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Large-Momentum Effective Theory (LaMET)
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Large-Momentum Effective Theory (LaMET)

y bdx y u f ) Adep Adep
’ PZ, 1) = _C K 5 ’ + @ ’
JO. F58) [ _q Ix] <x xP* Jeep) (YP9)? (1 — y)P?)?

> dy [ x u [0\ « . A(ZQCD A2QCD
:f(x,ﬂ)zj —C l<_7_9_ f(y,PZ,'M) + O 2 2
oo |V y yP* pu (xP9)= (1 —x)P?)
* X. Xiong, X. Ji, J.-H. Zhang and YZ, PRD 90 (2014);
* Y.-Q. Ma and J. Qiu, PRD98 (2018);
- B} e T. lzubuchi, X. Ji, L. Jin, |. Stewart, and YZ, PRD98 (2018).
SYStematlc COntrOI. * X.Ji, Y.-S. Liu, Y. Liu, J.-H. Zhang and YZ, RMP 93 (2021).

* Lattice: excited state contamination, spacing a—0, physical mx,
lattice size L 2o, etc.;

* Perturbative matching (currently at NNLO) and resummation (for

end-point regions); e L.-B. Chen, R.-L. Zhu and W. Wang, PRL126 (2021);

® Z.-Y. Li, Y.-Q. Ma and J.-W. Qiu, PRL126 (2021).
e X.Gao, YZ, et al., PRD103 (2021).

* Power corrections, controllable within [xmin, Xmax] at a given finite P=.
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Hybrid renormalization scheme

Op(z, a) = WD) Wylz,01y(0) = e D1l Z(a) O (2)

X. Ji, YZ, et al., NPB 964 (2021). * Ji, Zhang and YZ, PRL 120 (2018);
_ * Ishikawa, Ma, Qiu and Yoshida, PRD 96 (2017);
h(Z PZ) * Green, Jansen and Steffens, PRL 121 (2018).
b

>

A “minimal” subtraction:
h(z, P%, a)
il(ZSaoaa)

iz, P, i) = €203

A

Ratio schemes, e.g.,

h(z, P%, ) o
h(z,0,a)

Orginos et al., PRD 96 (2017).

é Exponential decay

0 Zg 95 <
a < zg < Agep z ~ Agep
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Lattice data for the pion valence PDF

* Wilson-clover valence fermion on 2+1 flavor HISQ gauge
configurations (HotQCD).

n, P, (GeV) ¢

0 0 0 0

1 0.43 0.48 0

2 0.86 0.97 1

3 2/3 e BNL20, X. Gao, YZ, et al., PRD102 (2020);

e X.Gao, YZ, et al., PRD103 (2021).
4 3/4
5 3/5

183% 64 643 x 64
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Wilson-line mass renormalization

* Polyakov loop

(o) Q) o exp[-V(R)T]

— 'S5 0 —
* Renormalization (subtraction) condition:

VilGr,a)|  +26m(a) = 0.95/7,

}"=7"0

aéom(a = 0.04 fm) = 0.1508(12)

aom(a = 0.06 fm) = 0.1586(8)

A. Bazavov et al., TUMQCD, PRD98 (2018).

1
om(a) = — c.oa(1/a) + m
() aZns( ) 0

n

mg ~ AQCD

C. Bauer, G. Bali and A. Pineda, PRL108 (2012).
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Check of continuum limit

* Renormalization-group invariant ratio: Op(z,a) = e Z(@)Ok(2)

h(z,a, P* = 0) B h(z, P* = 0, M)
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Matching to the continuum

m :
0
- Cancel lattice subtraction scheme dependence of om(a);
- Still includes the UV renormalon uncertainty of C, in MS scheme;

 The same at all z. 4
M. Beneke and V. Braun, NPB 426 (1994). a << Z, ZO < AC_Q%ZD
h(z,a, P> = 0) _ Cola,(u), 2°pu®) + @(ZzAéCD)
lim e—ém(z—zo)~ > — e—mo(z—zo) .
a0 hi(zo, a, P? = 0) Colay(w). zgp?) + O(z5 A cp)
Wilson coefficient: IR renormalon:
Known to NNLO with 3-loop Leading IR renormalon zzAéCD

anomalous dimension
V. Braun, A. Vladimirov and J.-H. Zhang, PRD99 (2019).

