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Polarized PDFs: chiral-even sector

• on the light-cone z2 = 0

• twist-2 PDF

〈p, s| q̄(z)/zγ5[z,0]q(0) |p, s〉 = 2M(s · z)

∫ 1

−1
dx eixζ∆q(x) ≡ 2M(s · z)∆̂q(ζ) ,

• twist-3 two-particle PDF

〈p, s| q̄(z)γµ
T
γ5[z,0]q(0) |p, s〉 = 2Msµ

T

∫ 1

−1
dx eixζgT (x) ≡ 2sµ

T
MĝT (ζ) ,

• twist-3 three-particle PDF

〈p, s|
[
−ig gµρ

T
q̄(az)/z(Fρz(bz)γ5 − iF̃ρz(bz))q(cz)

]
|p, s〉 = −4sµ

T
ζ2M Ŝ(aζ, bζ, cζ)

with ζ = p · z.
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Twist decomposition gT (x) = gtw2
T (x) + gtw3

T (x)

• Exact relations to all orders based on OPE [I. Balitsky and V. Braun, (1991)]

ĝtw2
T (ζ) =

∫ 1

0
dα ∆̂q(αζ) , Wandzura-Wilczek relation

gtw2
T (x) = θ(x)

∫ 1

x

dy

y
∆q(y) − θ(−x)

∫ x

−1

dy

y
∆q(y)

ĝtw3
T (ζ) = 2ζ2

∫ 1

0
dα

∫ 1

α

dβ β̄ Ŝ(ζ, βζ, αζ) ,

gtw3
T (x) = 2

∫
[dx]

∫ 1

0
dα

(
δ(x+ αx1)

x1x3
+

δ(x + x1 + αx2)

x2x3
+

δ(x + x1)

x1x2

)
S(x1, x2, x3)

∫
[dx] =

∫ 1

−1

3∏

i=1

dxi δ(x1 + x2 + x3)
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Ioffe-time distributions

[V. Braun, P. Gornicki and L. Mankiewicz, (1994)]

• off-light-cone separation z2 6= 0

〈p, s| q̄(z)/zγ5[z, 0]q(0) |p, s〉 = 2M(s · z)Ĝ1(ζ, z
2) ,

〈p, s| q̄(z)γµ
T
γ5[z, 0]q(0) |p, s〉 = 2Msµ

T
ĜT (ζ, z2)

tree-level Ĝ1(ζ) = ∆̂q(ζ) +O(z2) ĜT (ζ) = ĝT (ζ) +O(z2)

• OPE =⇒ Factorization Theorem

G1(ζ, z
2) =

∫ 1

0
dαC1(α, µ

2
F z2)∆̂q(αζ, µF ) +O(z2)

GT (ζ, z2) =

∫ 1

0
dαC2(α, µ

2
F z2)∆̂q(αζ, µF )

+ 2ζ2
∫ 1

0
dα

∫ 1

0
dβ C3(α, β, µ

2
F z2)Ŝ(ζ, βζ, αζ, µF ) +O(z2)
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Twist decomposition for ITDs

Alternative representation

GT (ζ, z2) =

∫ 1

0
dαCT (α, µ2

F z2) ĝtw2
T (αζ, µF ) +

∫ 1

0
dαC2pt(α, µ

2
F z2) ĝtw3

T (αζ, µF )

+ 2ζ2
∫ 1

0
dα

∫ 1

0
dβC3pt(α, β, µ

2
F z2)Ŝ(ζ, βζ, αζ, µF )

• Ŝ is indispensable!

• separation between C2pt and C3pt is ambiguous gtw3
T

↔ Ŝ
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One-loop matching

• Background field technique [L. Abbott (1981); I, Balitsky, V. Braun (1989)] in axial and Feynman gauge

• Evolution known, used for renormalization [V. Braun, A. Manashov, J. Rohrwild, (2009); YJ, A. Belitsky, (2014)]
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One-loop results in position space: twist-2 part

G1(ζ, z
2, µ) = ∆̂q(ζ, µ) + as

∫ 1

0
dαC

(1)
1 (α,Lz , µ)∆̂q(αζ, µ) ,

C
(1)
1 (α,Lz) = 2CF

[(
−Lz

1 + α2

1− α
+

3− 8α+ 3α2 − 4 ln ᾱ

1− α

)

+

+ δ(ᾱ)

(
3

2
Lz +

7

2

)]

Gtw2
T (ζ, z2, µ) = ĝtw2

T (ζ, µ) + as

∫ 1

0
dαC

(1)
T

(α,Lz , µ) ĝ
tw2
T (αζ, µ) ,

C
(1)
T

(α,Lz ;µ) = 2CF

[(
−Lz

1 + α2

1− α
+

1− 4α+ α2 − 4 ln ᾱ

1− α

)

