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• There are eight TMD 
distributions in leading twist 

• TMD distributions provide a 
more detailed picture of the 
many body parton structure of 
the hadron 

• Interplay with the transverse 
momentum

Lattice QCD calculation of the         
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quasi TMDPDFs
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TMD evolution
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Uncertainty in nonperturbative contributions to TMDPDF evolution 
limits QCD theory predictions to much lower precision 

TMDPDFs encode 3D structure of 
hadrons,       dependence of 
hadronic cross-sections 

qT
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Drell-Yan        dependence measured 
at LHC with <1% precision

qT
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Motivation

Precision TMD measurements

Drell-Yan process:

Measured to . 1% accuracy
I Crucial input for PDF determination

Standard candle of Standard Model:
I Important test of QCD

Can we disentangle possible BSM physics
from PDF fitting?

I Can easily absorb small BSM
signals into PDFs ...

W -mass measurement:
Dominant uncertainty from PDFs:

I Particularly important:
correlations between quark flavors

Direct calculation of PDFs could alleviate such uncertainties
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Changing hard momentum scales requires 
evolving TMDPDFs in      and       

3

The Collins-Soper kernel

fTMD
i (x,~bT , µ, ⇣) = fTMD

i (x,~bT , µ0, ⇣0)
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Fourier conjugate to

UV anomalous dimension Collins-Soper kernel

(rapidity anomalous 
dimension)

TMDPDFs depend on UV renormalization scale      as well as a scale       
associated with the renormalization of rapidity divergences

µ
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Unlike UV anomalous dimension, CS kernel is 
nonperturbative for large bT
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⇣ ⇠ (2xP z)2
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CS kernel phenomenology
Fits to SIDIS and Drell-Yan datasets with multiple energy scales are 

sensitive to evolution effects and therefore the CS kernel

CS kernel can be extracted along with TMDPDF in global fit
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(nonperturbative region)

SV19 - Scimemi and Vladimirov, JEHP 06 (2020) Pavia19 - Bacchetta et al, JEHP 07 (2020)

(582 SIDIS + 457 DY data points) (353 DY data points)
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Light-cone structure and LQCD

⌘
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Lattice QCD provides a UV regularized definition and means of 
numerically calculating Euclidean QCD path integrals

Euclidean matrix elements containing hard scales can be factorized into 
perturbative coefficients and structure functions

For colinear PDFs and some aspects of TMDPDFs, Euclidean and light-
cone structure functions are related by Lorentz invariance

Diagrams:  
Ebert, Stewart, Zhao, JHEP 1909 (2019)

Large momentum effective theory review: Ji et al, arXiv:2004.03543
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The CS kernel from LQCD

Ebert, Stewart, Zhao, PRD 99 (2019)

TMDPDF soft factor not related in Euclidean and Minkowski spacetime by 
boosting, more complicated to determine from LQCD 

Ratios of TMDPDFs free from soft factors and can be calculated with LQCD

CS kernel determination using quasi-TMDPDFs suggested

Yoon et al, PRD 96 (2017)Musch et al, PRD 85 (2012) Engelhardt et al, PRD 93 (2016)
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beam function 
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q (x, bT , µ, ⇣)
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Recent progress:  Ji, Liu, and Liu, Nucl Phys B 955 (2020)
See talk by Yizhuang Liu

Zhang et al [LPC], PRL 125 (2020)

Ji, Sun, Xiong, Yuan PRD 91 (2015)

Method concretely relating CS kernel to quasi TMDPDF ratios 
proposed and derived
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Quenched results
CS kernel’s independence from external state used to enable efficient 

calculations in quenched QCD

Valence pion mass m⇡ = 1.2 GeV
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CS kernel determined precisely 
for        extending into 
nonperturbative regime

P z 2 {1.3, 1.9, 2.6} GeV
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⌘  0.8 fm
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Shanahan, MW, Zhao, PRD 102 (2020)
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Quenched challenges
Fourier transform truncation effects: challenging systematic uncertainties to quantify

Different analytic models agree for 
small 

Broadening of the (physical) beam 
function with increasing      
leads to larger truncation 
effects

bT
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bT

<latexit sha1_base64="796+lJPjAXwUUPiUJX5dpXCv+jU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8eK/YI2lM120i7dbMLuRiihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vp7C2vrG5Vdwu7ezu7R+UD49aOk4VwyaLRaw6AdUouMSm4UZgJ1FIo0BgOxjfzfz2EyrNY9kwkwT9iA4lDzmjxkqPQb/RL1fcqjsHWSVeTiqQo94vf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/m586JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSEN37GZZIalGyxKEwFMTGZ/U0GXCEzYmIJZYrbWwkbUUWZsemUbAje8surpHVR9S6rVw+XldptHkcRTuAUzsGDa6jBPdShCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwAh0I21</latexit>

Extrapolation effects (and 
unexpected asymmetry) more 
pronounced for larger bT

<latexit sha1_base64="796+lJPjAXwUUPiUJX5dpXCv+jU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8eK/YI2lM120i7dbMLuRiihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vp7C2vrG5Vdwu7ezu7R+UD49aOk4VwyaLRaw6AdUouMSm4UZgJ1FIo0BgOxjfzfz2EyrNY9kwkwT9iA4lDzmjxkqPQb/RL1fcqjsHWSVeTiqQo94vf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/m586JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSEN37GZZIalGyxKEwFMTGZ/U0GXCEzYmIJZYrbWwkbUUWZsemUbAje8surpHVR9S6rVw+XldptHkcRTuAUzsGDa6jBPdShCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwAh0I21</latexit>

Modeling of beam functions outside 
region with LQCD results 
necessary to cover region where 
Fourier transform integrand matters
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Dynamical LQCD setup

bz
<latexit sha1_base64="jVnEqJTH360Mj21pMDXcwhrAvkY=">AAAB+3icbVDLSsNAFJ34rPUV69LNYBFclUQFXRbduKxgH9CGMJnetEMnkzAzEWvIr7hxoYhbf8Sdf+M0zUJbD1w4nHPv3LknSDhT2nG+rZXVtfWNzcpWdXtnd2/fPqh1VJxKCm0a81j2AqKAMwFtzTSHXiKBRAGHbjC5mfndB5CKxeJeTxPwIjISLGSUaCP5di0bFI9kAU8hx4H/lPt23Wk4BfAycUtSRyVavv01GMY0jUBoyolSfddJtJcRqRnlkFcHqYKE0AkZQd9QQSJQXlaszfGJUYY4jKUpoXGh/p7ISKTUNApMZ0T0WC16M/E/r5/q8MrLmEhSDYLOF4UpxzrGsyDwkEmgmk8NIVQy81dMx0QSqk1cVROCu3jyMumcNdzzhnN3UW9el3FU0BE6RqfIRZeoiW5RC7URRY/oGb2iNyu3Xqx362PeumKVM4foD6zPH6CzlM8=</latexit>

bT
<latexit sha1_base64="ELCTPZ+pGavDr5eKE+rfZBwRzxQ=">AAAB+3icbVBNS8NAEJ3Ur1q/Yj16WSyCp5KooMeiF48V2lpoQ9hsN+3SzSbsbsQS8le8eFDEq3/Em//GbZqDtj4YeLw3s7PzgoQzpR3n26qsrW9sblW3azu7e/sH9mG9p+JUEtolMY9lP8CKciZoVzPNaT+RFEcBpw/B9HbuPzxSqVgsOnqWUC/CY8FCRrA2km/Xs2HxSBbwlOYo8Du5bzecplMArRK3JA0o0fbtr+EoJmlEhSYcKzVwnUR7GZaaEU7z2jBVNMFkisd0YKjAEVVeVqzN0alRRiiMpSmhUaH+nshwpNQsCkxnhPVELXtz8T9vkOrw2suYSFJNBVksClOOdIzmQaARk5RoPjMEE8nMXxGZYImJNnHVTAju8smrpHfedC+azv1lo3VTxlGFYziBM3DhClpwB23oAoEneIZXeLNy68V6tz4WrRWrnDmCP7A+fwBm9ZSp</latexit>

