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Motivation

@ The curvature scalar invariants of the Riemann tensor are important
in General Relativity because they allow a manifestly coordinate
invariant characterisation of certain geometrical properties of
spacetimes such as, among others, curvature singularities,
gravitomagnetism (Petrov classification).
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@ The curvature scalar invariants of the Riemann tensor are important
in General Relativity because they allow a manifestly coordinate
invariant characterisation of certain geometrical properties of
spacetimes such as, among others, curvature singularities,
gravitomagnetism (Petrov classification).

@ We calculate explicit analytic expressions for the set of
Zakhary-Mclntosh (ZM) curvature invariants for accelerating
Kerr-Newman black holes in (anti-)de Sitter spacetime as well as for
the Kerr-Newman-(anti-)de Sitter black hole.
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@ The curvature scalar invariants of the Riemann tensor are important
in General Relativity because they allow a manifestly coordinate
invariant characterisation of certain geometrical properties of
spacetimes such as, among others, curvature singularities,
gravitomagnetism (Petrov classification).

@ We calculate explicit analytic expressions for the set of
Zakhary-Mclntosh (ZM) curvature invariants for accelerating
Kerr-Newman black holes in (anti-)de Sitter spacetime as well as for
the Kerr-Newman-(anti-)de Sitter black hole.

@ These black hole metrics belong to the most general type D solution
of the Einstein-Maxwell equations with a cosmological constant.

@ Detailed plotting of the curvature invariants reveal a rich structure of
the spacetime geometry surrounding the singularity of a rotating,
electrically charged and accelerating black hole. These graphs also
help us in an exact mathematical way to explore the interior of these
black holes-a terra incognita.
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Outline

@ Definitions of the Zakhary-Mclntosh curvature invariants
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@ Definitions of the Zakhary-Mclntosh curvature invariants

o Computation of explicit analytic expressions for the set of
Zakhary-Mclntosh curvature invariants for the
Kerr-Newman-(anti-)de Sitter black hole.
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@ Definitions of the Zakhary-Mclntosh curvature invariants

@ Computation of explicit analytic expressions for the set of
Zakhary-Mclntosh curvature invariants for the
Kerr-Newman-(anti-)de Sitter black hole.

@ Independent verification of our symbolic algebraic computations via
the formalism of tetrads of Newman and Penrose (NP)
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@ Definitions of the Zakhary-Mclntosh curvature invariants

@ Computation of explicit analytic expressions for the set of
Zakhary-Mclntosh curvature invariants for the
Kerr-Newman-(anti-)de Sitter black hole.

@ Independent verification of our symbolic algebraic computations via
the formalism of tetrads of Newman and Penrose (NP)

@ Computation of explicit algebraic expression for the ZM invariants for
accelerating Kerr-Newman black holes in (anti-)de Sitter spacetime .

@ The electromagnetic duality anomaly in these curved backgrounds
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Preliminaries on Riemannian invariants

The Christoffel symbols of the second kind are expressed in the coordinate
basis in the form:
1
A A
r w = Eg lx(g;wc,v + By — gyv,a)y (1)
where the summation convention is adopted and a comma denotes a
partial derivative. The Riemann curvature tensor is given by:

RKA;W = FK/\V,;{ - K/\y,v + rg‘erw - iyrgw (2)
The symmetric Ricci tensor and the Ricci scalar are defined by:
Ruv = Ry R=gPRep, (3)

while the Weyl tensor Ciy (the trace-free part of the curvature tensor) is
given explicitly in terms of the curvature tensor and the metric:

1
CK/\;w = Ry + E(R)mng + vag/\y - R/\vgxy - K]/lg)u/)

1
+ ER(gKyg)w - gKVgAy)- (4)
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The definitions of the Zahkary and Mclntosh invariants fall into three groups
Zahkary & Mclntosh, GERG 1997:

Weyl invariants :

h = Cupn C¥1 = CACf, (5)
h= _CagVC;vaﬁ = —Ko, (6)
lh=C G’ CopP (7)
Iy = —CJMCE P CopP (8)
Ricci invariants :
ls = R = ggR", (9)
ls = RupR*P = Rupg" g Ry, (10)
= R/RFRS, (11)
ls = R/RIR)R) (12)
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Mixed invariants :
lo = Copy RPURS = —C"ugRPURY, (
ho = —Cop RP'RY, (14)
hy = R"‘ﬁRP“’(CM% oy~ Cons Con): (
lp = —R*P RW(C;; Cout + Coag Coia)s (

