved current

/
y __ thermodynamic

7 — tr [Q—BH} I [e—B(H—uN)} _ o0 4" grand potential

7

(T>0) (T>0,u>0)

. Note that e=#" quite similar to e~ Mt used in QM evolution.
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Thermodynamics of relativistic QFTs: partition function

Want to evaluate partition function: conserved current

/
y __ thermodynamic

7 — tr [Q—BH} I [e—B(H—uN)} _ o0 4" grand potential

7

(T>0) (T>0,u>0)

. Note that e=#" quite similar to e~ Mt used in QM evolution.

« Suggests it <> B = +; —(At)? + (AX)? (Minkowski) — (AT)? + (AX)? (Euclidean)

1.
T
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Thermodynamics of relativistic QFTs: partition function

Want to evaluate partition function: conserved current

/
y __ thermodynamic

7 — tr [Q—BH} I [e—B(H—uN)} _ o0 4" grand potential

7

(T>0) (T>0,u>0)

. Note that e=#" quite similar to e~ Mt used in QM evolution.

* Suggests it +» B = 7; —(At)? + (AX)? (Minkowski) — (AT)? + (AX)? (Euclidean)

 Like in normal QFT, simplest to construct a path-integral
representation of the partition function by dividing up the “time”
Interval into equal pieces:

o~ BH=UN) _ o=AT(A—pN) p—AT(A—pN) | p=AT(A—pN)

A\ J,

B
N

~"

N equal pieces
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Path integral for the partition function: Grassman variables

First need a quick summary of how to deal with fermionic (Grassman) variables.

@ is an anticommuting variable. We define it to behave the following way:
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Anticommuting: @ @, = -, (= @* =0)
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@ is an anticommuting variable. We define it to behave the following way:
Anticommuting:  w,@, = —w,p; (= w*=0)

Functions: defined by Taylor series
fly) = f(0) + wf’(0) truncates!
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@ is an anticommuting variable. We define it to behave the following way:
Anticommuting:  w,@, = —w,p; (= w*=0)

Functions: defined by Taylor series
fly) = f(0) + wf’(0) truncates!

Differentiation: —(¢) =0, — @ =1; linear

(Definite) Integration: /dgu =0, /dL/JL/J =1; linear
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Path integral for the partition function: Grassman variables

First need a quick summary of how to deal with fermionic (Grassman) variables.

@ is an anticommuting variable. We define it to behave the following way:
Anticommuting:  w,@, = —w,p; (= w*=0)

Functions: defined by Taylor series
fly) = f(0) + wf’(0) truncates!

Differentiation: —(¢) =0, — @ =1; linear
(Definite) Integration: /dgu =0, /dL/JL/J =1; linear

(Essentially, all operations defined algebraically)
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Path integral for the partition function: Coherent states

Follow Altland and Simons and use coherent states to evaluate [then bosons
(¢=+1) and fermions ({=-1) are very similar]:

) = e*%7"|0) so that
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Path integral for the partition function: Coherent states

Follow Altland and Simons and use coherent states to evaluate [then bosons
(¢=+1) and fermions ({=-1) are very similar]:

p) =e9'|0)  sothat  al¢) = [a,e%']|0) )
o0 qbn -
= ﬁ”((ﬂ) '10) bosons
p— >
— e |0)
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Path integral for the partition function: Coherent states

Follow Altland and Simons and use coherent states to evaluate [then bosons
(¢=+1) and fermions ({=-1) are very similar]:

p) =e9'|0)  sothat  al¢) = [a,e%']|0) )
o0 qbn -
= ﬁ”((ﬂ) '10) bosons
p— >
— e |0)

= [0y = n(1 - nahjo) =  fermions
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Path integral for the partition function: Coherent states

Follow Altland and Simons and use coherent states to evaluate [then bosons
(¢=+1) and fermions ({=-1) are very similar]:

) =e¥9'|0)  sothat  a|g) = @) (both cases)
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Path integral for the partition function: Coherent states

Follow Altland and Simons and use coherent states to evaluate [then bosons
(¢=+1) and fermions ({=-1) are very similar]:

) =e¥9'|0)  sothat  a|g) = @) (both cases)