⌘
<latexit sha1_base64="Vf5SUn5v/69EBDV6BHz/SiDLV2U=">AAAB/HicbVDLSsNAFJ3UV62vaJduBovgqiQq6LLoxmUF+4AmlMn0ph06mYSZiVBC/BU3LhRx64e482+cpllo64ELh3PunTv3BAlnSjvOt1VZW9/Y3Kpu13Z29/YP7MOjropTSaFDYx7LfkAUcCago5nm0E8kkCjg0Aumt3O/9whSsVg86FkCfkTGgoWMEm2koV3PvOKRLOAp5NgDTfKh3XCaTgG8StySNFCJ9tD+8kYxTSMQmnKi1MB1Eu1nRGpGOeQ1L1WQEDolYxgYKkgEys+KvTk+NcoIh7E0JTQu1N8TGYmUmkWB6YyInqhlby7+5w1SHV77GRNJqkHQxaIw5VjHeJ4EHjEJVPOZIYRKZv6K6YRIQrXJq2ZCcJdPXiXd86Z70XTuLxutmzKOKjpGJ+gMuegKtdAdaqMOomiGntErerOerBfr3fpYtFascqaO/sD6/AFXE5U0</latexit>

Mixed action:                                MILC ensembles with ~physical quark masses

Wilson valence quarks with tree-level clover improvement, 
Wilson flow               used as smearing in valence action<latexit sha1_base64="d5d6Usq54ff+AteETqjbWIlSFA8=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69BIvgKSRS1ItQ9OKxgmkLbSib7aZdutmE3YlQQn+DFw+KePUHefPfuG1z0NYHA4/3ZpiZF6aCa3Tdb6u0tr6xuVXeruzs7u0fVA+PWjrJFGU+TUSiOiHRTHDJfOQoWCdVjMShYO1wfDfz209MaZ7IR5ykLIjJUPKIU4JG8vHGc9x+teY67hz2KvEKUoMCzX71qzdIaBYziVQQrbuem2KQE4WcCjat9DLNUkLHZMi6hkoSMx3k82On9plRBnaUKFMS7bn6eyInsdaTODSdMcGRXvZm4n9eN8PoOsi5TDNkki4WRZmwMbFnn9sDrhhFMTGEUMXNrTYdEUUomnwqJgRv+eVV0rpwvEun/lCvNW6LOMpwAqdwDh5cQQPuoQk+UODwDK/wZknrxXq3PhatJauYOYY/sD5/AK8YjfU=</latexit>

t = 1.0
<latexit sha1_base64="TnCjbJF6JcZDi+DKVUnKaACTbd0=">AAACAnicbVDJSgNBEO2JW4xb1JN4aQxCvIQZjZqLEPTiRYhgFkhC6OlUkiY9C901YhiCF3/FiwdFvPoV3vwbO8tBEx8UPN6roqqeG0qh0ba/rcTC4tLySnI1tba+sbmV3t6p6CBSHMo8kIGquUyDFD6UUaCEWqiAea6Eqtu/GvnVe1BaBP4dDkJoeqzri47gDI3USu95rUYo6AU9PSlknaMGwgPG9AYqw1Y6Y+fsMeg8caYkQ6YotdJfjXbAIw985JJpXXfsEJsxUyi4hGGqEWkIGe+zLtQN9ZkHuhmPXxjSQ6O0aSdQpnykY/X3RMw8rQeeazo9hj09643E/7x6hJ1CMxZ+GCH4fLKoE0mKAR3lQdtCAUc5MIRxJcytlPeYYhxNaikTgjP78jypHOecs1z+Np8pXk7jSJJ9ckCyxCHnpEiuSYmUCSeP5Jm8kjfryXqx3q2PSWvCms7skj+wPn8Ab7uVjw==</latexit>

m⇡ = 538(1) MeV

<latexit sha1_base64="92jfbbPa99NSFNPwQKKBNU3uzvM=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRZBKJTdUtSLUPTiSSrYVmmXkk2zbWiSXZKsUJb+Ci8eFPHqz/HmvzFt96CtDwYe780wMy+IOdPGdb+d3Mrq2vpGfrOwtb2zu1fcP2jpKFGENknEI/UQYE05k7RpmOH0IVYUi4DTdjC6nvrtJ6o0i+S9GcfUF3ggWcgINlZ6vO2Fl9WyV/Z6xZJbcWdAy8TLSAkyNHrFr24/Iomg0hCOte54bmz8FCvDCKeTQjfRNMZkhAe0Y6nEgmo/nR08QSdW6aMwUrakQTP190SKhdZjEdhOgc1QL3pT8T+vk5jwwk+ZjBNDJZkvChOOTISm36M+U5QYPrYEE8XsrYgMscLE2IwKNgRv8eVl0qpWvLNK7a5Wql9lceThCI7hFDw4hzrcQAOaQEDAM7zCm6OcF+fd+Zi35pxs5hD+wPn8AcU3jxc=</latexit>

Nf = 2 + 1 + 1

<latexit sha1_base64="v3ZxTkSbP8td9yiFp831HqGdmNo=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16WSyCp5CUol6EohePFewHtKFstpt26W4SdifSEvpXvHhQxKt/xJv/xm2bg7Y+GHi8N8PMvCARXIPrfluFjc2t7Z3ibmlv/+DwyD4ut3ScKsqaNBax6gREM8Ej1gQOgnUSxYgMBGsH47u5335iSvM4eoRpwnxJhhEPOSVgpL5dJvgGu45X7QGbQIZDOevbFddxF8DrxMtJBeVo9O2v3iCmqWQRUEG07npuAn5GFHAq2KzUSzVLCB2TIesaGhHJtJ8tbp/hc6MMcBgrUxHghfp7IiNS66kMTKckMNKr3lz8z+umEF77GY+SFFhEl4vCVGCI8TwIPOCKURBTQwhV3NyK6YgoQsHEVTIheKsvr5NW1fEundpDrVK/zeMoolN0hi6Qh65QHd2jBmoiiiboGb2iN2tmvVjv1seytWDlMyfoD6zPH+ABkxM=</latexit>

a = 0.12 fm
<latexit sha1_base64="8bXO9ToKB45/sVA9CM16Oqgam9I=">AAACAHicbVC7SgNBFJ31GeNr1cLCZjAIVsuuxJhGCNpYWEQwD0iWMDuZTYbMPpi5K4ZlG3/FxkIRWz/Dzr9xkmyhiQfu5XDOvczc48WCK7Dtb2NpeWV1bb2wUdzc2t7ZNff2mypKJGUNGolItj2imOAhawAHwdqxZCTwBGt5o+uJ33pgUvEovIdxzNyADELuc0pASz3z8BZf4nKV6H5uVbrAHiHFfpD1zJJt2VPgReLkpIRy1HvmV7cf0SRgIVBBlOo4dgxuSiRwKlhW7CaKxYSOyIB1NA1JwJSbTg/I8IlW+tiPpK4Q8FT9vZGSQKlx4OnJgMBQzXsT8T+vk4BfdVMexgmwkM4e8hOBIcKTNHCfS0ZBjDUhVHL9V0yHRBIKOrOiDsGZP3mRNM8sp2KV78ql2lUeRwEdoWN0ihx0gWroBtVRA1GUoWf0it6MJ+PFeDc+ZqNLRr5zgP7A+PwBRmiUUg==</latexit>