1 o *0
hs = ERaﬁRM(CoaﬁpC w + Chu’), (17)

16)
onfp

1 o *0 *
he =~ RYP gV (COW caﬁp "y 4 CopopC aﬁp c,’

- cswc*:ﬁpc%cswc;,fc*w), (1)
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and

h7 = 32R"‘/5RW< OKApCO,ngMJF OWC*"/}PC*" A

— co,mpc*j3 PCh + Compc°ﬁf’c*’< A) (19)

Here ;ﬁw is the dual of the Weyl tensor, defined by:

N 1
apys — EEIXﬁK)L CKr/y\(s, (20)

where Eygy) is the Levi-Civita pseudotensor.
Historically, the first invariant studied was the Kretschmann's scalar:

K 1= Ryp,sR*P7°. (21)

We calculated the ZM curvature invariants in tensorial representation for
the specific black holes with Maple™2021.
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The Kerr-Newman-de Sitter black hole metric

The spacetime interval for the Kerr-Newman-de Sitter black hole solution

(which is of Petrov type D and Segre type [(11)(1,1)]) in Boyer-Lindquist
coordinates is (G = ¢ = 1):

2 Atﬂv . 2 2 P2 2 Pz 2
ds? = =252 (dt — asin®0d¢)* — Wdf - AT;de
.
- Afz';z % (adt - (2 + 2?)dg)? (22)
2/\ 2/\
Ag ;:1+a—c0320, E::1+L, (23)
3 3
0% =r*+a%cos’ 0 (24)
A
A = (1 B ?’2) (r* +a%) —2mr + g%, @)

This is accompanied by a non-zero electromagnetic field F = dA with vector
potential :

A= ar

7m(dt — asin?0d¢). (26)
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Result for the Chern-Pontryagin invariant K, for the

KN(a)dS BH

The Chern-Pontryagin invariant Kj is also equal to the invariant built from
the dual of the Riemmann tensor:

1
Ko = Cipys C*P1° = SEP R gy =" R-R. (27)

*R - R has been proposed by Ciufolini to characterise the spacetime
geometry and curvature generated by mass-energy currents and by the
intrinsic angular momentum of a central body. We computed the invariant
*R-R= %E“ﬁ”PRU’;VRaﬁW—the Hirzebruch signature density in closed form
for the KN(a)dS BH Kraniotis Class.Quantum Grav. 39 (2022) 145002:

K, = 962 5 (cos(@)3 a’m—3 cos(0) m 242 cos(0) q2r>

(r2 + a2 cos(9)2)

X (—332 cos(0)? mr + a? cos(0)> g + mr® — q2r2> :
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The Euler-Poincare invariant for the

Kerr-Newman-(anti-)de Sitter black hole

The Hirzebruch signature density, K3, is of course an example of a
topological invariant. Another interesting topological invariant, besides K>,
is the quantity constructed from the doubly dual curvature tensor:

1
KEuler = Z E{X'B,yé EFeT R"QBVV R’Y5PU" (29)

The topological invariant Kgyer is essentially Euler's density whose
integral over spacetime measure gives the so called Euler-Poincare
characteristic x Indeed, the Euler-Poincare characteristic in four
dimensions is: x = fﬁ}ﬂ\/—igKEulerd“x.

The topological Euler invariant has been studied in relation to Weyl
conformal anomaly in four derivative theories such as conformal gravity
and conformal supergravity Duff 2020 as well as in the context of boundary
conformal invariants in five dimensions Astaneh & Solodukhin 2021
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The Euler-Poincare invariant for the

Kerr-Newman-(anti-)de Sitter black hole

We calculated the invariant Kgyjer for the Kerr-Newman-(anti-)de Sitter

black hole spacetime. The novel explicit algebraic expression of the Euler
invariant we computed is:

1
3 <r2 + a2 cos(9)2)
— 120A2 cos(6)® a®r* + (—160a°A%r® 4 1442°m?) cos(0)®
+ (—120A2%a*r® — 2160a*m?r? + 1440a*m ¢°r — 120g*a*) cos(6)*

1 4 19
— 2160 (45A2a2r8 —a®m?r? + gazm q’r — 4532q4> r? cos(9)2

—8r12A% — 144m?r® 4+ 288m ¢*r® — 120q4r4) .

KEuler =

5 (—SA2 cos(8)"? a2 — 48A2 cos(9) ™ a10r?

