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Quasidistributions

I X. Ji [2013] proposed to calculate equal time correlation functions at purely spacelike
separations

I qPDFs are defined through matrix elements of bilocal operators with purely spacelike
(z = (0, 0, 0, z)) separation

q
(
x, µ2, P z

)
=

∫
dz

4π
eixzP

z
〈P | ψ̄(z)γz exp

(
−ig

∫ z

0
dz′Az(z′)

)
ψ(0) |P 〉

+O
(
Λ2/x2P 2

z ,M
2/x2P 2

z

)
I Approach PDF in large P z limit

I Matching relation:

q
(
x, µ2, P z

)
=

∫ 1

x

dy

y
Z

(
x

y
,
µ

P z

)
q(y, µ2) +O

(
Λ2/x2P 2

z ,M
2/x2P 2

z

)
[X. Ji, 2013]
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Pseudodistributions

I A. Radyushkin introduced a coordinate-space oriented approach [Radyushkin, 2017]

〈p|φ (z)φ (0) |p〉 =M
(
ν, z2

3

)
=

∫ 1

−1
dxeixνP

(
x, z2

3

)
ν = −(pz) = p3z3 [Ioffe, 1969]

I Ioffe-time pseudodistribution (ITD) M
(
ν, z2

3

)
I PDFs are obtained from z3 → 0 limit of psuedo-PDFs: P (x, 0) = f (x)

I UV divergences handled by reduced ITD:

M
(
ν, z2

3

)
=
M
(
ν, z2

3

)
M
(
0, z2

3

)
I z2

3 analogous to renormalization paramater µ2 in LC PDFs

I Matching relation:

M
(
ν, z2

3

)
=

∫ 1

0
duK

(
u, z2

3µ
2, αs

)
I
(
uν, µ2

)
I Light cone (LC) ITD I

(
ν, µ2

)
[Braun, et al., 1995]
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Lorentz decomposition of matrix element

I Dual field defined by: G̃λβ = 1
2
ελβργG

ργ

mµα;λβ(z, p) ≡ 〈p, s|Gµα(z) Ẽ(z, 0;A)G̃λβ(0)|p, s〉

I Spin dependence in z-odd combination:

M̃µα;λβ(z, p) ≡ m̃µα;λβ(z, p)− m̃µα;λβ(−z, p)

I Lorentz decomposition:

M̃
(1)
µα;λβ(z, p) =

(
gµλsαpβ − gµβsαpλ − gαλsµpβ + gαβsµpλ

)
M̃sp

+
(
gµλpαsβ − gµβpαsλ − gαλpµsβ + gαβpµsλ

)
M̃ps

+
(
gµλsαzβ − gµβsαzλ − gαλsµzβ + gαβsµzλ

)
M̃sz

+
(
gµλzαsβ − gµβzαsλ − gαλzµsβ + gαβzµsλ

)
M̃zs

+(pµsα − pαsµ)(pλzβ − pβzλ)M̃pspz + (pµzα − pαzµ)(pλsβ − pβsλ)M̃pzps

+(sµzα − sαzµ)(pλzβ − pβzλ)M̃szpz + (pµzα − pαzµ)(sλzβ − sβzλ)M̃pzsz
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Lorentz decomposition of matrix element

I Dual field defined by: G̃λβ = 1
2
ελβργG

ργ

mµα;λβ(z, p) ≡ 〈p, s|Gµα(z) Ẽ(z, 0;A)G̃λβ(0)|p, s〉

I Spin dependence in z-odd combination:

M̃µα;λβ(z, p) ≡ m̃µα;λβ(z, p)− m̃µα;λβ(−z, p)

I Lorentz decomposition:

M̃
(2)
µα;λβ(z, p) =(sz)