L = 48a = 5.6 fm

<latexit sha1_base64="NvzAqDKbNuyuum/rNJHMNxmv3jI=">AAACAHicbVDJSgNBEO2JW4zbqAcPXhqD4CnMSDAeg148RjALZELo6dQkTXoWu2vEMOTir3jxoIhXP8Obf2NnOWjig4LHe1VU1fMTKTQ6zreVW1ldW9/Ibxa2tnd29+z9g4aOU8WhzmMZq5bPNEgRQR0FSmglCljoS2j6w+uJ33wApUUc3eEogU7I+pEIBGdopK595AEy6km4p26p4iE8YkaDcNy1i07JmYIuE3dOimSOWtf+8noxT0OIkEumddt1EuxkTKHgEsYFL9WQMD5kfWgbGrEQdCebPjCmp0bp0SBWpiKkU/X3RMZCrUehbzpDhgO96E3E/7x2isFlJxNRkiJEfLYoSCXFmE7SoD2hgKMcGcK4EuZWygdMMY4ms4IJwV18eZk0zkvuRal8Wy5Wr+Zx5MkxOSFnxCUVUiU3pEbqhJMxeSav5M16sl6sd+tj1pqz5jOH5A+szx9xj5Ww</latexit>

⌘  1.7 fm

<latexit sha1_base64="9y4PWCs1xBKoKtZ3yqjKkSFmA+U=">AAACAnicbVDLSsNAFJ34rPUVdSVuBovgKiRSHxuh6MZlBfuAJobJdNoOnZmEmYlYQ3Hjr7hxoYhbv8Kdf+O0zUJbD1w4nHMv994TJYwq7brf1tz8wuLScmGluLq2vrFpb23XVZxKTGo4ZrFsRkgRRgWpaaoZaSaSIB4x0oj6lyO/cUekorG40YOEBBx1Be1QjLSRQnvXJxrB6u1DmPmSQ47uh/AcemXnOLRLruOOAWeJl5MSyFEN7S+/HeOUE6ExQ0q1PDfRQYakppiRYdFPFUkQ7qMuaRkqECcqyMYvDOGBUdqwE0tTQsOx+nsiQ1ypAY9MJ0e6p6a9kfif10p15yzIqEhSTQSeLOqkDOoYjvKAbSoJ1mxgCMKSmlsh7iGJsDapFU0I3vTLs6R+5HgnTvm6XKpc5HEUwB7YB4fAA6egAq5AFdQABo/gGbyCN+vJerHerY9J65yVz+yAP7A+fwDZP5XJ</latexit>

⌘P z
max = 14.5

<latexit sha1_base64="lsvvry/GPNflo0+nsuoAcFL0s64=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1gEVyGRom6EohuXFewD2hgm00k7dGYSZiZiDcWNv+LGhSJu/Qp3/o3TNgttPXDhcM693HtPmDCqtOt+W4WFxaXlleJqaW19Y3PL3t5pqDiVmNRxzGLZCpEijApS11Qz0kokQTxkpBkOLsd+845IRWNxo4cJ8TnqCRpRjLSRAnuvQzSCtduHIOtIDjm6H8Fz6HmOG9hl13EngPPEy0kZ5KgF9lenG+OUE6ExQ0q1PTfRfoakppiRUamTKpIgPEA90jZUIE6Un01eGMFDo3RhFEtTQsOJ+nsiQ1ypIQ9NJ0e6r2a9sfif1051dOZnVCSpJgJPF0UpgzqG4zxgl0qCNRsagrCk5laI+0girE1qJROCN/vyPGkcO96JU7mulKsXeRxFsA8OwBHwwCmogitQA3WAwSN4Bq/gzXqyXqx362PaWrDymV3wB9bnD80ZlcE=</latexit>

⌘P z
max = 11.0

Larger volumes enable larger 
staple extents than in 
quenched calculation

vs quenched

Bazavov et al [MILC] PRD 87 (2013) 
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Renormalization and mixing

Shanahan, MW, Zhao, PRD 101 (2020)

Nonperturbative operator mixing significant 
for operators with large staples

Much smaller mixing 
observed e.g. for 
local quark bilinears:

Nonlocal quark bilinear operators with 
stapled shaped Wilson lines 
renormalized using high-momentum 
quark vertex function (RI/MOM scheme)

bz
<latexit sha1_base64="jVnEqJTH360Mj21pMDXcwhrAvkY=">AAAB+3icbVDLSsNAFJ34rPUV69LNYBFclUQFXRbduKxgH9CGMJnetEMnkzAzEWvIr7hxoYhbf8Sdf+M0zUJbD1w4nHPv3LknSDhT2nG+rZXVtfWNzcpWdXtnd2/fPqh1VJxKCm0a81j2AqKAMwFtzTSHXiKBRAGHbjC5mfndB5CKxeJeTxPwIjISLGSUaCP5di0bFI9kAU8hx4H/lPt23Wk4BfAycUtSRyVavv01GMY0jUBoyolSfddJtJcRqRnlkFcHqYKE0AkZQd9QQSJQXlaszfGJUYY4jKUpoXGh/p7ISKTUNApMZ0T0WC16M/E/r5/q8MrLmEhSDYLOF4UpxzrGsyDwkEmgmk8NIVQy81dMx0QSqk1cVROCu3jyMumcNdzzhnN3UW9el3FU0BE6RqfIRZeoiW5RC7URRY/oGb2iNyu3Xqx362PeumKVM4foD6zPH6CzlM8=</latexit>

bT
<latexit sha1_base64="ELCTPZ+pGavDr5eKE+rfZBwRzxQ=">AAAB+3icbVBNS8NAEJ3Ur1q/Yj16WSyCp5KooMeiF48V2lpoQ9hsN+3SzSbsbsQS8le8eFDEq3/Em//GbZqDtj4YeLw3s7PzgoQzpR3n26qsrW9sblW3azu7e/sH9mG9p+JUEtolMY9lP8CKciZoVzPNaT+RFEcBpw/B9HbuPzxSqVgsOnqWUC/CY8FCRrA2km/Xs2HxSBbwlOYo8Du5bzecplMArRK3JA0o0fbtr+EoJmlEhSYcKzVwnUR7GZaaEU7z2jBVNMFkisd0YKjAEVVeVqzN0alRRiiMpSmhUaH+nshwpNQsCkxnhPVELXtz8T9vkOrw2suYSFJNBVksClOOdIzmQaARk5RoPjMEE8nMXxGZYImJNnHVTAju8smrpHfedC+azv1lo3VTxlGFYziBM3DhClpwB23oAoEneIZXeLNy68V6tz4WrRWrnDmCP7A+fwBm9ZSp</latexit>

⌘
<latexit sha1_base64="Vf5SUn5v/69EBDV6BHz/SiDLV2U=">AAAB/HicbVDLSsNAFJ3UV62vaJduBovgqiQq6LLoxmUF+4AmlMn0ph06mYSZiVBC/BU3LhRx64e482+cpllo64ELh3PunTv3BAlnSjvOt1VZW9/Y3Kpu13Z29/YP7MOjropTSaFDYx7LfkAUcCago5nm0E8kkCjg0Aumt3O/9whSsVg86FkCfkTGgoWMEm2koV3PvOKRLOAp5NgDTfKh3XCaTgG8StySNFCJ9tD+8kYxTSMQmnKi1MB1Eu1nRGpGOeQ1L1WQEDolYxgYKkgEys+KvTk+NcoIh7E0JTQu1N8TGYmUmkWB6YyInqhlby7+5w1SHV77GRNJqkHQxaIw5VjHeJ4EHjEJVPOZIYRKZv6K6YRIQrXJq2ZCcJdPXiXd86Z70XTuLxutmzKOKjpGJ+gMuegKtdAdaqMOomiGntErerOerBfr3fpYtFascqaO/sD6/AFXE5U0</latexit>

