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Focus of this talk:
A matrix element of a 

distinct character 

A frame amenable to Lattice QCD ● non-trivial light-cone limit 
● short-distance factorization matches ITD to 

pseudo-ITD

J. Collins, D. Soper, G. Sterman, Adv. Ser. Direct. High Energy Phys. 5, 1 (1989)
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Why Distillation ?

CE, R. Edwards, K. Orginos, D. Richards., Phys. Rev. D103, 034502 (2021)

JLab/WM/LANL 2+1 Flavor Isotropic Lattices Parameters/Statistics

Goal:   Can distillation isolate pseudo-ITDs with better precision than  
asdfsf  conventional smearing kernels & shed light on any systematics?
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K. Orginos, et al., Phys. Rev. D96, 094503 (2017)

Reduced Distribution (reduced pseudo-ITD)
➢ cancel Wilson line UV divergences

RGI!

Local vector current in 
zero sep. limit
(not conserved)

G. S. Bali et al. Phys. Rev. D93, 094515 (2016)
C. Egerer et al., Phys. Rev. D 103 (2021) 3, 034502
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This Work
[Distillation]

B. Joó et al., JHEP 12 (2019) 081
[Gaussian smearing]
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Unpolarized Ioffe-time Distribution
T. Izubuchi, et al., Phys.Rev. D98 (2018) no.5, 056004
A. Radyushkin, Phys. Rev. D 98 (2018) no.1, 014019

J.-H. Zhang, et al., Phys.Rev. D97 (2018) no.7, 074508
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Strategy of parametric fits with Jacobi polynomials

1. scan over truncation orders
a. search for optimal expansion coefficients for each

2. establish polynomial hierarchy
a. preference given to low-order polynomials
b. restrict x-space contaminating distributions to be 

sub-leading to leading-twist PDF
c. Bayesian priors (gaussian)

3. separability of non-linear optimization

Jacobi polynomial basis are only non-linear terms
Separable non-linear optimization → variable projection

G. Golub and V. Pereyra, SIAM Journal on Numerical Analysis 10, 413 (1973)

Ill-posed (pseudo-)ITD/PDF matching relation:

Expand Pseudo-ITD in Orthogonal Polynomials
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Valence Quark PDF and Leading-Twist ITD
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2-param Ansatz (uncorrelated)
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Higher-Twist Variability - Cuts on Wilson Line
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Summary and Outlook

Hadronic structure accessible from certain lattice 
calculable matrix elements

➢ short-distance factorization

Nucleon valence (plus) quark PDF
➢ distillation (+phasing) - first use in structure 

studies
○ precise pseudo-ITDs & PDFs

➢ systematic effects can be reliably addressed

Fidelity of PDFs extracted from Lattice QCD hinges on 
control of systematic effects

➢ observed deviation from expected DGLAP 
evolution of pseudo-PDF at small distances

➢ neglect of data correlations/Ioffe-time cuts
○ useful, but can yield erroneous results

Repeat calculations at lighter pion masses & finer lattice 
spacings  underway
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Flexibility of PDF functional form captured 
without bias via 

An Ill-Posed Inverse

Jacobi (hypergeometric) polynomials 

Interval Metric Validity

A convenient change of variables:

Interval Metric Validity

(pseudo-)ITD/PDF matching relations are ill-posed

➢ commonly: matched ITD fit by F.T. of 
parameterized PDF



Optimal Fit for Plus PDF



Plus Quark PDF and Leading-Twist ITD



Evolution and Scheme Conversion

Matching reduced pseudo-ITD to ITD requires a 
continuous description

T. Izubuchi, et al., Phys.Rev. D98 (2018) no.5, 056004
A. Radyushkin, Phys.Lett. B781 (2018) 433-442
A. Radyushkin, Phys. Rev. D 98 (2018) no.1, 014019
J.-H. Zhang, et al., Phys.Rev. D97 (2018) no.7, 074508



Pseudo-PDF Fit of Reduced Pseudo-ITD



ITD Fit - Pseudo-PDF Form for Convolution



Discretization Effect
Dis

c.-
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ted

 

pIT
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ITD

Repeat DGLAP check in (pseudo-)ITD 

Removal of parameterized 
discretization effect

● (numerically) 
slight vertical 
shift of small-z 
data

● effect most 
pronounced       for 
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Higher-Twist Variability - Cuts on Wilson Line

Fit Fit Fit

Large variability of parameterized higher-twist effects beyond Wilson line cut
➢ effect no longer constrained
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