(
gµλpαpβ − gµβpαpλ − gαλpµpβ + gαβpµpλ

)
M̃pp

+(sz)
(
gµλzαzβ − gµβzαzλ − gαλzµzβ + gαβzµzλ

)
M̃zz

+(sz)
(
gµλzαpβ − gµβzαpλ − gαλzµpβ + gαβzµpλ

)
M̃zp

+(sz)
(
gµλpαzβ − gµβpαzλ − gαλpµzβ + gαβpµzλ

)
M̃pz

+(sz) (pµzα − pαzµ)
(
pλzβ − pβzλ

)
M̃ppzz

+(sz)
(
gµλgαβ − gµβgαλ

)
M̃gg .
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Polarized gluon LC ITD

I The light-cone distribution is obtained from (z = (0, z−, 0⊥))

gαβM̃+α;β+(z−, p) = −2p+s+
[
M̃(+)

sp (ν, 0) + p+z−M̃pp(ν, 0)
]

M̃(+)
sp = M̃sp + M̃ps

I Related to LC ITD and polarized distribution

i
(
M̃(+)

sp − νM̃pp

)
≡ Ip(ν) =

i

2

∫ 1

−1
dx e−ixνx∆g(x) =

∫ 1

0
dx sin(xν)x∆g(x)
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Polarized gluon pseudo-ITD

I The following multiplicatively renormalizable [Zhang et. al, 2019] quantities

M̃0i;0i =− 2s0p0M̃(+)
sp + 2p2

0s3z3M̃pp + 2s3z3M̃gg

M̃3i;3i =− 2p3s3M̃(+)
sp − 2z3s3M̃(+)

sz

+ 2s3z3[p2
3M̃pp − M̃gg + z2

3M̃zz + z3p3M̃(+)
zp ] ,

M̃0i;3i =− 2 (s0p3Msp + s3p0Mps)− 2s0z3Msz − 2(sz) (p0p3Mpp + p0z3Mpz)

M̃3i;0i =− 2 (s3p0Msp + s0p3Mps)− 2s0z3Mzs − 2(sz) (p3p0Mpp + z3p0Mzp)

I Polarization pseudo-vector defined by: s2 = −m2, s = (p3, 0, 0, p0), (ps) = 0

I Leading twist terms can be isolated by taking M̃00 = M̃0i;0i + M̃ij;ij

−M̃00/(2p3p0) =
[
M̃(+)

sp − νM̃pp

]
−
m2z2

3

ν
M̃pp M̃ij;ij = −2s3z3M̃gg
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Background field method

I Introduced by DeWitt in 1965

I Calculation based on techniques introduced by [I. Balitsky, V. Braun, 1989]

I Technique maintains explicit gauge invariance → useful for gluon correlators

I Fields are divided into a fluctuating quantum field ([A, φ], virtualities µ2
2 to µ2

1) and a
“classical” background field ([A,ψ], virtualities < µ2

1).

Aaµ → Aaµ +Aaµ, ψ → φ+ ψ

I Idea is to integrate over the quantum fields

I Modified Lagrangian

L = −
1

4g2

(
Gaµν +DµAaν −DνAaµ + fabcAbµAcν

)2
−

1

2g2

(
DµAaµ

)2
+
(
φ̄+ ψ̄

) (
i /D +Aaµγµta

)
(φ+ ψ) + Lgh

gAµ → Aµ, Dµ = ∂µ − iAµ
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Gluon propagator in external gluon fields

I Background fields use Fock-Schwinger gauge: zµAµ(z) = 0

Aµ(z) =

∫ 1

0
duuzνGνµ(uz)

I Schwinger representation for the propagator:

i

P 2 + iε
=

∫ ∞
0

ds exp
[
is
(
P 2 + iε

)]
I Gluon propagator in terms of external gluon fields (omitting ε):

g−2iAaµ(z)Abν(0) = 〈z|
(

1

P 2gµν + 2iGµν

)ab
|0〉 = −i

∫ ∞
0

ds 〈z| eis(P
2gµν+2iGµν) |0〉

= −igαβ
Γ(d/2− 1)

4π2 (−z2)d/2−1
+

Γ(d/2− 2)