NLO (one-loop) matching used to convert 
to       scheme:MS

<latexit sha1_base64="exvSv5fIpiavsp/FujHP+jz+zOA=">AAAB/XicbVDLSsNAFJ34rPUVHzs3wSK4KolUdFl040aoaB/QhDKZTtqhk0yYuRFrCP6KGxeKuPU/3Pk3TtostPXAwOGce7h3jh9zpsC2v42FxaXlldXSWnl9Y3Nr29zZbSmRSEKbRHAhOz5WlLOINoEBp51YUhz6nLb90WXut++pVExEdzCOqRfiQcQCRjBoqWfuu0LbeTp1gT5Aen2bZT2zYlftCax54hSkggo0euaX2xckCWkEhGOluo4dg5diCYxwmpXdRNEYkxEe0K6mEQ6p8tLJ9Zl1pJW+FQipXwTWRP2dSHGo1Dj09WSIYahmvVz8z+smEJx7KYviBGhEpouChFsgrLwKq88kJcDHmmAimb7VIkMsMQFdWFmX4Mx+eZ60TqpOrXp6U6vUL4o6SugAHaJj5KAzVEdXqIGaiKBH9Ixe0ZvxZLwY78bHdHTBKDJ76A+Mzx+FYJXs</latexit>

Ebert, Stewart, Zhao, JHEP 099 (2020)

O
q
�(b

µ, ⌘) = q(bµ)
�

2
Wẑ(b

µ; ⌘ � bz)

<latexit sha1_base64="/z06DRxUi2WzE5n4nuSK6XhR75k="></latexit>

⇥W †
T (⌘ẑ; bT )W

†
ẑ (0; ⌘)q(0)

<latexit sha1_base64="m8AyDnRO4wRLM8AlHFiTzDkJCWQ="></latexit>
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RI/MOM renormalization

Renormalization factor results 
show mild dependence on 
quark momentum after NLO 
matching to

pR

<latexit sha1_base64="7G4MlMm1SOuvkrrPB92xPsMStsM=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKosegF4/xkQckS5id9CZDZmeXmVkhLPkELx4U8eoXefNvnCR70MSChqKqm+6uIBFcG9f9dgorq2vrG8XN0tb2zu5eef+gqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzdRvPaHSPJaPZpygH9GB5CFn1FjpIend98oVt+rOQJaJl5MK5Kj3yl/dfszSCKVhgmrd8dzE+BlVhjOBk1I31ZhQNqID7FgqaYTaz2anTsiJVfokjJUtachM/T2R0UjrcRTYzoiaoV70puJ/Xic14ZWfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6JRuCt/jyMmmeVb3z6sXdeaV2ncdRhCM4hlPw4BJqcAt1aACDATzDK7w5wnlx3p2PeWvByWcO4Q+czx80HI3B</latexit>

MS

<latexit sha1_base64="exvSv5fIpiavsp/FujHP+jz+zOA=">AAAB/XicbVDLSsNAFJ34rPUVHzs3wSK4KolUdFl040aoaB/QhDKZTtqhk0yYuRFrCP6KGxeKuPU/3Pk3TtostPXAwOGce7h3jh9zpsC2v42FxaXlldXSWnl9Y3Nr29zZbSmRSEKbRHAhOz5WlLOINoEBp51YUhz6nLb90WXut++pVExEdzCOqRfiQcQCRjBoqWfuu0LbeTp1gT5Aen2bZT2zYlftCax54hSkggo0euaX2xckCWkEhGOluo4dg5diCYxwmpXdRNEYkxEe0K6mEQ6p8tLJ9Zl1pJW+FQipXwTWRP2dSHGo1Dj09WSIYahmvVz8z+smEJx7KYviBGhEpouChFsgrLwKq88kJcDHmmAimb7VIkMsMQFdWFmX4Mx+eZ60TqpOrXp6U6vUL4o6SugAHaJj5KAzVEdXqIGaiKBH9Ixe0ZvxZLwY78bHdHTBKDJ76A+Mzx+FYJXs</latexit>

Including mixing between 
operators with different Dirac 
structures (16 x 16 matrix) 
leads to           corrections to 
renormalized matrix elements 
that depend on staple 
geometry

. 5%

<latexit sha1_base64="sfzXPYPbjAvtqnZO1P3jUxUYWKE=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LJaCp5JIix6LXjxWsLXQhLLZTtqlu0nY3Qil9G948aCIV/+MN/+N2zYHbX0w8Hhvhpl5YSq4Nq777RQ2Nre2d4q7pb39g8Oj8vFJRyeZYthmiUhUN6QaBY+xbbgR2E0VUhkKfAzHt3P/8QmV5kn8YCYpBpIOYx5xRo2VfF+g1ppL0vCr/XLFrbkLkHXi5aQCOVr98pc/SFgmMTZMUK17npuaYEqV4UzgrORnGlPKxnSIPUtjKlEH08XNM1K1yoBEibIVG7JQf09MqdR6IkPbKakZ6VVvLv7n9TITXQdTHqeZwZgtF0WZICYh8wDIgCtkRkwsoUxxeythI6ooMzamkg3BW315nXQua1691rivV5o3eRxFOINzuAAPrqAJd9CCNjBI4Rle4c3JnBfn3flYthacfOYU/sD5/AE/epEs</latexit>

Shanahan, MW, Zhao, PRD 104 (2021)
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Trouble with RI/MOM

Asymmetry visible in beam functions after RI/MOM renormalization

Bare

RI/MOM
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Beam function asymmetry
Asymmetry visible after RI/MOM 

renormalization could arise from state-
dependence of static quark potential

State dependence of static quark potential 
visible in previous calculations

Correction for difference in static quark 
potentials applied

<latexit sha1_base64="17dL5rNWxnlZ/mJ39UdUJkMPtf4="></latexit>

BMS;corr
�4

(bz, bT ) = e�(bT )|bz|BMS
�4

(bz, bT )

Roughly linear trend in         observed

<latexit sha1_base64="yiWk6KsDxUKWJutGyb9NNwKiBfQ="></latexit>

�(bT ) = V (bT )quark � V (bT )pion ⇠ � bT

<latexit sha1_base64="RJJ2aDbV3FGDIV7zhWZm8T76CII=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8eK/YI2lM120i7dbMLuRiihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vp7C2vrG5Vdwu7ezu7R+UD49aOk4VwyaLRaw6AdUouMSm4UZgJ1FIo0BgOxjfzfz2EyrNY9kwkwT9iA4lDzmjxkqPQb/RL1fcqjsHWSVeTiqQo94vf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/m586JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSEN37GZZIalGyxKEwFMTGZ/U0GXCEzYmIJZYrbWwkbUUWZsemUbAje8surpHVR9a6qlw+XldptHkcRTuAUzsGDa6jBPdShCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwAiJo22</latexit>

bT



14

Asymmetry correction
After correcting for state dependence of static quark potential, expected 

(anti)symmetrization of beam function emerges

Extrapolation to large          (by a constant) and averaging over choice of        
used in renormalization performed after including corrections independently

Systematics included to reflect variation in        and         reduced after 
corrections included