Need the following relations:

Completeness: ld = /d((p*,(p)e_‘pT‘p|(p><cp\

Overlap:  (¢'|p) = exp (¢'Tp)

dptdy
: f —
Measure: d(e', p) = m(1+0)/2
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Path integral for the partition function: Derivation

First we want to write the trace in the partition function in terms of an integral
over these coherent states at the beginning and final “times”:

7 tr [Q—B(H—M _ ZWQ—B(H—M)‘ n)
n>0

_ / (6", p)e™"® Y (nlip) (ple™F+0|n)

n>0
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Path integral for the partition function: Derivation

First we want to write the trace in the partition function in terms of an integral
over these coherent states at the beginning and final “times”:

7 tr [Q—B(H—M _ Zw@—/s(f%—um‘ n)
n>0 ’r L bosonic operator
/d (0", p)e “"PZ nltp wle BUH=HR) | )
n>0
| A
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Path integral for the partition function: Derivation

First we want to write the trace in the partition function in terms of an integral
over these coherent states at the beginning and final “times”:

7 tr [Q—B(H—M _ Zw@—/s(f%—um‘ n)
n>0 ’r L bosonic operator
/d (0", p)e “"PZ nltp wle BUH=HR) | )
n>0
| A

move to end; exchanges Grassman variables!
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Path integral for the partition function: Derivation

First we want to write the trace in the partition function in terms of an integral
over these coherent states at the beginning and final “times”:

7 tr [Q—B(H—M _ Zw@—/s(f%—um‘ n)
n>0 ’r L bosonic operator
/d (0", p)e “"PZ nltp wle BUH=HR) | )
n>0
| A

move to end; exchanges Grassman variables!

/d (0, 0)e=0"® 3" ple= P-4 0y (n] o)

n>0

- / d(pt, 0)e?"® (e PH—H0 |y
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Path integral for the partition function: Derivation

First we want to write the trace in the partition function in terms of an integral
over these coherent states at the beginning and final “times”:

7 tr [Q—B(H—M _ ZWQ—B(H—M)‘ n)
n>0 ’r L bosonic operator
/d (0", p)e “"pz nltp wle BUH=HR) | )
n>O
| A

move to end; exchanges Grassman variables!

/d (0, 0)e=0"® 3" ple= P-4 0y (n] o)

n>0

- / d(pt, 0)e?"® (e PH—H0 |y

Bosons return to same state; fermions to negative the state!
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Path integral for the partition function: Derivation

Now break up into little pieces, inserting identities along the way (following Laine
and Vuorinen)

7= / d(p', p)e?"® (L p|ePF—H0 )
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Path integral for the partition function: Derivation

Now break up into little pieces, inserting identities along the way (following Laine
and Vuorinen)

Z= / d(p', p)e?"® (L p|ePF—H0 )

- /d((er, (p)e_(pT(p<Z|I(P|€_ATN(’:I_“N)e_ATN—T(’:’—HN) - e—AT1(’:’—UN)|w>
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Path integral for the partition function: Derivation

Now break up into little pieces, inserting identities along the way (following Laine
and Vuorinen)

Z= / d(p', p)e?"® (L p|ePF—H0 )

- /d((er, (p)e_(pT(p<Z|I(P|€_ATN(’:I_“N)e_ATN—T(’:’—HN) - e—AT1(’:’—UN)|w>

_ _of A uf B e o
=/d(cp*,cp)d(ch,cpN)e ?10e=NPn (|~ = g, ) (ipy [e= A= (F=bN) . g=Ami(H=uM) )
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Path integral for the partition function: Derivation

Now break up into little pieces, inserting identities along the way (following Laine
and Vuorinen)

zzifd«w;ww—W@¢umgﬁm—Www>

- /d((er, (p)e_(pT(p<Z|I(P|€_ATN(’:I_“N)e_ATN—T(’:’—HN) - e—AT1(’:’—UN)|w>

_ ot _ S B _
:/ﬂw%mwww%wwwe%%&wemw”wm>w|e“wH“m-eAWHWmm

Now deal with each term:

a0l ((p;|e=OT(HIEY a1 —pAEta) .y =00 (Qi|w;_,) o—DT(Hlp! i) —uN[e] 0;_1])
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Path integral for the partition function: Derivation