16π2 (−z2)d/2−2

∫ 1

0
du
{

2Gαβ(uz)− ūuDσGσρ(uz)zρgαβ

−2igαβ

∫ u

0
dvūvzλGλξ(uz)z

ρG ξ
ρ (vz)

}
−

iΓ(d/2− 3)

16π2 (−z2)d/2−3

×
∫ 1

0
du

∫ u

0
dv
[
Gαξ(uz)G

ξ
β (vz)− 1

2
iūD2Gαβ(uz)

]
+O(twist 3)
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Gluon bilocal operator, handbag

OHµα;ρσ(z) =
1

2
ε νβ
ρσ i(DµAα −DαAµ)a(z)(DνAβ −DβAν)b(0)

=
1

2
ε νβ
ρσ 〈z| (Pµδξα − Pαδξµ)

1

P 2gξη + 2iGξη
(Pνδ

η
β − Pβδ

η
ν ) |y〉ab

∣∣∣∣
y=0

I Expansion of 1
P2gξη+2iGξη

using Schwinger representation
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Gluon bilocal operator, vertex

I Linear divergences are ‘hidden’ inside the vertex diagram:

OVµα;ρσ(z)

→
g2NcΓ(d/2− 1)

4π2(−z2)d/2−1

∫ 1

0
du

∫ ū

0
dv

×
{
δ(u)

(
v3−d − v
d− 2

)
ε νβ
ρσ zβGµα(ūz)Gzν(vz)

+δ(v)

(
u3−d − u
d− 2

)
(zαGzµ(ūz)− zµGzα(ūz)) G̃ρσ(vz)

}
+

NcΓ(d/2− 2)

8π2(−z2)d/2−2

∫ 1

0
du

∫ ū

0
dv

{
δ(u)

[
v3−d − 1

d− 3

]
+

+ δ(v)

[
u3−d − 1

d− 3

]
+

}
Gµα(ūz)G̃ρσ(vz)
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Gluon bilocal operator, vertex

I UV divergent part

OV0i;0i(z) +OVji;ji(z)

UV→
αsNc

4π

(
1

εUV
+ ln

(
z2
3µ

2
UV

))∫ 1

0
du
(
G0i(uz)G̃0i(0) +Gji(uz)G̃ji(0)

)

I For lattice, replace (αsNc/4π) ln z2
3µ

2
UV with (αsNc/4π) ln

(
1 + πz2

3/a
2
L

)
I At higher orders, exponentiates into:

ZL(z3/aL) =
(
1 + π2z2

3/a
2
L

)αsNc/4π
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Gluon bilocal operator, link and self energy

Oself
µα;νβ(z) =

g2Nc

8π2

1

2− d/2

[
2−

β0

2Nc

]
Gµα(z)G̃νβ(0) , β0 =

11Nc

3

Olink
µα;νβ(z) =

g2NcΓ(d/2− 1)

4π2(−z2)d/2−2

−1

(d− 3)(d− 4)
Gµα(z)G̃νβ(0)

I Link has linear and logarithmic divergence
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One-loop result

M̃0i;0i(z, p) + M̃ij;ij(z, p)

→
g2Nc

8π2

[
4

3

(
1

εUV
+ log

(
z2
3µ

2 e
2γE

4

))
+ 2

](
M̃0i;0i(z, p) + M̃ij;ij(z, p)

)
+
g2Nc

8π2

∫ 1

0
du

{
−2ūu+

(
1

ū
− ū
)

+

− 4

[
u+ log(1− u)

ū

]
+

+

(
1

εIR
− log

(
z2
3µ

2 e
2γE

4

))[{
4uū+ 2

[
u2/ū

]
+

}
+

1

2

(
β0

Nc
− 6

)
δ(ū)

]}
×
(
M̃0i;0i(uz, p) + M̃ij;ij(uz, p)

)
.