(30)
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Results for the ZM invariants for the KN(a)dS BH

h= Le (—a3mcc.'>s(9)3 + (—3a2mr + a2q?) cos(6)® + (3am r? — 2a ) cos(6)
(,2 +a? cos(9)2)

+ (mr— q2) r2>

X (a3m cos(8)® + (—3a2mr + a2q?) cos(0)® + (—3am r? + 22 ¢?r) cos(8) — (—mr + ¢°) r2) ,

(31)
= Lg (73 cos(0)® 2®m? + (272*m?r? —18a*m ¢?r + a*q*) cos(8)*
(r2 + a2 cos(9)2)

+ (73332m2r4 +442°m g?r® — 1432q4r2) <:os(9)2 +r%m? —2m¢?r® + q4r4>

X ((7332mr +a%q%) cos(0)> + mr® — q2r2) (32)
32
4, 2
= 864a ; (cos (93) Fm (—mr2+§q2r> 505(9)>
(,2 + a2 cos(G)Z)
6 6,2
y [,M +(1stmr - Zatmair s o) osto)’
1 403022 1 6maPr — 3q*
+ (7932m2r4+ 12a°m ¢?r® — ?oazq"rz) cos(G)2 ! (=3m?r +3 ma’r = 3¢") ,
(33)

I =R =4A, (34)
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Iz

I =

3

4 (A2 cos(6)® a8 4+ 4A2 cos(0)® a°r% + 6A2 cos(6)* a*r* + 4A2 cos(60)? a2r® + A2r® + 3q4) A

<r2 + a2 cos(G)z)4 ’
(35)
1

— <4A4 cos(6) a'® + 32A% cos(0)™ a¥r? + 112A% cos(8) ' a12r*
(r2 + a2 cos(9)2>

7
+ 224A% cos(6)™0 210/° + (280A%a%r8 + 24A%28q*) cos(6)® + 96r° <§aﬁA4r8 + an4A2) cos(6)°

1
+ (112A%a*r"2 + 144A%a%q* ) cos(0)* + 96r° <§A4a2r12 + A2a2q4r4) cos(6)?

+ 4N £ 2448 4 4q8> . (36)
4
S NS (37)
<r2 + a2 cos(9)2>
16 (—332 cos(8)? mr + a2 cos(8)? g2 + m r® — q2r2> q*
=- 5 , (38)
<r2 + a2 cos(6’)2)
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4
ho = L (cos(9)3 a?m — 3cos(8) mr? + 2 cos() q2r> . (39)
(r2 + a2 cos(9)2)
e — 64q* 0)3 53 a2 2 2 0)2 4 (— 2 2 6
= ———5|cos(8)” @>m+ (—3a°mr + a°¢”) cos(0)" + (—3amr? +2aq°r) cos(6)
<r2 + a2 cos(9)2)
—r? (7mr+ qz)

X (— cos(8)® a*m + (—32°mr + a%¢?) cos(8)” + (3am r? — 2a¢?r) cos(8) + (mr — ¢?) r2) ,

(40)
128aq*
hp = _Lm (cos(@)3 a*m — 3cos(8) mr® + 2 cos(8) q2r)
<r2 + a2 cos(9)2)
X (—332 cos(8)? mr + 2% cos(8)* g* + m r® — q2r2> . (41)
4q* (cos(9)2 a2m? 4+ r’m? —2mq?r + q4>
hs = 5 : (42)
(r2 + a2 cos(9)2)
24q* (cos(@)2 a?m? + (mr — q2)2) <22 (mr — %2) cos((?)2 - M)
he = — A1l ' (43)
(r2 + a2 cos() )
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~——

24aq* <cos 0)%a2m
h7 =—

T 3 + <—m P4 §q2r> cos(9)> (cos(@)2 a*m? + (mr — ¢°)?
(r2 + a2 cos(9)2>

(44)

We summarise our results as follows:

The exact algebraic expressions for the curvature invariants calculated for the Kerr-Newman-(anti-)de
Sitter metric are given in Equations (31)-(44) and (28).

The Kretschmann invariant K for the KN(a)dS black hole is given by the expression:

KHKN(@)ds %ﬁ <8A2 cos(8)'? a2 + 48A2 cos(0)'0 a1°r2 + 120A2 cos(6)® 2°r*
3 (r2 + a2 cos(6)?