Now break up into little pieces, inserting identities along the way (following Laine
and Vuorinen)

zzifd«w;ww—W@¢umgﬁm—Www>

- /d((er, (p)e_(pT(p<Z|I(P|€_ATN(’:I_“N)e_ATN—T(’:’—HN) - e—AT1(’:’—UN)|w>

_ ot _ S B _
:/ﬂw%mwww%wwwe%%&wemw”wm>w|e“wH“m-eAWHWmm

Now deal with each term:
a0l ((p;|e=OT(HIEY a1 —pAEta) .y =00 (Qi|w;_,) o—DT(Hlp! i) —uN[e] 0;_1])

= exp {—(P,T(Pf -+ (P,T(PM - AT(H[(P,T, ©i_4] — IJN[(P,-T, @/_1])}

— exp {—AT [cp* <’A—T’1) + Ho!, ©;_4] — uN[e], (pi—1]] }
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Path integral for the partition function: Derivation

Taking the limit of a large N, gives:

7= / d(pT, p)e?"? (ipleBH-1 | p)

B
- pcpm)pcpw)exp{— [ o [wwd(ggﬂ+HW<T>,¢<T>]—umww,m]}

o (B)==%¢"(0)
P(B)==(0)
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Path integral for the partition function: Derivation

Taking the limit of a large N, gives:

7= / d(pT, p)e?"? (ipleBH-1 | p)

B
- pcpm)pcpw)exp{— [ o [wwd(ggﬂ+HW<T>,¢<T>]—umww,m]}

o (B)==%¢"(0)
P(B)==(0)

For usual Hamiltonians, Legendre transformation gives Euclidean Lagrangian
(now go back to fields as well):

7= / DLpTDcpexp{—/OBdT/d3x[£E—u/\/']}

QDT (B;()::IZLPT (O’)_()
(p(B,)'()::I:(p(O,)?)
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Path integral: Summary

7 = / DcpTD(pexp{—/OBdT/d3X[£E—IJN]}

QDT (B?X’)::t(p-i- (07)?)

Compact “time” integral

Bosons periodic in imaginary time (energies w, = 2rnT)

Fermions anti-periodic in imaginary time [energies w, = 2m(n + 3)T]

Path integral with Euclidean Lagrangian (t — —IT)

. ) : 1
Lo = E W}(éij(YEau +my) — 'QYEA,GJT;C}) W}‘F ZFf{vFa“V,
f
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High density

7 = / D(p*D(pexp{/OBdT/d3x[£EuJ\/]}

(pT (B’)_{):i(pT (Oa)_()
@(B,X)=%¢(0,%)

e As T-0, “time” interval becomes infinite again (periodic/antiperiodic
doesn’t matter)
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High density

7 = / D(p*D(pexp{/OBdT/d3x[£EuJ\/]}

(pT (B’)_{):i(pT (Oa)_()
@(B,X)=%¢(0,%)

e As T-0, “time” interval becomes infinite again (periodic/antiperiodic
doesn’t matter)

* Chemical potential is like imaginary A° field in Euclidean Lagrangian

Le > (Pd,w) — (@yew)igh®  «—  (Pdw) — (@yew)u

Oy — igAO +—— Oy — U
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High density

7 = / D(p*D(pexp{/OBdT/d3x[£EuJ\/]}

(pT (B’)_{):i(pT (Oa)_()
@(B,X)=%¢(0,%)

e As T-0, “time” interval becomes infinite again (periodic/antiperiodic
doesn’t matter)

* Chemical potential is like imaginary A° field in Euclidean Lagrangian

Le > (Pd,w) — (@yew)igh®  «—  (Pdw) — (@yew)u

Oy — igAO +—— Oy — U

Wy — Wy — U = i(wy + 1K) imaginary shift to the frequency!
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Perturbation theory



Interacting fields / perturbation theory

Write the action as a free part plus an interacting part, S[®] = Sol®] + Si[¥]
assume interaction is small:
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Interacting fields / perturbation theory

Write the action as a free part plus an interacting part, S[®] = Sol®] + Si[¥]
assume interaction is small:

o0 _ /Dweso[w]sl[w] ~ /D(pesom (1= S+ 152 +--.)
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Interacting fields / perturbation theory

Write the action as a free part plus an interacting part, S[®] = Sol®] + Si[¥]
assume interaction is small:

o0 _ /Dweso[w]sl[w] ~ /D(pesom (1= S+ 152 +--.)