* Z.-Y. Li, Y.-Q. Ma and J.-W. Qiu, PRL126 (2021);
* V. Braun and K. G. Chetyrkin, JHEP 07 (2020).
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Matching to the continuum

5m(a)(z—z0)

lim e
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Renormalized matrix elements
Full hybrid scheme:

h(z, P%,a) Cy(z°u?) + Az*
h(z,0,a) Co(z21?)

h(z, zg, P p, a) = O(zg — )

h(z, P a) Colzsp”) + Azg

+ e(5m+n‘10)(z—z5) _ Q(Z —7 )
h(Zs,O,a) CO(Z§M2) °
NMS(z, P2, ) IMS(z. P2 )
a—0 Tt L7y H 0 K1 U
= O(z¢c — 2) + 0(z — z¢)
Co(z2u? ° Co(zép?) °
<9 < A(_Q%:D

Perturbatively related to the MS scheme at all 2!
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Renormalized matrix elements

h()\7 )\37 PZ?M? a)

0

—0.2L

1.0_-'
0.45-
0.2:-

00|

a=0.04 ftm, zg=0.24 fm, pu = 2.0 GeV

WP =043 GeV B P°=0.86 GeV B P*=145GeV 7

0 P°=194GeV B P* =242 GeV
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Physical extrapolation and Fourier transform (FT)

Extrapolation with form featuring an exponential decay:

Models compared: - Aemmald
exp : y
A
A
Discrete FT (DFT) pow:
1.0f= ' ' ' '
a=0.04 fm, P* =194 GeV, pu = 2.0 GeV
0.8} W exp : Meg > 0.2 GeV |
%\ W exp : Meg > 0.1 GeV
3 0.6} * mexp : meg > 0 GeV
A *i = pow
S 04 B 2p-exp
2 h
< 02}
=
0.0
-0.2L

(z(p) | jx)j(0) | z(p)) —

x| =0

A=z P~

e ™Metl*l o[ p . x, cos(p - x),sin(p - x)]

Burkardt, Grandy and Negele, Annals of Physics 238 (1995).

[ T'(1 +a) ST +D)
. + e —

| (=i|A])at! Q| A])o+! ]

(T+a)  T0+b)

e_mefflzl

2p—exp: A Re

2p A Re e
| (=] A])H! (i|A])o+
S5 . . .
a=0.04 fm, P* =1.94 GeV, u = 2.0 GeV
— i . — DFT — pow
i |
o " 3l — exp, Meg > 0.2 GeV  — 2p-exp
Qi — exp, Meg > 0.1 GeV 2D
)
Nﬁ 2)! — exp, Meg > 0
=
i
-~ 1l
oL
0.0 0.5 1.0 1.5 2.0

Due to exponential decay at large z, moderate to large x region is insensitive to extrapolations.
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Perturbative matching at NNLO

Perturbative correction shows good convergence at moderate x:
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Perturbative matching at NNLO

a=0.04 fm, pu = 2.0 GeV

7, qPDF, n,=1 [ PDF, n,=1
~ qPDF, n,=2 [ PDF, n, =2
" 4PDF, n, =3 [ PDF, n, =3
7 qPDF, n.=4 | PDF, n, =4
7 qPDF, n,=5 [ PDF, n,=5

P?=n_x 048 GeV

- Results show convergence at Pz > 1.45 GeV (Lorentz boost factor > 5.0) at moderate x;

* Non-vanishing tail at x~1, which indicate power corrections, generally decreases in Pz.
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Perturbative matching at NNLO

Extrapolation-model dependence reduced:

:‘ 77 qPDF, exp B PDF, exp
Py 3 7/ qPDF, pow B PDF, pow
3: : / % 2p-exp B PDF, 2p-exp
Ot
2 |
It
of
00 02 04 06 08 10 12 14

- Agreement among different extrapolation models extends to smaller x region;

- Slight oscillation in the 2p model due to the slow decay in the extrapolated region.
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Perturbative matching at NNLO

Factorization scale variation uncertainty:
- Calculate the PDF at different y;

- Evolve the results to 4 = 2.0 GeV.