<latexit sha1_base64="GVNo8m7/g9yOIZnX4KRu5RJSRDs=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cK9gPaUDbbTbt0dxN2J0IJ/QtePCji1T/kzX9j0uagrQ8GHu/NMDMviKWw6LrfTmltfWNzq7xd2dnd2z+oHh61bZQYxlsskpHpBtRyKTRvoUDJu7HhVAWSd4LJXe53nrixItKPOI25r+hIi1AwirnU50gH1Zpbd+cgq8QrSA0KNAfVr/4wYoniGpmk1vY8N0Y/pQYFk3xW6SeWx5RN6Ij3Mqqp4tZP57fOyFmmDEkYmaw0krn6eyKlytqpCrJORXFsl71c/M/rJRje+KnQcYJcs8WiMJEEI5I/TobCcIZymhHKjMhuJWxMDWWYxVPJQvCWX14l7Yu6d1W/fLisNW6LOMpwAqdwDh5cQwPuoQktYDCGZ3iFN0c5L86787FoLTnFzDH8gfP5AwvQjkE=</latexit>⌘

<latexit sha1_base64="GVNo8m7/g9yOIZnX4KRu5RJSRDs=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cK9gPaUDbbTbt0dxN2J0IJ/QtePCji1T/kzX9j0uagrQ8GHu/NMDMviKWw6LrfTmltfWNzq7xd2dnd2z+oHh61bZQYxlsskpHpBtRyKTRvoUDJu7HhVAWSd4LJXe53nrixItKPOI25r+hIi1AwirnU50gH1Zpbd+cgq8QrSA0KNAfVr/4wYoniGpmk1vY8N0Y/pQYFk3xW6SeWx5RN6Ij3Mqqp4tZP57fOyFmmDEkYmaw0krn6eyKlytqpCrJORXFsl71c/M/rJRje+KnQcYJcs8WiMJEEI5I/TobCcIZymhHKjMhuJWxMDWWYxVPJQvCWX14l7Yu6d1W/fLisNW6LOMpwAqdwDh5cQwPuoQktYDCGZ3iFN0c5L86787FoLTnFzDH8gfP5AwvQjkE=</latexit>⌘
<latexit sha1_base64="hQRMNva4kHBlp7J9HL233wrOIBY=">AAAB7HicbVBNTwIxEJ3iF+IX6tFLIzHxRHYNUY9ELx7RsEACK+mWLjR0u5u2a0I2/AYvHjTGqz/Im//GAntQ8CWTvLw3k5l5QSK4No7zjQpr6xubW8Xt0s7u3v5B+fCopeNUUebRWMSqExDNBJfMM9wI1kkUI1EgWDsY38789hNTmseyaSYJ8yMylDzklBgreUG/+fjQL1ecqjMHXiVuTiqQo9Evf/UGMU0jJg0VROuu6yTGz4gynAo2LfVSzRJCx2TIupZKEjHtZ/Njp/jMKgMcxsqWNHiu/p7ISKT1JApsZ0TMSC97M/E/r5ua8NrPuExSwyRdLApTgU2MZ5/jAVeMGjGxhFDF7a2Yjogi1Nh8SjYEd/nlVdK6qLqX1dp9rVK/yeMowgmcwjm4cAV1uIMGeECBwzO8whuS6AW9o49FawHlM8fwB+jzB3lPjno=</latexit>

bRT

<latexit sha1_base64="hQRMNva4kHBlp7J9HL233wrOIBY=">AAAB7HicbVBNTwIxEJ3iF+IX6tFLIzHxRHYNUY9ELx7RsEACK+mWLjR0u5u2a0I2/AYvHjTGqz/Im//GAntQ8CWTvLw3k5l5QSK4No7zjQpr6xubW8Xt0s7u3v5B+fCopeNUUebRWMSqExDNBJfMM9wI1kkUI1EgWDsY38789hNTmseyaSYJ8yMylDzklBgreUG/+fjQL1ecqjMHXiVuTiqQo9Evf/UGMU0jJg0VROuu6yTGz4gynAo2LfVSzRJCx2TIupZKEjHtZ/Njp/jMKgMcxsqWNHiu/p7ISKT1JApsZ0TMSC97M/E/r5ua8NrPuExSwyRdLApTgU2MZ5/jAVeMGjGxhFDF7a2Yjogi1Nh8SjYEd/nlVdK6qLqX1dp9rVK/yeMowgmcwjm4cAV1uIMGeECBwzO8whuS6AW9o49FawHlM8fwB+jzB3lPjno=</latexit>

bRT
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Inverse problems

LQCD results span a finite range of

bz,

<latexit sha1_base64="sWjy0ZbRG34sE2drbxkm9M8nwek=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbBg5Rdqeix6MVjBfsB7VqyabYNTbJLkhXq0r/gxYMiXv1D3vw3Zts9aOuDgcd7M8zMC2LOtHHdb6ewsrq2vlHcLG1t7+zulfcPWjpKFKFNEvFIdQKsKWeSNg0znHZiRbEIOG0H45vMbz9SpVkk780kpr7AQ8lCRrDJpODh6axfrrhVdwa0TLycVCBHo1/+6g0ikggqDeFY667nxsZPsTKMcDot9RJNY0zGeEi7lkosqPbT2a1TdGKVAQojZUsaNFN/T6RYaD0Rge0U2Iz0opeJ/3ndxIRXfspknBgqyXxRmHBkIpQ9jgZMUWL4xBJMFLO3IjLCChNj4ynZELzFl5dJ67zq1aoXd7VK/TqPowhHcAyn4MEl1OEWGtAEAiN4hld4c4Tz4rw7H/PWgpPPHMIfOJ8/wrWOEA==</latexit>

P z,

<latexit sha1_base64="3BiDL4ZQFYNbnY41uS7ZYXagSRQ=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbBg5Rdqeix6MVjBfsB7VqyabYNTbJLkhXq0r/gxYMiXv1D3vw3Zts9aOuDgcd7M8zMC2LOtHHdb6ewsrq2vlHcLG1t7+zulfcPWjpKFKFNEvFIdQKsKWeSNg0znHZiRbEIOG0H45vMbz9SpVkk780kpr7AQ8lCRrDJpMbD01m/XHGr7gxomXg5qUCORr/81RtEJBFUGsKx1l3PjY2fYmUY4XRa6iWaxpiM8ZB2LZVYUO2ns1un6MQqAxRGypY0aKb+nkix0HoiAtspsBnpRS8T//O6iQmv/JTJODFUkvmiMOHIRCh7HA2YosTwiSWYKGZvRWSEFSbGxlOyIXiLLy+T1nnVq1Uv7mqV+nUeRxGO4BhOwYNLqMMtNKAJBEbwDK/w5gjnxXl3PuatBSefOYQ/cD5/AKc3jf4=</latexit>

b · P = bzP z

<latexit sha1_base64="P6NhflKFsi6oj6GwMEtr6o0VFe8=">AAAB/HicbVDLSsNAFJ3UV62vaJduBovgqiRS0Y1QdOMygn1Am5bJZNIOncyEmYmQlvorblwo4tYPceffOG2z0NYDFw7n3Mu99wQJo0o7zrdVWFvf2Nwqbpd2dvf2D+zDo6YSqcSkgQUTsh0gRRjlpKGpZqSdSILigJFWMLqd+a1HIhUV/EFnCfFjNOA0ohhpI/XtcgC7OBQaevAaBr0x9Hrjvl1xqs4ccJW4OamAHF7f/uqGAqcx4RozpFTHdRLtT5DUFDMyLXVTRRKER2hAOoZyFBPlT+bHT+GpUUIYCWmKazhXf09MUKxUFgemM0Z6qJa9mfif10l1dOVPKE9STTheLIpSBrWAsyRgSCXBmmWGICypuRXiIZIIa5NXyYTgLr+8SprnVbdWvbivVeo3eRxFcAxOwBlwwSWogzvggQbAIAPP4BW8WU/Wi/VufSxaC1Y+UwZ/YH3+AIRYk2g=</latexit>