— Q=-lnZ=—1n [/D(pe_sf)m (1-S+1st+-.-)
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Interacting fields / perturbation theory

Write the action as a free part plus an interacting part, S[®] = Sol®] + Si[¥]
assume interaction is small:

o0 _ /Dweso[w]sl[w] ~ /D(pesom (1= S+ 152 +--.)

— Q=-lnZ=—1n [/D(pe_sf)m (1-S+1st+-.-)

=Qo—In[{(1=5+35+--),] < <O>O:fDqJOe—50[‘P]
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Interacting fields / perturbation theory

Write the action as a free part plus an interacting part, S[®] = Sol®] + Si[¥]
assume interaction is small:

o0 _ /Dweso[w]sl[w] ~ /D(pesom (1= S+ 152 +--.)

— Q=-lnZ=—1n [/D(pe_sf)m (1-S+1st+-.-)

=Qo—In[{(1=5+35+--),] < <O>O:fDqJOe—50[‘P]

= 0o+ (Si)o — 5 [(SPho — (S1)5] + -+

\ . 7
~~

connected
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Interacting fields / perturbation theory

Write the action as a free part plus an interacting part, S[®] = Sol®] + Si[¥]
assume interaction is small:

o0 _ /Dweso[w]sl[w] ~ /D(pesom (1= S+ 152 +--.)

— Q=-lnZ=—1n [/D(pe_sf)[‘p] (1-S+1st+-.-)

=Qo—In[{(1=5+35+--),] < <O>O:fDqJOe—50[‘P]

fD(pe—So[(P]
= Qo+ (Si)o — 3 [(S7)o — (Si)5) + -
connected
Q=00+ (S =355+ g connected corrections!
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Interacting fields: Wick’s theorem

Q: How do we compute these connected corrections?

A: Introduce a source and differentiate:

Write  Sol] = [, , 30:xAxy Py,
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Interacting fields: Wick’s theorem

Q: How do we compute these connected corrections?

A: Introduce a source and differentiate:

complete square and
Write  So[p] = fX’y S0 Ay Py, shift @ by constant

7 T
Define  Z[J] = / Dpexp [ [, (~10.A00, + )] = exp [ [, UAcl)] 200
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Interacting fields: Wick’s theorem

Q: How do we compute these connected corrections?

A: Introduce a source and differentiate:

complete square and

Write  So[p] = fX’y S0 Ay Py, shift @ by constant
7 T
Define  Z[J] = / Dpexp [ [, (~10.A00, + )] = exp [ [, UAcl)] 200
1 6 6 5
Then (P, Oy)oc = 7101 56, MZ[J] y
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Interacting fields: Wick’s theorem

Q: How do we compute these connected corrections?

A: Introduce a source and differentiate:

complete square and

Write  So[p] = fX’y S0 Ay Py, shift @ by constant
7 T
Define  Z[J] = / Dpexp [ [, (~10.A00, + )] = exp [ [, UAcl)] 200
1 6 6 5
Then (P, Oy)oc = 7101 56, MZ[J] y

6 6 6 1 —1 1 / 1 —1 / 1 1 )
- 3JaA 3 >JaA 1A
6]1 6]2 5/N (1 + /a,b 210 a,bjb + 2 ab 2ja a,bjb e 2/(: C,d]d +

J=0
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Interacting fields: Wick’s theorem

Q: How do we compute these connected corrections?