Scale uncertainty reduced at NNLO @

0.40}
a = 0.04 fm
035F e
IS P* =242 GeV
0.30¢} RN
5 025 — 4=2GV,NLO o
= 0.20 SR
s YUt — 1 =2CeV,NNLO
015y 4 - pu =14 GeV,NLO
oot £ - 1= 1.4 GeV, NNLO
oost. . . . :
0.0 0.2 0.4 0.6 0.8 1.0
T

(Only the central values are shown.)
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Systematic uncertainties

* Statistical uncertainty: bootstrap resampling.
» Scale variation: error band covers u = 1.4, 2.0, 2.8 GeV.

* Truncation point Z; : negligible.

* Extrapolation model dependence: negligible for the x region of interest.

* Higher-order perturbative corrections:
* Requiring N3LO/LO < 5 % = NLO/LO < 37 % and NNLO/LO < 14 % ;
- 0.03 <x <£0.88.

* Power corrections:

* Use Pz=2.42 GeV result as final prediction; 0.03 <x<0.80

» Fit P=>1.45 GeV results with f,(x) + Oc(x)/PZ2 at each x/
a@)/P2 £, £10%, = 0.01 <x < 0.80.

YONG ZHAO, 12/07/2021
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Final prediction

| . 1.6, —
. g 1 2b i m This work -
— | S 1ol mBNL20
% 3} I g = JAM21nlo -
2 = 06 __ ASV | Statistical + scale-
= @5 ‘ .. GRVPI1 | variation
| ~ 04 xFitter - uncertainties:
3 | 5—20%
g
2
0.0 0.2 04 0.6 0.8 1.0
Global fits at NLO L Coordinate-space analysis of the

* JAM21nlo, P. C. Barry, C.-R. Ji, N. Sato, and W. Melnitchouk, PRL 127 (2021); same lattice data with NLO OPE

* xFitter, I. Novikov et al., PRD 102 (2020); and parameterization of the PDF:
* ASV, Aicher, A. Schafer, and W. Vogelsang, PRL 105 (2010);

* GRVPH, M. Gluck, E. Reya, and A. Vogt, Z. Phys. C 53 (1992). BNL20, X. Gao, YZ, et al., PRD102 (2020).
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Final prediction
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Global fits at NLO

* xFitter, I. Novikov et al., PRD 102 (2020);
* ASV, Aicher, A. Schafer, and W. Vogelsang, PRL 105 (2010);
* GRVPI1, M. Gluck, E. Reya, and A. Vogt, Z. Phys. C 53 (1992).

0.8

1.0

Statistical + scale-
variation
uncertainties:
5—20%

Coordinate-space analysis of the
* JAM21nlo, P. C. Barry, C.-R. Ji, N. Sato, and W. Melnitchouk, PRL 127 (2021); same lattice data with NLO OPE
and parameterization of the PDF:
BNL20, X. Gao, YZ, et al., PRD102 (2020).
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Conclusion

* We have developed a procedure to renormalize the quasi-PDF
matrix elements in the hybrid scheme and match the results to
the continuum at NNLO;

* We have calculated the pion valence PDF with the state-of-the-
art NNLO hybrid scheme matching coefficient;

* NNLO matching shows good perturbative convergence;

* We demonstrate that we can reliably predict the x-dependence

of the pion valence PDF for 0.03 < x < 0.80 with 5—20%
uncertainty;

* Systematics to be improved: physical pion mass, infinite
volume limit, finer lattice spacings, larger boost momenta.
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Backup slides

Fixed-order and RG-improved (RGI) Wilson coefficients:

u
C(I){GI(Mz, Zz) = Co(l,aS(Z_l)) X exp” da (1"
Z_l

3.0 —
——NLO

I NLO+RGI
—— NNLO
..... NNLO+RGI

—— N3LO
N3LO+RGI

0.0 0.1 0.2 0.3

z/fm

ZZ — Z262}/E/4

yela(u')) ]
pla(p))

e Perturbation theory becomes un-
reliable beyond z~0.2 fm;

e To have a sufficiently large window
of z, we use the fixed-order Co and
truncate at z»ax=0.4 fm;