Curves approximately collapse to 
functions of           , approach zero forb · P

<latexit sha1_base64="Thhrej29udPePBoQXmddYck1oJo=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIvgqsxIRZdFNy4r2FppB8lkMm1oHkOSEcrQr3DjQhG3fo47/8a0nYW2HggczjmX3HuilDNjff/bK62srq1vlDcrW9s7u3vV/YOOUZkmtE0UV7obYUM5k7RtmeW0m2qKRcTpfTS6nvr3T1QbpuSdHac0FHggWcIItk56iFCfxMqi1mO15tf9GdAyCQpSgwIu/9WPFckElZZwbEwv8FMb5lhbRjidVPqZoSkmIzygPUclFtSE+WzhCTpxSowSpd2TFs3U3xM5FsaMReSSAtuhWfSm4n9eL7PJZZgzmWaWSjL/KMk4sgpNr0cx05RYPnYEE83crogMscbEuo4qroRg8eRl0jmrB436+W2j1rwq6ijDERzDKQRwAU24gRa0gYCAZ3iFN097L9679zGPlrxi5hD+wPv8AeZgj9Q=</latexit>

Inverse problem:

b · P ! 1

<latexit sha1_base64="lm31WFZiBx7gE0NW9wG+gz/olb8=">AAACBXicbVC7SgNBFJ31GeMraqnFYBCswq5EtAzaWEYwD8guYXZ2NhkyO7PM3FXCksbGX7GxUMTWf7Dzb5w8Ck08cOFwzr3ce0+YCm7Adb+dpeWV1bX1wkZxc2t7Z7e0t980KtOUNagSSrdDYpjgkjWAg2DtVDOShIK1wsH12G/dM224kncwTFmQkJ7kMacErNQtHYXYp5ECXMe+5r0+EK3VA/a5jGHYLZXdijsBXiTejJTRDPVu6cuPFM0SJoEKYkzHc1MIcqKBU8FGRT8zLCV0QHqsY6kkCTNBPvlihE+sEuFYaVsS8ET9PZGTxJhhEtrOhEDfzHtj8T+vk0F8GeRcphkwSaeL4kxgUHgcCY64ZhTE0BJCNbe3YtonmlCwwRVtCN78y4ukeVbxqpXz22q5djWLo4AO0TE6RR66QDV0g+qogSh6RM/oFb05T86L8+58TFuXnNnMAfoD5/MH1qCYLg==</latexit>

x

<latexit sha1_base64="E+xWb622b2P97o+CO1oWwc/7ors=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNRo9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1K+rFdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOjRjQQ=</latexit>

b · P

<latexit sha1_base64="Thhrej29udPePBoQXmddYck1oJo=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIvgqsxIRZdFNy4r2FppB8lkMm1oHkOSEcrQr3DjQhG3fo47/8a0nYW2HggczjmX3HuilDNjff/bK62srq1vlDcrW9s7u3vV/YOOUZkmtE0UV7obYUM5k7RtmeW0m2qKRcTpfTS6nvr3T1QbpuSdHac0FHggWcIItk56iFCfxMqi1mO15tf9GdAyCQpSgwIu/9WPFckElZZwbEwv8FMb5lhbRjidVPqZoSkmIzygPUclFtSE+WzhCTpxSowSpd2TFs3U3xM5FsaMReSSAtuhWfSm4n9eL7PJZZgzmWaWSjL/KMk4sgpNr0cx05RYPnYEE83crogMscbEuo4qroRg8eRl0jmrB436+W2j1rwq6ijDERzDKQRwAU24gRa0gYCAZ3iFN097L9679zGPlrxi5hD+wPv8AeZgj9Q=</latexit>

is Fourier conjugate to 
b · P ! 1

<latexit sha1_base64="lm31WFZiBx7gE0NW9wG+gz/olb8=">AAACBXicbVC7SgNBFJ31GeMraqnFYBCswq5EtAzaWEYwD8guYXZ2NhkyO7PM3FXCksbGX7GxUMTWf7Dzb5w8Ck08cOFwzr3ce0+YCm7Adb+dpeWV1bX1wkZxc2t7Z7e0t980KtOUNagSSrdDYpjgkjWAg2DtVDOShIK1wsH12G/dM224kncwTFmQkJ7kMacErNQtHYXYp5ECXMe+5r0+EK3VA/a5jGHYLZXdijsBXiTejJTRDPVu6cuPFM0SJoEKYkzHc1MIcqKBU8FGRT8zLCV0QHqsY6kkCTNBPvlihE+sEuFYaVsS8ET9PZGTxJhhEtrOhEDfzHtj8T+vk0F8GeRcphkwSaeL4kxgUHgcCY64ZhTE0BJCNbe3YtonmlCwwRVtCN78y4ukeVbxqpXz22q5djWLo4AO0TE6RR66QDV0g+qogSh6RM/oFb05T86L8+58TFuXnNnMAfoD5/MH1qCYLg==</latexit>

Rapid FT convergence as

Inverse problem is (not) severe in practice if LQCD results are (not) truncated to 
values of             where the Fourier transform integrand is non-negligibleb · P

<latexit sha1_base64="Thhrej29udPePBoQXmddYck1oJo=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIvgqsxIRZdFNy4r2FppB8lkMm1oHkOSEcrQr3DjQhG3fo47/8a0nYW2HggczjmX3HuilDNjff/bK62srq1vlDcrW9s7u3vV/YOOUZkmtE0UV7obYUM5k7RtmeW0m2qKRcTpfTS6nvr3T1QbpuSdHac0FHggWcIItk56iFCfxMqi1mO15tf9GdAyCQpSgwIu/9WPFckElZZwbEwv8FMb5lhbRjidVPqZoSkmIzygPUclFtSE+WzhCTpxSowSpd2TFs3U3xM5FsaMReSSAtuhWfSm4n9eL7PJZZgzmWaWSjL/KMk4sgpNr0cx05RYPnYEE83crogMscbEuo4qroRg8eRl0jmrB436+W2j1rwq6ijDERzDKQRwAU24gRa0gYCAZ3iFN097L9679zGPlrxi5hD+wPv8AeZgj9Q=</latexit>

Any method to fit function of       given data with limited           is an attempt to 
work around the inverse problem and should be judged by practicailities

Fourier transforming data from a finite 
interval is a formally ill-posed problem

x

<latexit sha1_base64="E+xWb622b2P97o+CO1oWwc/7ors=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNRo9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1K+rFdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOjRjQQ=</latexit>

b · P

<latexit sha1_base64="Thhrej29udPePBoQXmddYck1oJo=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIvgqsxIRZdFNy4r2FppB8lkMm1oHkOSEcrQr3DjQhG3fo47/8a0nYW2HggczjmX3HuilDNjff/bK62srq1vlDcrW9s7u3vV/YOOUZkmtE0UV7obYUM5k7RtmeW0m2qKRcTpfTS6nvr3T1QbpuSdHac0FHggWcIItk56iFCfxMqi1mO15tf9GdAyCQpSgwIu/9WPFckElZZwbEwv8FMb5lhbRjidVPqZoSkmIzygPUclFtSE+WzhCTpxSowSpd2TFs3U3xM5FsaMReSSAtuhWfSm4n9eL7PJZZgzmWaWSjL/KMk4sgpNr0cx05RYPnYEE83crogMscbEuo4qroRg8eRl0jmrB436+W2j1rwq6ijDERzDKQRwAU24gRa0gYCAZ3iFN097L9679zGPlrxi5hD+wPv8AeZgj9Q=</latexit>
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CS kernel systematics
Discrete Fourier transform leads to 

significant         dependence of 
(asymptotically flat) CS kernel estimate

Differences between estimates with 
different momentum pairs visible

<latexit sha1_base64="jqylwcxBagMhesCQ8VFOWEkScmo=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOknjQU=</latexit>x
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Large-distance extrapolation
Fits performed independently for each                 to analytic model in order to 

extrapolate to larger

Untruncated Fourier transformations performed analytically after fitting

Improvement from quenched calculation: modeling in coordinate space instead 
of momentum space permits      dependent extraction of CS kernel and 
NLO quasi/light-cone matching