A: Introduce a source and differentiate:

complete square and
Write  So[p] = fX’y S0 Ay Py, shift @ by constant

7 T

Define  Z[J] = / Dpexp [ [, (~10.A00, + )] = exp [ [, UAcl)] 200

166 &6
Then (@0, Pudoc = 75 515 gy 2V)

J=0

6 6 6 1 —1 1 / 1 —1 / 1 1
; 1 YA 1JcA
6]1 6]2 5],\, (1 + /a,b QJC’Aa,bjb + 2 ab zja a,bjb e 2/(: de]d +

_ e e e
= Z ALAT ArA

all combinations, ¢

J=0
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Interacting fields: Wick’s theorem

Q: How do we compute these connected corrections?

A: Introduce a source and differentiate:

complete square and
Write  So[p] = fX’y S0 Ay Py, shift @ by constant
7 T

Define  Z[J] = / Dpexp [ [, (~10.A00, + )] = exp [ [, UAcl)] 200

166 &6
Then (@0, Pudoc = 75 515 gy 2V)

J=0

6 6 6 1 —1 1 / 1 —1 / 1 1
; 1 YA 1JcA
6]1 6]2 5],\, (1 + /a,b QJC'Aa,bjb + 2 ab zja a,bjb e 2/(: de]d +

_ e e e
= Z ALAT ArA

all combinations, ¢

(@10 Odoc= D, {@10)0{@00)0 - (0r0)0 (01O

all combinations, ¢

J=0
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Feynman diagrams, propagator, self-energy

An example, from ¢* theory:

(Sihoc = 2 (6PP)oc
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Feynman diagrams, propagator, self-energy

An example, from ¢* theory:

(Si)o,c = 41 (dDDD)o,c = 2} (D)o (D)o
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Feynman diagrams, propagator, self-energy

An example, from ¢* theory:

(Shoc = A (dddd)o.c= 2(ddho(dd)o = 2(O)
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Feynman diagrams, propagator, self-energy

An example, from ¢* theory:

(B,
(Shoc = A (dddd)o.c= 2(ddho(dd)o = 2(O)

L

These are Feynman Diagrams. This fundamental correlation is called the
propagator
1

_ _P-(X—Y
<¢x¢y>o—/Pe ( )m
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Feynman diagrams, propagator, self-energy

An example, from ¢* theory:

(B,
(Shoc = A (dddd)o.c= 2(ddho(dd)o = 2(O)

L

These are Feynman Diagrams. This fundamental correlation is called the
propagator
1

_ _P-(X—Y
<¢x¢y>o—/Pe ( )m

The self-energy are corrections to the propagator: [expanding (P* 4+ M)™]
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Feynman diagrams, propagator, self-energy

An example, from ¢* theory:

(B,
(Shoc = A (dddd)o.c= 2(ddho(dd)o = 2(O)

L

These are Feynman Diagrams. This fundamental correlation is called the
propagator
1

_ _P-(X—Y
<¢x¢y>o—/Pe ( )m

The self-energy are corrections to the propagator: [expanding (P* 4+ M)™]

O+ 0 -

o elation (@ = (d@)o — (9PN (dd)e  +— (B9 = (b)y" +
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Self-energy evaluation

The self energy has a nontrivial IR limit; let's calculate it in QCD:

Rearranging prev. expression for the one-loop gluon self energy at high density:

() — (dP)o = (PP(e™ = N)o,c = —(Pb)oM(dP)c
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Self-energy evaluation

The self energy has a nontrivial IR limit; let's calculate it in QCD:

Rearranging prev. expression for the one-loop gluon self energy at high density:

(AA)oM(P){AA)o = (A(SI — 357)A)o,c
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Self-energy evaluation

The self energy has a nontrivial IR limit; let's calculate it in QCD:

Rearranging prev. expression for the one-loop gluon self energy at high density:

(AAYOTI(P)(AAYo = (A(S) — 1SD)AYc = (A(—357)A)oc fgglejjlfermion
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Self-energy evaluation

The self energy has a nontrivial IR limit; let's calculate it in QCD:

Rearranging prev. expression for the one-loop gluon self energy at high density:

(AAYOM(P){AAYs = (A(S) — 1SH)AYoc = (A(—21S)A)0.c fneejlfermion
oop
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Self-energy evaluation

The self energy has a nontrivial IR limit; let's calculate it in QCD:

Rearranging prev. expression for the one-loop gluon self energy at high density:

(AAYOTI(P)(AAYo = (A(S) — 1SD)AYc = (A(—357)A)oc fgglejjlfermion

= — C M (TTO) (A(DAY) (PAWY)AYo o
= (M) |G T8 (DY) (@Y W))o | (AA)o
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Self-energy evaluation

The self energy has a nontrivial IR limit; let's calculate it in QCD:

Rearranging prev. expression for the one-loop gluon self energy at high density:

(AAYOTI(P)(AAYo = (A(S) — 1SD)AYc = (A(—357)A)oc fgglejjlfermion

= — C M (TTO) (A(DAY) (PAWY)AYo o
= (M) |G T8 (DY) (@Y W))o | (AA)o

= N(P) =g TS (B W) (DY)
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Self-energy evaluation

The self energy has a nontrivial IR limit; let's calculate it in QCD:

Rearranging prev. expression for the one-loop gluon self energy at high density:

(AAYOTI(P)(AAYo = (A(S) — 1SD)AYc = (A(—357)A)oc fgglejjlfermion

= — C M (TTO) (A(DAY) (PAWY)AYo o
= (M) |G T8 (DY) (@Y W))o | (AA)o

i , (only coqnected
= N(P) =g TS (V' W)(@Y'W))o, =g T t[(WP)oy"(wPoy’]  contraction; reordered

W@M the fermions)
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Self-energy evaluation

The self energy has a nontrivial IR limit; let's calculate it in QCD:

Rearranging prev. expression for the one-loop gluon self energy at high density:

(AAYOTI(P)(AAYo = (A(S) — 1SD)AYc = (A(—357)A)oc fgglejjlfermion

= — C M (TTO) (A(DAY) (PAWY)AYo o
= (M) |G T8 (DY) (@Y W))o | (AA)o

i , (only coqnected
= N(P) =g TS (V' W)(@Y'W))o, =g T t[(WP)oy"(wPoy’]  contraction; reordered

W@M the fermions)

N(P) = —g*T;6® /Otr{ [g] A [%] yv} - ngféab/Q ”{%\2/:;?:0?2)\/@

(Remember Q°->Q°+iu)
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Self-energy evaluation; Hard Thermal/Dense Loop limit

tr {@Qv* (P + Q)y"}

RICENeIE (Remember Q°->Q%+i)

N(P) = g°T:6° /
Q
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Self-energy evaluation; Hard Thermal/Dense Loop limit

tr {@Qv* (P + Q)y"}

RICENeIE (Remember Q°->Q%+i)

N(P) = g°T:6° /
Q

When P«Q, then we are looking at the UV of this integral
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Self-energy evaluation; Hard Thermal/Dense Loop limit

T -

When P«Q, then we are looking at the UV of this integral

U{QV“P+@V} QaQ UV dominated
|_|P:2Tab/ /d 3 _ /d ominate

T. Gorda (TU Darmstadt) | pQCD at high densities, IGFAE (Online) | 2021-11-17 27 /33



Self-energy evaluation; Hard Thermal/Dense Loop limit

T -

When P«Q, then we are looking at the UV of this integral

tr {@Qy* (P + Q)v"} Q Q H dominated
|—| :D _ 2T60b/ / d 3 2/ d UV Omlﬂate
(P) =0Ty T @ty Q52 =9 QQ

Doing residues cuts of the integral at p:

N(P) ~ g?u? for small P
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Self-energy evaluation; Hard Thermal/Dense Loop limit

T -

When P«Q, then we are looking at the UV of this integral

 grcan [ U{QV(P+ QYY) / 5 Q / UV dominated
N(P) = g°T;6 /Q T rar 400’ QZ - ¢ [ daa

Doing residues cuts of the integral at u: E(p) for gluon
A

N(P) ~ g?u? for small P

/" E = p (massless)

gluon has a thermal mass!

—

> ||
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Self-energy evaluation; Hard Thermal/Dense Loop limit

T -

When P«Q, then we are looking at the UV of this integral

tr {@v* (P + Q)v"} Q Q H dominated
MN(pP) = 2T60b/ / d 3 2/ d UV dominate
(P) =0Ty T @ty Q52 =9 QQ

Doing residues cuts of the integral at u: E(p) for gluon
A

N(P) ~ g?u? for small P

/" E = p (massless)

gluon has a thermal mass!