1 2 7
+ (160A%2°r° — 1442°m?) cos(8)® + 2160 (1—8r8[\2 + m?r? — 3m q’r+ %q“) a* cos(6)*

1 4 1
— 2160 <7Er8A2 +m?r? — zm q°r + 4—;q4> a?r? cos(0)? + 8A%r'? 4 144m?rS — 288m g*r°

+ 168q4r4> . (45)
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Keun-value,2-0.9939,-0.1A=3.6x10%

s
i

Y.
7

(c) Contour Plot of Kgyier-

Figure: Contour plots of Kgyier- (a) for spin parameter a = 0.52, charge

g = 0.4,dimensionless cosmological parameter A = 3.6 x 10733 m = 1. (b) For
spin a = 0.9939, charge g = 0.11,dimensionless cosmological parameter
A=36x10"33 m=1. (c) For low spin a = 0.26, electric charge

g = 0.91,dimensionless cosmological parameter A = 3.6 x 10733 m =1.
29 June 2022, susy 2022 16 / 46
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a=0.9939,g=0.11,A=3.6x10"%

(b) 3D plot of Kgyler

(c) 3D Plot of Kgyer-

Figure: 3D plots of the Euler invariant, Kgyler, plotted as a function of the
Boyer-Lindquist coordinates r and 6 . (a) for spin parameter a = 0.52, charge

q = 0.4,dimensionless cosmological parameter A = 3.6 x 1073, m=1. (b) For spin
a = 0.9939, charge g = 0.11,dimensionless cosmological parameter

A=36x 10’33, m=1. (c) For low spin a = 0.26, electric charge

q = 0.91,dimensionless cosmological parameter A = 3.6 x 10733 and mass m = 1.
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a=0.52,q=0.4

d

2=0.9939,g=0.11

(a) 3D plot of K>. (b) 3D Plot of Kj.

Figure: 3D plots of the Chern-Pontryagin invariant, K», plotted as a
function of the Boyer-Lindquist coordinates r and 6 . (a) for spin
parameter a = 0.52, charge ¢ = 0.4, mass m = 1. (b) For spin

a = 0.9939, charge g = 0.11, mass m = 1.
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a=0.52,9=0.4

(a) 3D plot of /.

a=0.9939,9=0.11
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The Newman-Penrose (NP) formalism is a tetrad formalism with a special
choice of the tetrad in terms the null vectors I, n, m,m. In the NP
formalism, the ten independent components of the Weyl tensor are
determined by the five complex scalar functions defined as:

( )
Yo = Guael'm*I*m’,
¥y = Cuaoltn’I'm’,
Yo = Cuaemt'n’I*m’, (46)
vl/\nzr

Y3 = C;w)ufmyn

Y, = Cyv)\gﬁp‘nvﬁ/\n”.

L J

Two particularly useful complex scalar polynomial invariants for a vacuum
spacetime are given in terms of the Weyl tensor components by Podolsky
& Griffiths 2009:

Yo ¥1 T2
| = Wo¥s —4Y %3 +3Y3, J=det¥, Y= | ¥; Yo ¥3 |. (47)
Y, Y3 Y,
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For our computations we use the generalised Kinnersley null tetrad used in
Kraniotis 2019:

o (r’+a%)& Lo = v [E(P+2%) AV aE
AKN - m 7T ARN 202 1 2p%2 " 7 2p?
1 i
H = aZsin 6,0, Ag, —
" (r+iacos)\/2Ag [I " 6 sme]
-1 i=
mt = jamsin 0,0, —Ag, — 48
(r—iacos)\/2Ag [I | o smB] (48)
where we computed for the Ricci scalars:
1 1 _
cDOO = ER‘L“,/V'/V = 0, @01 = E/V’mv = (DIO = 0, (49)
1 — 1
@02 = ERW/ITIVIT)V = CI)QO = 0, @22 = ERW/DVHV = 0, (50)
1 _
Dy = ERPV”HmV =dy; =0, (51)
Dy = R (0¥ + miY) = 7 (52)
T4 2(r? + a2 cos(0)?)?
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The only non-zero Weyl scalar is ¥5:

B i cos(0)ma + mr — g°
to=- (r—iacos(0))3(r+ iacos()) (53)

A non-trivial check of our analytic computations performed in the tensorial
representation of the ZM invariants, provided with the aid of the NP
formalism, is the following equation that relates the Weyl invariant /; and
the Chern-Potryagin invariant K> with the Weyl scalar ¥, computed in
eqn(53):