¢ Future improvement should
include smaller lattice spacings.
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Fitting m,,
Define effective mass and its slope in z:

n'fzeff(z)(z —Zn) = —In ~h (2.0.9)
0 0
h(ZO,O,a)

C(l)\INLO(ZZIM 2)

C(l)\INLO( Z(% J7; 2)

B mi(z) — m(z — a)

—eff
m(z7) =
5 (2) »
0.34 | .
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02 ii;;iii 0.032} ot
030 pi! & 0.030} {HH I
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3 I B - R
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Inverse matching

2 2
Ag Ag Ag
Cl=6x-1)—-—CPx) - —=) CPw)+|— ) CPV® CP(x)
T 21 27
3 0.4} — Integration
=~
= — Matrix multiplication
| 0.2
=,
ZE . L ———
® —02
Q a=0.04 fm, P*=1.94 GeV, pu=2.0GeV
Ty 04
0.0 0.2 04 0.6 0.8 1.0
X
0.4} — matrix inversion — g expansion, n = 4 /g 20 _q a=0.04 fm, P?=1.94 Ge\/, M= 2.0 GeV
E — ag expansion, n =1 — ay, expansion, n =5 z;g .
N 0.2} — «, expansion, n = 2 | 1.5} T Qs CXpansiol, NLO
| .
— g expansion, n =3 —~ — O , NNLO
/&\ Qs expansion, n - 10t 87 eXpé‘LHS‘IOIl |
~— 0.0 e matrix inversion, NLO
= <5 0sh -
& ® Tty matrix inversion, NNLO
n -0.2¢ NLO matching matrix _
) 0 =004 fm, P*=1.94 GeV, ji = 2.0 GV lb
-0.4} —
0.0 0.2 04 0.6 0.8 1.0
X X

YONG ZHAO, 12/07/2021



Perturbative matching at NNLO

Momentum-dependence significantly reduced:

a=0.04 fm, u=2.0 GeV

7, qPDF, n,=1 |l PDF, n,=1
~oPDF, n.=2 [ PDF, n.=2
-~ gqPDF, n,=3 [ PDF, n,=3
7, qPDF, n.=4 |l PDF, n. =4
77 PDF, n, = B PDF, n,=5

val(xvﬂ).

P*=n,x0.48 GeV |

W a=006fm, P°=1.29GeV B a=0.04fm, P*=1.94GeV
W a=004fm, P*°=145GeV 0 a=0.06fm, P*=215GeV

—0.2} W= 0.06fm, P*=1.72 GV B a=0.04fm, P =242 GV
0 :
00 02 04 06 08 10 12 14 00 02 04 06 08 10 12 14
T T

 Results show convergence at Pz > 1.29 GeV (Lorentz boost factor > 4.0) at moderate x;

* Non-vanishing tail at x~1, which indicate power corrections, generally decreases in Pz.
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Perturbative matching at NNLO

Factorization scale variation uncertainty:

- Calculate the PDF at different y;

- Evolve the results to 4 = 2.0 GeV.

Scale uncertainty reduced at NNLO @

Uncertainty mainly comes from
varying to lower scales.

0.40} 0.40}
a = 0.04 fm a = 0.04 fm
035F e 0.35} _
~~~~~~~~~~ P* =242 GeV
0.30¢ 0.30} )
8 025} ‘s 025}
— —— u=2GeV,NLO —
= 020} = 020
SRS —— =2 GeV,NNLO S S A —— 1= 1.4 GeV,NNLO
0.15p p  ——--- = 1.4 GeV,NLO 0.15} —— 1 =2.0 GeV,NNLO
olof f pr = 1.4 GeV, NNLO oot £ - = 2.8 GeV, NNLO
0.05E, . . . . : 0.05E, . . . . E
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
x x
(Only the central values are shown.)
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Systematics
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