+

+ δ(ᾱ)

(
3

2
Lz +

5

2

)]
,

Lz = ln

(
−µ2z2

4e−2γE

)

• C
(1)
1 6= C

(1)
T

=⇒ WW relation Gtw2
T =

∫ 1

0
dα G1 is violated:

additional information (C
(1)
T

) required for Gtw2
T

even if G1 is known
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One-loop results in position space: twist-3 part

Gtw3
T = ĝtw3

T (ζ, µ) + as

∫ 1

0
dαC

(1)
T

(α,Lz , µ) ĝ
tw3
T (αζ, µ)

+ 2asNcζ
2

∫ 1

0
dα

∫ 1

α

dβ
[
β̄
(
ᾱLz + 2 + α

)
+ 2 lnβ

]
Ŝ(ζ, βζ, αζ) +O(1/Nc)

or equivalently

Gtw3
T = ĝtw3

T (ζ, µ) + as

∫ 1

0
dα

[
C

(1)
T

(α,Lz , µ) +Nc (Lz (δ(ᾱ)− α) + α+ 2δ(ᾱ))
]
ĝtw3
T (αζ, µ)

+ 4asNcζ
2

∫ 1

0
dα

∫ 1

α

dβ lnβ Ŝ(ζ, βζ, αζ) +O(1/Nc)

• O(1/Nc) given in 2103.12105
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qPDFs at NLO

• Fourier transform position-space result (ITD) 7→ quasi-PDF [X. Ji, (2013)]

g1(x, pv) = pv

∫
dz

2π
e−ixzpvG1(zpv, z

2)

gT (x, pv) = pv

∫
dz

2π
e−ixzpvGT (zpv, z

2)

pv = v · p

• Factorization theorem: support |x| ∈ R [T. Izubuchi, X. Ji, L. Jin, I. W. Stewart and Y. Zhao, (2018)]

g1(x, pv) = ∆q(x) + as

∫ 1

−1

dy

|y|
C
(1)
1

(x

y
,Lp

)
∆q(y) ,

gT (x, pv) = gT (x) + as

∫ 1

−1

dy

|y|

(
C
(1)
T

(x

y
,Lp

)
gtw2T (y) + C

(1)
2pt

(x

y
,Lp

)
gtw3T (y)

)

+ 2asC
(1)
3pt ⊗ S,

Lp ≡ ln

(

µ2

4y2p2v

)

• explicit one-loop matching coefficient functions C
(1)
i given in 2103.12105

first explored in [S. Bhattacharya, K. Cichy, M. Constantinou, A. Metz, A. Scapellato and F. Steffens (2020),(2020)]
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pPDFs at NLO

• Fourier transform position-space result (ITD) 7→ pseudo-PDF [ A. Radyushkin (2017)]

g1(x, z
2) =

∫
dζ

2π
e−ixζG1(ζ, z

2)

gT (x, z2) =

∫
dζ

2π
e−ixζGT (ζ, z2)

pv = v · p

• Factorization theorem: support |x| < 1 [ A. Radyushkin (2017)]

g1(x, z
2) = ∆q(x) + as

∫ 1

|x|

dα

α
C
(1)
1 (α,Lz)∆q

(x

α

)
,

gT (x, z2) = gT (x) + as

∫ 1

|x|

dα

α

(
CT (α,Lz)g

tw2
T

( x

α

)
+ C

(1)
2pt(α, Lz)g

tw3
T

( x

α

))

+ 2asC
(1)
3pt ⊗ S,

Lp ≡ ln

(

µ2

4y2p2v

)

• explicit one-loop matching coefficient functions C
(1)
i given in 2103.12105
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Breaking of WW relation at NLO

• “How much” WW-relation is violated?

Gtw2
T (ζ, z2)−

∫ 1

0
dαG1(αζ, α

2z2) =

= 8asCF

∫ 1

0
dα

(
Li2(ᾱ) + ln ᾱ lnα−

ln2 α

4

)
∆̂q (αζ) +O(a2s) .

• Local expansion: how much twist-2 contamination from WW subtraction?

GT (ζ, z2)−

∫ 1

0
dα G1(αζ, α

2z2) = 4asCF a0 + iζ
5

2
asCF a1

+
ζ2

3

{
d̃2 −

20

9
CF asa2 + asd̃2

[
Lz

(
13

3
Nc −

4

3Nc

)
− 8CF

]}
+O(ζ3, z2) ,

an =

∫ 1

−1
dx xn∆q(x) , d̃2 =

∫ 1

0
dx x2[3gT (x) −∆q(x)] =

∫
[dx]S−(x1, x2, x3) .