I:=h —iK, =16.3¥3 = 16l. (54)

We also derived the following relation:

J:=h+ily = 96(—¥2)* = 6.16(—¥2)® = 96J. (55)
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The metric for an accelerating Kerr-Newman black hole in

(anti-)de Sitter spacetime

The Plebanski-Demiariski metric covers a large family of solutions which include
the physically most significant case: that of an accelerating, rotating and
charged black hole with A # 0 . We focus on the following metric that

describes an accelerating Kerr-Newman black hole in (anti-)de Sitter spacetime
Podolsky & Griffiths 2006:

1 Q . > p2 ‘02
ds? { [dt — asin?0dg]” + 6dr2 +15do?

=@\ 2

+ gsinzﬂ [adt — (r2+32)d¢]2}, (56)
Q =1—arcosé, (57)
P =1-2amcosf + (a*(a® + ¢°) + %AaZ) cos? 9, (58)
Q=((2+ ) —2mr+ )1 - ar) — %A(f L2 (59)

and « is the acceleration of the black hole.
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We first compute the Chern-Pontryagin invariant K5 for an accelerating Kerr-Newman black
hole in (anti-)de Sitter spacetime. The analytic explicit result for this fundamental invariant is:

—1)8
Ky = 96a (arcos(9) — 1) (cos(é’)3 a*am + cos(0)? 2ag?r

(r2 + a2 cos(6)2)6

— 3cos(8) aam r? — cos(8) ag?r® — 3a° cos(8)? mr + a® cos(8)% > + m r® — q2r2)

X (3 cos()? a®amr 4 2 cos(0)? ag?r* + cos(8)> a?m — ar*m — 3 cos(8) m r? 4 2 cos(6) q2r)
(60)

G. V. Kraniotis (UOI) Curvature invariants for accelerating, rotating 29 June 2022, susy 2022 24 / 46



h= %48 <(q2ra +am (an — 1)) & cos(8)® + (—2aag?r? — 3a%m (an + 1) r + a’q?) cos(6)?
(r2 +a? cos(9)2)

+ (—ag®r® —3am (ax — 1) r? — 2a¢?r) cos(f) + (m (ax + 1) r — ¢?) r2>
X (32 (q%ra+ am (an + 1)) cos(6)® + (2ang?r® + 3a%m (an — 1) r + a’q?) cos(6)?

+ (—ag®r® —3am (ax +1) r* + 2a¢?r) cos(6) — (m (ax — 1) r + ¢7) r2> (arcos(8) —1)°,

(61)
96 (wrcos(6) — 1)°
O

(r2 + a? cos(6) )

2,2 4 2 g2
—24 (?)m#Jr (azmzfi) PN )a‘wcos(8)5+

Iy =

<34 (q*r?a® +22°m ¢*ra® + a°m? (%a® — 3)) cos(6)°

2 —14aza2q4r4 —44a*m q2a2r3

+ (—33a%2m? + 272 m?) r* — 18a* m ¢*r + a4q4:| ccrs(ﬂ)4
11mq?r? 7q* 11a°m ¢?
2 2.2 197\ 2 3
+80r ( % + (a*m 30 )" %0 a“a cos(6)
+ (qADczr(’ +18a%a2m ¢?r® + (27a4a2m2 - 3332m2) r* 4 4422mq?r® — 14azq4r2) cos(ﬂ)2

2,2 4 322mq?
—24r* (%4— (azm2 - %) P ;nq )wcos(())

+ (=32%a?m? + m?) r® —2mg*r° + q“r")

X (3204 (*m+ q2r) cos(9)3 + (=32°mr + 2°¢%) cos(ﬂ)2 + (=3a%amr? — ag?r®) cos(6) + mr® — q2r2)
(62)
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Iy

_1\9 3.2 2 3
_ 864 (arcos(6) 1)93 (cos (9; Em (32m+ 22 r) cos(6) + (—mr2 + §q2r> cos(6) — ar3m>
(r2+32 cos(9)2)

1 11m a2r? 4
x {34 (0(2q4r2 +22%0°m g*r + a*m? (aztxz - 5)) cos(6)® — 8a* (% + <32m2 - %) r

2m a2 102202 4% 4
2 rzq >acos(9)5 + (—% —122**m ¢*r* + (—92°a?m? + 112*m?) r?