“Hard thermal/dense loops” > |7

Braaten & Pisarski, Phys. Rev. D 42 (1990), 46 (1992); in cold QM context: Manuel, Phys. Rev. D 53 (1996)
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Self-energy evaluation; Hard Thermal/Dense Loop limit

Nontrivial dependence on P°/|p| in the HTL result (so more than just a thermal
mass):

0
Nt (P) = mg / (6”05Vo - F')—Vvu\/V>

%

= Z irl;f, W = (—i,V), Ve S* (unitvectorinR?), /normalized to 1
;

v
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Nontrivial dependence on P°/|p| in the HTL result (so more than just a thermal
mass):

0
Nt (P) = mg / (6”05Vo - F')—Vvu\/V>

%

v

= Z 2n2f’ W = (—i,V), Ve S* (unitvectorinR?), /normalized to 1
;

. .
Nontrivial functional dependence: —i In (?PO i “2')
pl — \IP? —|p]
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Self-energy evaluation; Hard Thermal/Dense Loop limit

Nontrivial dependence on P°/|p| in the HTL result (so more than just a thermal
mass):

0
Nt (P) = mg / (6”05Vo - '—vu\/V>
0 P.V

. IJ . . A A 2 . . 3 .
me = Z o W= (—i,V), Ve S (unitvectorinR?), /Qnormahzed to 1
f

. .
Nontrivial functional dependence: —i In (?PO i “2')
pl — \IP? —|p]

Similar HTL contributions for N-point gluon functions:
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Corrections to the EoS from different kinematic regions

Current state-of-the-art: contributions from different kinematic regions

pz[po +plas +pla? + pla?
—~—

AN

free quark gas [4— pgo(g + pgo{g
S~ J

m ~3 )
free soft |_|_ p3 o
pressure

(screened)

TG+ Phys. Rev. D 104 (2021), Phys. Rev. Lett. 127 (2021);

< scale |P| Z u
< scale |P| < mg

< mixed; both scales

see also TG+ Phys. Rev. Lett. 121 (2018); O(a.2): Freedman & McLerran Phys. Rev. D 16 (1977)
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Corrections to the EoS from different kinematic regions

Current state-of-the-art: have now computed N3LO contributions from HTL

effective theory
TG, Kurkela, Paatelainen, Sappi, Vuorinen, Phys. Rev. Lett. 127 (2021), Phys. Rev. D 104 (2021)

/ (HTL) \
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Corrections to the EoS from different kinematic regions

Current state-of-the-art: have now computed N3LO contributions from HTL

effective theory
TG, Kurkela, Paatelainen, Sappi, Vuorinen, Phys. Rev. Lett. 127 (2021), Phys. Rev. D 104 (2021)

10|‘||||‘ T T T T[T T T T[T
I i , \ ]
0.8l N“LO + soft N°LO
o Q6j
S
= 0.4f ; N2LO
]
/IXZZ ,'A/
0.2+ H i
I ,'XZl
’ 4
L 1 I i
0.0 L NI A AR AT A AN
0 5 10 50 100 500
up [GeV] ng [1g]

Decreases renormalization-scale sensitivity

T. Gorda (TU Darmstadt) | pQCD at high densities, IGFAE (Online) | 2021-11-17

31/33



Concluding remarks

* TQFT at high density is systematically improvable framework for
calculating corrections to thermodynamic properties

* Rich EFT structure, involving multiple scales

e Current state-of-the-art for cold QM calculations are N3LO, and are
ongoing, using approach of kinematic regions

e Cold QM EoS restricts NS-matter EoS at lower densities
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References to books:

Two books | referenced, and one | recommend for general QFT:

« A.Altland, B. Simons. Condensed matter field theory.
Cambridge, Univ. Press (2006).

* M. Laine, A. Vuorinen. Basics of thermal field theory. Lect.
Notes Phys. 925 (2016).

e M. Schwartz. Quantum field theory and the standard model.
Cambridge, Univ. Press (2013).
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