• genuine twist-2
20

9
CF asa2 ∼ 3.6 · 10−3 vs. genuine twist-3 |d̃2| ∼ (1 − 5) · 10−3: noisy...
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chiral-odd PDFs

• Chiral-odd PDFs:

gµν
T

〈p, s|q̄(z)iσνzγ
5q(0)|p, s〉 = 2sµ

T
ζ

∫ 1

−1
dx eixζδq(x) ≡ 2sµ

T
ζ δ̂q(ζ) ,

〈p, s|q̄(z)iσpzγ5q(0)|p, s〉 = −2Mλzζ

∫ 1

−1
dx eixζhL(x) ≡ −2MλzζĥL(ζ) ,

〈p, s|q̄(z)q(0)|p, s〉 = 2M

∫ 1

−1
dx eixζe(x) ≡ 2Mê(ζ) .

λz = M(s · z)/(p · z)

• Decomposition

ĥL(ζ) = ĥtw2
L (ζ) + ĥtw3

L (ζ) = 2

∫ 1

0
dαα δ̂q(αζ) + ζ2

∫ 1

0
dα

∫ α

0
dβ α (2β − α)Ĥ(αζ, βζ, 0)

ê(ζ) = Σq + ênl(ζ) = Σq + ζ2
∫ 1

0
dα

∫ α

0
dβ Ê(αζ, βζ, 0) , Σq : nucleon σ-term

〈p, s|q̄(az) σµzγ5 gFµz(bz)q(cz)|p, s〉 = 4λzζ
2M Ĥ(aζ, bζ, cζ)

〈p, s|q̄(az) σµz gFµz(bz)q(cz)|p, s〉 = 4ζ2M Ê(aζ, bζ, cζ)
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Chiral-odd ITDs

• Definitions:

〈p, s|q̄(z)iσµzγ5q(0)|p, s〉 = 2sµ
T
(p · z)H1(p · z, z2) − 2λz

(
zµ −

z2

(p · z)
pµ

)
MHL(p · z, z2),

〈p, s|q̄(z)q(0)|p, s〉 = 2ME(p · z, z2)

• Decomposition (to O(z2))

HL(ζ, z
2) = Htw2

L (ζ, z2) +Htw3
L (ζ, z2) ,

E(ζ, z2) = CΣΣq + Enl(ζ, z
2)

• One-loop matching

Htw2
L (ζ, z2) = ĥtw2

L (ζ;µ) + as

∫ 1

0
dαC

(1)
L,tw2(α,Lz) ĥ

tw2
L (αζ;µ) ,

Htw3
L (ζ, z2) = ĥtw3

L (ζ;µ) + as

∫ 1

0
dαC

(1)
L,2pt(α, Lz)ĥ

tw3
L (αζ;µ) + 2ζ2asC

(1)
L,3pt ⊗ Ĥ ,

CΣΣq =
(
1 + C

(1)
Σ

)
Σq ,

Enl(ζ, z
2) = ênl(ζ;µ) + as

∫ 1

0
dαC

(1)
S,2pt(α, Lz)ênl(αζ;µ) + 2ζ2asC

(1)
S,3pt ⊗ Ê ,
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One-loop matching: H1 and HL

H1(ζ, z
2;µ) = δ̂q(ζ;µ) + as

∫ 1

0
dαC

(1)
1 (α,Lz) δ̂q(αζ;µ) ,

Htw2
L (ζ, z2) = ĥtw2

L (ζ;µ) + as

∫ 1

0
dαC

(1)
L,tw2(α,Lz) ĥ

tw2
L (αζ;µ) ,

Htw3
L (ζ, z2) = ĥtw3

L (ζ;µ) + as

∫ 1

0
dαC

(1)
L,2pt(α, Lz)ĥ

tw3
L (αζ;µ) + 2ζ2asC

(1)
L,3pt ⊗ Ĥ ,

C
(1)
1 (α,Lz) = 4CF

[(
−Lz

α

1− α
−

α+ 2 ln ᾱ

1− α

)

+

+ δ(ᾱ)(Lz + 1)
]
, twist-2 PDF

C
(1)
L,tw2(α,Lz)= C

(1)
1 (α,Lz) ,

C
(1)
L,2pt(α,Lz) = C

(1)
1 (α,Lz) +Nc

[
Lz(1 + δ(ᾱ)) + 1 + 2δ(ᾱ)

]
6= C

(1)
1 (α,Lz) ,

C
(1)
L,3pt ⊗ Ĥ = −Lz P

tw3 ⊗ Ĥ +

∫ 1

0
dα

{
2Nc

∫ α

0
dβ ln β̄ Ĥ(αζ, βζ, 0)

+
1

Nc

∫ 1

α

dβ
[ 2β̄(α+ ln ᾱ)

1− α
− ββ̄

]
Ĥ(αζ, βζ,0)

}
,

• Jaffe-Ji relation preserved: to all orders!
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One-loop matching: E

CΣΣq =
(
1 + C

(1)
Σ

)
Σq ,

Enl(ζ, z
2) = ênl(ζ;µ) + as

∫ 1

0
dαC

(1)
S,2pt(α,Lz)ênl(αζ;µ) + 2ζ2asC

(1)
S,3pt ⊗ Ê ,

C
(1)
Σ = 6CF as , no scale dependence!