Ratmatr 4, , 80r7a (7%2%2'2 + (azm2 - ‘774) r— 79322’3‘72) acos (0)° b s
- taq cos(6)” + 3 + | a%g*r

222202m a2r5 10220% 12 2,2
+ % + (lla“n{zm2 - gasz) 4 122°m ?r® — % cos(€)2 —8rta %

4 2.2 4 (2 (242 2 2 4
> o g4\ 1lla’mg _r(m (2?4 = 3) r2 + 6mqr — 3q*)
+ (a m 4>r — )cos(G) 3 ,
(63)
Is = 4A, (64)
17; 8 8 48 7.7 4.7 6.6 46
o = 7| cos(0)°a®q*r® —8cos(0)" a’q*r’ 428 cos(0)” aq*r
(r2 + a2 cos((?)z)

—56cos(0)® a®q*r® + A% cos(6)® a® + 4A% cos(0)® 2% + 70 cos(0)* a*q*r* + 6A2 cos(0)* a*r*

—56cos(0)® a®q*r® + 4A2 cos(6)? a%r + A2r® + 28 cos(6)? aq*r? — 8 cos(6) agtr + q4) ,
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4
b=y (3 cos(0)® alq*r® — 24 cos(0)” a7 g*r" + 84 cos(0)° a®q*r® — 168 cos(6)° a®g*r®
<r2 + a2 cos(9)2)

+ A% cos(0)® a® + 4A2 cos(8)° 8% + 210 cos(6)* atg*r* + 6A2 cos(8)* a*r*

— 168 cos((?)3 a3q*r3 + 4N cos,(G)2 2%+ A%r% 484 cos(@)2 a’q*r? — 24 cos(8) ag*r + 3q4> A,

(66)
o 16qg* 11 3.4 3.2 2
g = = (arcos(f) —1)"" | cos(f)” a*am+ cos(0)” a“aq”r
<r2 + a2 cos(9)2)
— 3cos(0) a2am r? — cos(0) ag?r® — 3a% cos(0)® mr + a® cos(0)? ¢* + m r® — q2r2> . (67)
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[
(2 + 2cos(0?)’

(40108110 + 2422280841 + 4A*21°) cos(0)"® + (640 r® — 192422807 ¢*r7 ) cos(0)'®
5 4
+ 3207 (15013 r12 4 3A%a%%q" ® + 21A%a%a0q ¥ + A%al) cos(0) ' — 1344r%a°q* {Eq‘r“«“ + ?af’r"azAz

+a°A2

cos(6)™® + 112r* ((ﬁsqﬂa” + gaoq4u3A2> 84 242°*r*a® A% + a®A? (15q%a* + a"Az)) cos(6)'?
A2t 12

— 1344r%° <<1sq"lx5 + ga‘lx"/f) P 4425 a2A2 + aBA2> q* cos(6) ™ + 2241 [3 ki : ar

+ (143¢°%1° + 18A%a%%%) r® + PA? (30¢%a* + 2" A2) ' + 3¢ a2 A

cos()'" — 192raq* [4;%‘%%2

715
+ (Tq"zks + 42a“a‘A2> r® 42825402 A2 + 2B A2

cos(0)” + [24A2n“q‘r“’ +2688A22%5¢ 2

+ (51480¢%® + 10080A2a%a" g* + 280A*2°) r® + 2688A22%2¢* r* + 247228 ¢* | cos(9)®

124672
—768r%q" (# e (%qmé + %34112/\2) At aéAQ) cos(6)” + 961 {m‘y”aé/\’

1001

+ (7032q°n°/\? + ga“/\") IaEn ( 3 q%a® + 42.;‘:;%/\2) IaEn .;%“M] cos(6)® — 1152r% [gy%w

14 91
+ ?azr"AzAz + ?q"z\" + a‘AZ} q* cos(6)°® + (1680A2a‘q‘r‘2 +112A%4% 12 4 2688A%2%% ¢ r®

7
+ 728004 g% + 144A2a‘q‘r4) cos(6)* — 768r° (ZrSazAz +art A% 4 %q‘nQ) ag* cos(6)®

+96r° (%A‘.;?rn +7¢* PaA? + A222¢* + 5q8u7> cos(6)? — 64q°ra (3A%r° + ) cos(6) + 4A* 10

+24A%¢%° + 4q5> . (68)
4 JEPTS
o = — 024" (arcos(®) 1) (3cos(6)2324\mr+ 2c05(6)2 g2 + cos(6)* m
(r2+a2cos(0)?)
—ar®m — 3cos(6) mr? +2cos(6) q2r> s (69)
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. e
- 64d" (wrcos(6) 1) [(q2m +am (an + 1)) 2 cos(0)° + (2aq%ar + 382m (an — 1) r + 226°) cos(0)?