I Altarelli-Parisi (AP) kernel

B̃gg(u) =
{

4uū+ 2
[
u2/ū

]
+

}
+

1

2

(
β0

Nc
− 6

)
δ(ū)
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Gluon-quark mixing

I Result that corresponds to M̃0i;0i + M̃ij;ij in the MS scheme at the operator level is:

−
g2CF

8π2

∫ 1

0
du 2ūu ∂0O0

q (uz)−
g2CF

8π2
log

(
z2
3µ

2 e
2γE

4

)∫ 1

0
du
(
1− ū2

)
∂0O0

q (uz)

I Singlet combination of quark fields is defined as

O0
q (z) =

1

2

∑
f

(
ψ̄f (z)γ0γ5ψf (0) + ψ̄f (0)γ0γ5ψf (z)

)
I Paremetrization in terms of ITD:

∂0 〈p, s| O0
q (z) |p, s〉 = − 2p0p3 i∆IS (ν) ∆IS (ν) =

∫ 1

0
x sin (xν) ∆fS (x)

M̃0i;0i(z, p) + M̃ij;ij(z, p)

→2p0p3
g2CF

8π2

∫ 1

0
du

[
log

(
z2
3µ

2 e
2γE

4

)
B̃gq(u) + 2ūu

]
i∆IS (uν)

I gq component of the evolution kernel:

B̃gq(u) = 1− (1− u)2
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Reduced pseudo-ITD

I M̃00 is proportional to p3, cannot use M̃00(z3, p3 = 0)in denominator for ratio method

I Use M00 ≡M0i;i0 +Mij;ji = 2p2
0M(ν, z2

3) from unpolarized case instead

I M00 cancels link renormalization and self energy related UV divergences, but not vertex

I Also use:

ZL(z3/aL) =
(
1 + π2z2

3/a
2
L

)αsNc/4π

M
(
ν, z2

3

)
≡ i
{M̃00(z3, p3)/(p3p0)}/ZL (z3/aL)

M00(z3, p3 = 0)/m2
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Matching relation

M̃
(
ν, z2

3

)
〈xg〉µ2 = Ip(ν, µ2)−

αsNc

2π

∫ 1

0
du Ip(uν, µ2)

{
log

(
z2
3µ

2 e
2γE

4

)
([

2u2

ū
+ 4uū

]
+

−
(

1

2
+

4

3

〈xS〉µ2

〈xg〉µ2

)
δ(ū)

)

+4

[
u+ log(1− u)

ū

]
+

−
(

1

ū
− ū
)

+

−
1

2
δ(ū) + 2ūu

}

−
αsCF

2π

∫ 1

0
du∆IS

(
uν, µ2

){
log

(
z2
3µ

2 e
2γE

4

)
B̃gq(u) + 2ūu

}

B̃gg(u) =

[
2u2

ū
+ 4uū

]
+

∣∣∣∣∣
u 6=1

B̃gq(w) = 1− (1− u)2

〈xg〉µ2 ≡
∫ 1

0
dxxfg(x, µ2)︸ ︷︷ ︸

gluon momentum fraction

〈xS〉µ2 ≡
∑
f

∫ 1

0
dxx

(
ff (x, µ2) + ff̄ (x, µ2)

)
︸ ︷︷ ︸

singlet quark momentum fraction

I LC ITD directly relatable to LC PDF through:

Ip
(
ν, µ2

)
=
i

2

∫ 1

−1
dxeixνx∆g

(
x, µ2

)
=

∫ 1

0
dx sin(xν)x∆g

(
x, µ2

)
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Conclusion

I Formulated basic points of pseudo-PDF approach to lattice calculation of polarized gluon
PDFs

I Presented the results of our calculations of the one-loop corrections for the bilocal
Gµα(z)G̃λβ(0) correlator of gluonic fields

I Specified combinations of indices giving three matrix elements that contain the structures
corresponding to the twist-2 invariant amplitude related to the polarized PDF

I Derived matching relations between Euclidean and light-cone Ioffe-time distributions that are
necessary for extraction of the polarized gluon distributions from lattice data
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