C
(1)
S,2pt = 4CF

[(
−
Lz

ᾱ
−

α+ 2 ln ᾱ

1− α

)

+

+ δ(ᾱ)

]
+Nc

[
− Lz(1 − δ(ᾱ))− 1 + 2δ(ᾱ)

]
,

C
(1)
S,3pt ⊗ Ê = −LzP

tw3 ⊗ Ê +

∫ 1

0
dα

{
2Nc

∫ α

0
dβ ln β̄ Ê(αζ, βζ, 0)

+
1

Nc

∫ 1

α

dβ

[
2β̄(α + ln ᾱ)

1− α
+ β̄

]
Ê(αζ, βζ, 0)

}

Ptw3 ⊗ Ê =
1

Nc

∫ 1

0
dα

∫ 1

α

dβ
−αβ̄

1− α
Ê(αζ, βζ, 0)
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Quasi-PDFs: one-loop matching

• quasi-PDFs with support x ∈ R C
(1)
1

agrees with [Y.-S. Liu, J.-W. Chen, L. Jin, R. Li, H.-W. Lin, Y.-B. Yang et al. (2018)]

h1(x, pv) = δq(x) + as

∫ 1

−1

dy

|y|
C
(1)
1

(x

y
,Lp

)
δq(y),

hL(x, pv) = hL(x) + as

∫ 1

−1

dy

|y|

(
C
(1)
1

(x

y
,Lp

)
htw2
L (y) + C

(1)
L,2pt

(x

y
,Lp

)
htw3
L (y)

)

+ 2asC
(1)
L,3pt ⊗H ,

e(x, pv) = e(x) + 6CF asδ(x)Σq̄q + as

∫ 1

−1

dy

|y|
C
(1)
S,2pt

(x

y
,Lp

)
enl(y)

+ 2asC
(1)
S,3pt ⊗ E .

Ptw3 ⊗ Ĥ =
1

Nc

∫ 1

0
dα

∫ 1

α

dβ
−αβ̄

1− α
Ĥ(αζ, βζ, 0)

• explicit expressions given in Eqs.(4.44) - (4.51) in 2108.03065

first explored in [S. Bhattacharya, K. Cichy, M. Constantinou, A. Metz, A. Scapellato and F. Steffens (2020),(2021)]
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Pseudo-PDFs: one-loop matching

• pseudo-PDFs with support |x| < 1

h1(x, z
2) = δq(x) + as

∫ 1

|x|

dα

α
C
(1)
1 (α,Lz)δq

( x

α

)
,

hL(x, z
2) = hL(x) + as

∫ 1

|x|

dα

α

(
C
(1)
1 (α,Lz)h

tw2
L

( x

α

)
+ C

(1)
L,2pt(α,Lz)h

tw3
L

( x

α

))

+ 2asC
(1)
L,3pt ⊗H ,

e(x, ζ2) = e(x) + 6CF asδ(x)Σq̄q + as

∫ 1

|x|

dα

α
C
(1)
S,2pt(α, Lz)enl

( x

α

)

+ 2asC
(1)
S,3pt ⊗ E ,

• explicit expressions given in Eqs.(4.31) - (4.34) in 2108.03065
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Local expansion of ITDs

• twist-3 extraction:

Htw3
L (ζ, z2) = HL(ζ, z

2)− 2

∫ 1

0
dααH1(αζ, z

2) , much simpler!

• first twist-3 nontrivial moment

Htw3
L (ζ, z2) = −

iζ3h3

6

{
1 + as

[
Lz

(
65Nc

12
−

25

12Nc

)
−

289Nc

36
+

29

36Nc

]}
+O(ζ4, z2) ,

E(ζ, z2) = (1 + 6CF as)Σq

−
ζ2e2

2

{
1 + as

[
Lz

(11

3
Nc −

8

3Nc

)
−

11Nc

3
+

11

3Nc

]}
+O(ζ3, z2) ,

h3 =
1

5

∫
[dx]x2 H(x1, x2, x3) , e2 = −

∫
[dx]E(x1, x2, x3)
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Summary

• QCD factorization applies to ITDs/qPDFs/pPDFs from OPE

• Complete NLO matching coefficient function available for twist-3 PDFs

• Wandzura-Wilczek relation is violated §; Jaffe-Ji relation is preserved to all order ©

• No simple factorization for gT and hL, three-particle PDFs indispensable, ambiguity exists
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