(2 + azcos(g)z)m

+ (—ag?r® — 3am (an + 1) r* + 2a¢?r) cos(8) — r* (m (an — 1) r + ¢?)

hy

x (32 (qPra+am (ax — 1)) cos(6)° + (—2a g*ar® — 3a?m (an + 1) r + aq”) cos(6)*
+ (—ag?r® —3am (ax — 1) r* — 2aq%r) cos(0) + (m (ax +1) r — ¢°) ﬂ) . (70)

4 e
_128aq" (wrcos(0) — 1) (3cos(a)2a2amr+zcos(a)2aq?r2+cos(e)332m

ha (2 + 2cos(0)?)
ar’m — 3cos(8) mr? +2cos(0) ¢?r
x [cos(9)3 a'am + cos(8)* a2aq®r — 3cos(6) a2am r? — cos(6) agr® — 3a* cos(6)? mr
+a?cos(6)2q® + mrd — qErZ} . (71)
hs = L{i <(n¢2q“r2 + ZaQQquEr +a*m? (azn2 + l)) ccs(&)z
(r2 + azcos(ﬂ)z)

+2¢2a (a*m — mr® + ¢*r) cos(0) + m? (aa® +1) r? — 2mq*r + q‘) (arcos(8) —1)**,
(72)
8(arcos(f) — 1) ¢
AT

(,2 + a2 cos(6) )

+2¢%a (a¥m— mr? + °r) cos(0) + m? (a%a® +1) 1> — 2mr ¢* + ¢*

4
[(D;qw F22202m Pr + am? (%2 + 1)) cos(9)?

x ( 2a (a2m + qr) cos(0)° + (—3a>mr + a%q?) cos(6)”

+ (—3a%am r? —agr®) cos(6) + mr’ — qErz),
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2 2
+ra (32m + %) cos(6)?

; 24aq* (arcos (0) — 1) (cos (0)% a%m
i =

<r2 + a2 cos(9)2)11 3

2 3
+ (—m P+ §q2r) cos(0) — pcr3m> <(u¢2q4r2 + 22’ m¢?r+ a?m? (a® + 1)) cos(6)?

+2¢%a (a®m— mr® + ¢°r) cos(8) + m* (a®a® + 1) r* —2m¢*r + q4> . (74)

We summarise our results as follows:

The exact algebraic expressions for the curvature invariants calculated for the accelerating
Kerr-Newman black hole in (anti-)de Sitter spacetime are given in Equations (61)-(74) and (60).

For vanishing acceleration of the black hole, i.e. « = 0, we recover the results of Theorem 1.
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We note that we have also checked our results for the curvature invariants for
accelerating Kerr-Newman-(anti-)de Sitter black holes within the NP formalism
, as we did for the case of non-accelerating Kerr-Newman-(anti-)de Sitter black
holes. For instance, the only non-zero curvature scalars in the NP-formalism for
the metric (56) relative to a natural null tetrad are the Ricci scalars:

1 , (1—arcos(0))*

1 = 9 T 2 eos(0)2)2

and A, (75)

and the Weyl scalar:

(1 —arcos(8))® (m (jaa + 1) (r + iacos(8)) — q* (1 4 ar cos(8)))

¥, = — ;
(r—iacos(0))” (r+ iacos(0))

(76)
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As a result, we obtain for the curvature invariant fg the explicit compact form:

4g* (1 — 8
I6 _ q ( erCOS(G)) +4A2, (77)

(r2 + a2 cos(9)2)4

which is in total agreement with eqn.(65) obtained with tensorial computation
using a Maple code. Likewise within the NP formalism we derive the following
explicit algebraic expression for the curvature invariants /I7, Ig:

4 . 8

- 12Aq* (1 —ar cos(()Z) 4 aA3, (78)

(r2 + a2 cos(9)2)

81 16 401 _ 8
b — 448 (1 ocrcos(G))8 44 12Aq* (1 zxrcos(ez) a3 | A

(r2 + a2 cos(9)2> (f2 +a? C°5(9)2>

40y 8

e 4q* (1 — arcos(6)) Lan? | A2 41208, (79)