<latexit sha1_base64="jqylwcxBagMhesCQ8VFOWEkScmo=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOknjQU=</latexit>x

<latexit sha1_base64="/vPf7UL6KrUyxgXomtbtSRX8dZ8=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBg5RdKeqx6MVjhX5Ju5Zsmm1Dk+ySZIW69Fd48aCIV3+ON/+NabsHbX0w8Hhvhpl5QcyZNq777eRWVtfWN/Kbha3tnd294v5BU0eJIrRBIh6pdoA15UzShmGG03asKBYBp61gdDP1W49UaRbJuhnH1Bd4IFnICDZWug969bMuqj089Yolt+zOgJaJl5ESZKj1il/dfkQSQaUhHGvd8dzY+ClWhhFOJ4VuommMyQgPaMdSiQXVfjo7eIJOrNJHYaRsSYNm6u+JFAutxyKwnQKboV70puJ/Xicx4ZWfMhknhkoyXxQmHJkITb9HfaYoMXxsCSaK2VsRGWKFibEZFWwI3uLLy6R5XvYuypW7Sql6ncWRhyM4hlPw4BKqcAs1aAABAc/wCm+Ocl6cd+dj3ppzsplD+APn8wfJSY/C</latexit>

bT , P z
<latexit sha1_base64="YfYywOLh/uQl9v/fDn+sOCgi9N0=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4xyiOBlcwOA0yYnd3M9Jrghk/w4kFjvPpF3vwbB9iDgpV0UqnqTndXEEth0HW/ndzK6tr6Rn6zsLW9s7tX3D9omCjRjNdZJCPdCqjhUiheR4GSt2LNaRhI3gxG11O/+ci1EZG6x3HM/ZAOlOgLRtFKd8HDU7dYcsvuDGSZeBkpQYZat/jV6UUsCblCJqkxbc+N0U+pRsEknxQ6ieExZSM64G1LFQ258dPZqRNyYpUe6UfalkIyU39PpDQ0ZhwGtjOkODSL3lT8z2sn2L/0U6HiBLli80X9RBKMyPRv0hOaM5RjSyjTwt5K2JBqytCmU7AheIsvL5PGWdk7L1duK6XqVRZHHo7gGE7Bgwuowg3UoA4MBvAMr/DmSOfFeXc+5q05J5s5hD9wPn8AWjmN2w==</latexit>

bz
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CS kernel systematics
Discrete Fourier transform leads to 

significant         dependence of 
(asymptotically flat) CS kernel estimate

Differences between estimates with 
different momentum pairs visible

Fourier transforming the 
analytically extrapolated model 
leads to smaller (though still 
visible)      and       dependence

<latexit sha1_base64="jqylwcxBagMhesCQ8VFOWEkScmo=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOknjQU=</latexit>x

<latexit sha1_base64="jqylwcxBagMhesCQ8VFOWEkScmo=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOknjQU=</latexit>x <latexit sha1_base64="LY98nRvs/k+TsHotVdTVhqxodtk=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4xyiOBlcwOA0yYnd3M9Jrghk/w4kFjvPpF3vwbB9iDgpV0UqnqTndXEEth0HW/ndzK6tr6Rn6zsLW9s7tX3D9omCjRjNdZJCPdCqjhUiheR4GSt2LNaRhI3gxG11O/+ci1EZG6x3HM/ZAOlOgLRtFKd7WHp26x5JbdGcgy8TJSggy1bvGr04tYEnKFTFJj2p4bo59SjYJJPil0EsNjykZ0wNuWKhpy46ezUyfkxCo90o+0LYVkpv6eSGlozDgMbGdIcWgWvan4n9dOsH/pp0LFCXLF5ov6iSQYkenfpCc0ZyjHllCmhb2VsCHVlKFNp2BD8BZfXiaNs7J3Xq7cVkrVqyyOPBzBMZyCBxdQhRuoQR0YDOAZXuHNkc6L8+58zFtzTjZzCH/gfP4APs2NyQ==</latexit>

P z

“Plateau region” identified by 
automated search for overlap 
between different        pairs

<latexit sha1_base64="LY98nRvs/k+TsHotVdTVhqxodtk=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4xyiOBlcwOA0yYnd3M9Jrghk/w4kFjvPpF3vwbB9iDgpV0UqnqTndXEEth0HW/ndzK6tr6Rn6zsLW9s7tX3D9omCjRjNdZJCPdCqjhUiheR4GSt2LNaRhI3gxG11O/+ci1EZG6x3HM/ZAOlOgLRtFKd7WHp26x5JbdGcgy8TJSggy1bvGr04tYEnKFTFJj2p4bo59SjYJJPil0EsNjykZ0wNuWKhpy46ezUyfkxCo90o+0LYVkpv6eSGlozDgMbGdIcWgWvan4n9dOsH/pp0LFCXLF5ov6iSQYkenfpCc0ZyjHllCmhb2VsCHVlKFNp2BD8BZfXiaNs7J3Xq7cVkrVqyyOPBzBMZyCBxdQhRuoQR0YDOAZXuHNkc6L8+58zFtzTjZzCH/gfP4APs2NyQ==</latexit>

P z

Fits of            artifacts also attempted
<latexit sha1_base64="sJ2SC3nnr+TcFRqK0VDNJeTUKD4=">AAAB7HicbVBNTwIxEJ3FL8Qv1KOXRmLiCXcNUY9ELx4xcYEEVtItXWjotpu2a4IbfoMXDxrj1R/kzX9jgT0o+JJJXt6bycy8MOFMG9f9dgorq2vrG8XN0tb2zu5eef+gqWWqCPWJ5FK1Q6wpZ4L6hhlO24miOA45bYWjm6nfeqRKMynuzTihQYwHgkWMYGMl3ztrPDz1yhW36s6AlomXkwrkaPTKX92+JGlMhSEca93x3MQEGVaGEU4npW6qaYLJCA9ox1KBY6qDbHbsBJ1YpY8iqWwJg2bq74kMx1qP49B2xtgM9aI3Ff/zOqmJroKMiSQ1VJD5oijlyEg0/Rz1maLE8LElmChmb0VkiBUmxuZTsiF4iy8vk+Z51buo1u5qlfp1HkcRjuAYTsGDS6jDLTTABwIMnuEV3hzhvDjvzse8teDkM4fwB87nDxt/jj0=</latexit>

1/P z
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CS kernel results
Plateau regions of      -dependent CS kernel used to give final results and 

(bootstrap confidence interval) uncertainties

Results computed using both        and         , difference used to estimate 
systematics due to finite    

<latexit sha1_base64="LY98nRvs/k+TsHotVdTVhqxodtk=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4xyiOBlcwOA0yYnd3M9Jrghk/w4kFjvPpF3vwbB9iDgpV0UqnqTndXEEth0HW/ndzK6tr6Rn6zsLW9s7tX3D9omCjRjNdZJCPdCqjhUiheR4GSt2LNaRhI3gxG11O/+ci1EZG6x3HM/ZAOlOgLRtFKd7WHp26x5JbdGcgy8TJSggy1bvGr04tYEnKFTFJj2p4bo59SjYJJPil0EsNjykZ0wNuWKhpy46ezUyfkxCo90o+0LYVkpv6eSGlozDgMbGdIcWgWvan4n9dOsH/pp0LFCXLF5ov6iSQYkenfpCc0ZyjHllCmhb2VsCHVlKFNp2BD8BZfXiaNs7J3Xq7cVkrVqyyOPBzBMZyCBxdQhRuoQR0YDOAZXuHNkc6L8+58zFtzTjZzCH/gfP4APs2NyQ==</latexit>

P z

<latexit sha1_base64="jtLrTZ9zEYW/VRlCeQnD9vmy4GU=">AAAB73icbVBNS8NAEJ34WetX1aOXYBE8lUSKeix68VjBfkAby2S7aZfubuLuRiihf8KLB0W8+ne8+W/ctjlo64OBx3szzMwLE8608bxvZ2V1bX1js7BV3N7Z3dsvHRw2dZwqQhsk5rFqh6gpZ5I2DDOcthNFUYSctsLRzdRvPVGlWSzvzTihgcCBZBEjaKzU7g5QCHyo9kplr+LN4C4TPydlyFHvlb66/ZikgkpDOGrd8b3EBBkqwwink2I31TRBMsIB7VgqUVAdZLN7J+6pVfpuFCtb0rgz9fdEhkLrsQhtp0Az1IveVPzP66QmugoyJpPUUEnmi6KUuyZ2p8+7faYoMXxsCRLF7K0uGaJCYmxERRuCv/jyMmmeV/yLSvWuWq5d53EU4BhO4Ax8uIQa3EIdGkCAwzO8wpvz6Lw4787HvHXFyWeO4A+czx+2Ko/E</latexit>

�4
<latexit sha1_base64="IVWNK7hmoD6QOVtrvzoTB9oBE6Q=">AAAB73icbVDLTgJBEOzFF+IL9ehlIjHxRHaVqEeiF4+YyCOBlfQOA0yY2V1nZk3Ihp/w4kFjvPo73vwbB9iDgpV0UqnqTndXEAuujet+O7mV1bX1jfxmYWt7Z3evuH/Q0FGiKKvTSESqFaBmgoesbrgRrBUrhjIQrBmMbqZ+84kpzaPw3oxj5kschLzPKRortToDlBIfzrvFklt2ZyDLxMtICTLUusWvTi+iiWShoQK1bntubPwUleFUsEmhk2gWIx3hgLUtDVEy7aezeyfkxCo90o+UrdCQmfp7IkWp9VgGtlOiGepFbyr+57UT07/yUx7GiWEhnS/qJ4KYiEyfJz2uGDVibAlSxe2thA5RITU2ooINwVt8eZk0zsreRblyVylVr7M48nAEx3AKHlxCFW6hBnWgIOAZXuHNeXRenHfnY96ac7KZQ/gD5/MHtKaPww==</latexit>

�3

<latexit sha1_base64="jqylwcxBagMhesCQ8VFOWEkScmo=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOknjQU=</latexit>x
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Comparing approximations
NLO matching leads to significant effects on CS kernel determination 

LO results using ratios of                   beam functions or the momentum-space 
models used in quenched calculation are consistent with LO results using 
average over     dependence but give smaller uncertainty estimates<latexit sha1_base64="jqylwcxBagMhesCQ8VFOWEkScmo=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOknjQU=</latexit>x

<latexit sha1_base64="uuPMnPOOlNM7Yzk/XWEuRZlGEOo=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKexKUC9C0IvHCOYByRpmJ5NkyOzsMtMrxCUf4cWDIl79Hm/+jZNkD5pY0FBUddPdFcRSGHTdbye3srq2vpHfLGxt7+zuFfcPGiZKNON1FslItwJquBSK11Gg5K1YcxoGkjeD0c3Ubz5ybUSk7nEccz+kAyX6glG0UjN4eCJXxO0WS27ZnYEsEy8jJchQ6xa/Or2IJSFXyCQ1pu25Mfop1SiY5JNCJzE8pmxEB7xtqaIhN346O3dCTqzSI/1I21JIZurviZSGxozDwHaGFIdm0ZuK/3ntBPuXfipUnCBXbL6on0iCEZn+TnpCc4ZybAllWthbCRtSTRnahAo2BG/x5WXSOCt75+XKXaVUvc7iyMMRHMMpeHABVbiFGtSBwQie4RXenNh5cd6dj3lrzslmDuEPnM8f+gqOsA==</latexit>

bz = 0
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Lattice comparison
Results are broadly consistent with other LQCD calculations (different actions 

and systematics)

Differences with previous LO calculations (SWZ 20, LPC 20, ETMC / PKU 21) 
consistent with differences between Fourier transform schemes



22

Phenomenological comparison
Results can be compared with phenomenology

Warning - no continuum extrapolation, 
unquantified systematics remain

Lattice artifacts at small        ? Underestimated Fourier transform systematics? 
Further studies needed!

<latexit sha1_base64="RJJ2aDbV3FGDIV7zhWZm8T76CII=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8eK/YI2lM120i7dbMLuRiihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vp7C2vrG5Vdwu7ezu7R+UD49aOk4VwyaLRaw6AdUouMSm4UZgJ1FIo0BgOxjfzfz2EyrNY9kwkwT9iA4lDzmjxkqPQb/RL1fcqjsHWSVeTiqQo94vf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/m586JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSEN37GZZIalGyxKEwFMTGZ/U0GXCEzYmIJZYrbWwkbUUWZsemUbAje8surpHVR9a6qlw+XldptHkcRTuAUzsGDa6jBPdShCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwAiJo22</latexit>

bT
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Outlook
Nonperturbative QCD input is required to determine the Collins-Soper 

kernel governing TMDPDF evolution and improve precision of 
SIDIS and Drell-Yan predictions / TMDPDF extractions

Recent LQCD results by 
several groups 
demonstrate increasing 
control over challenging 
systematics in CS 
kernel calculations

Further calculations using 
larger              are 
needed to control 
Fourier transform 
systematics

Studies of lattice spacing dependence and other schemes such as hybrid 
renormalization also needed

bzP z

<latexit sha1_base64="1SC91XjbCbLqcRhIgCNG9d3Jmck=">AAAB7nicbVDLTgJBEOzFF+IL9ehlIjHxRHaNRo9ELx4xkUcCC5kdemHC7OxmZtYECB/hxYPGePV7vPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoruNUMayxWMSqGVCNgkusGW4ENhOFNAoENoLh3cxvPKHSPJaPZpSgH9G+5CFn1FipEXTGpNoZd4slt+zOQVaJl5ESZKh2i1/tXszSCKVhgmrd8tzE+BOqDGcCp4V2qjGhbEj72LJU0gi1P5mfOyVnVumRMFa2pCFz9ffEhEZaj6LAdkbUDPSyNxP/81qpCW/8CZdJalCyxaIwFcTEZPY76XGFzIiRJZQpbm8lbEAVZcYmVLAheMsvr5L6Rdm7LF89XJYqt1kceTiBUzgHD66hAvdQhRowGMIzvMKbkzgvzrvzsWjNOdnMMfyB8/kD5ROPSg==</latexit>