(r2 + a? cos(9)2)4

a result that fully agrees with eqns.(66) and (68) respectively:
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The sign of the invariant

30H

20H

Qs 1 [ 11<0,a=0.9939,g=0.11,a=0.01
11>0,a=0.9939,=0.11,0=0.01

0.0

Figure: Regions of negative and positive /1, eqn.(61) for an accelerating,
charged and rotating black hole for the choice of values for the black hole
parameters: a = 0.9939,g = 0.11,a« = 0.01, m = 1.
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@ s 1 [ 11<0,a=0.9939,q=0.11,0=0
11>0,a=0.9939,g=0.11,a=0

0.0 05 10 15 20

Figure: Regions of negative and positive /1, eqn.(31) for a
non-accelerating, charged and rotating black hole for the choice of values
for the black hole parameters: a =0.9939,g =0.11,a =0, m = 1.
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The sign of the Chern-Pontryagin invariant K5

@ sl 1 [ K2<0,a=0.52,9=0.11,0=0.05
K>0,a=0.52,9=0.11,a=0.05

[ L T T T
00 05 1.0 15 20

r

Figure: Regions of negative and positive Chern-Pontryagin invariant K>,
eqn.(60) for an accelerating Kerr-Newman black hole in (anti-)de Sitter
spacetime for the choice of values for the black hole parameters:
a=052,¢g=011,2 =005 m=1.
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I1-value,0=0.01,a=0.9939,q=0.11

=30
— 20

— 10

Figure: Contour plot of level curves of constant /1 (eqn.61) for the choice
of parameter values: 2 =0.9939,¢q =0.11,a =0.01, m=1, in the r — 0
plane.
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The meaning/importance of regions with positive and

negative values of the invariants /;, K>

We now briefly comment the meaning/importance of regions with positive
and negative values of the invariants /1, K> and the zero-value boundaries
between the regions in the graphs. The regions of spacetime where the
invariants /1, K> vanish can be determined analytically. For reasons of
simplicity of the presentation we focus the discussion in the case of zero
acceleration, i.e. &« = 0. Solving /; = 0 for cos(¢), applying the method of
Tartaglia and Cardano, and assuming &« = 0 we obtain:
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2

2_ 32
cos(8) = L9 3a“mr

3a3m
+ (—a*q* +12a*mq?r — 18a*m?r?) / <3a3m (—aﬁq6 + 182°mq*r — 542°m?¢?r? + 542°m

1/3
+3v6y/—al2m2q8r2 4 18a12m3¢0r3 — 72a2mt g4 r* + 108a12m5q2r5 — 54312m6r6> >

F

1
—a%q® + 182%mq*r — 54a°m?q?r? + 542°m* 3
3a3m

1/3
+3v6y/—al2m2q8r2 4 18a12m3¢6r3 — 72a12mtq*r* + 108212m5q2r5 — 54212m6 6

(80)
a%q? — 3a%mr
cos() = iv

F ((1 + I\/g) (—a"q4 +12a*mg?r — 1834m2r2)) / (6a3m <7a(’q6 +182°mg*r — 542°m?q?r? 4 542%m3r3

1/3
+3\/6\/7812m2q8r2+18312m3q6r3772812m4q4r4+108312m5q2r5754312m6r6> >

1
+ Fm (1 — l\/§) <7aﬁq6 +18a%mq*r — 542°m?q?r? + 542°m*r®
m

1/3
+3V6\/—al2m2¢8r2 + 18a12m3¢r3 — 72a12m*q4r* + 108a12mP q2r5 — 54a12m5r5> ,

(81)
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a%q® — 3a2mr
3a3m

F <(1 - /\/§) (—a“q4 + 12a4mq2r - 1834m2r2)) / <Ga3m<—36q6 + 18aemq4r - 54a6m2q2r2 +542°m3r3

cos(f) = £+

1/3
+3v6\/—al2m2q8r2 + 18a12m3q6r3 — 72a12m4q*r* + 108al2mBq2r5 — 54al2m6r6> >

+

63m <1 + l\/g) (—36q6 + ISaqu4r — 54;;6m2qzr2 +542%m°r3

1/3
+3v6\/—a2m2q8r2 4 18a2m3q6r3 — 72a2m*q*r* + 108a22m5q2r5 — 54312m5r5> , (82)

while solving K> = 0 (again for zero acceleration & = 0) yields:

cos(f) =0, (83)

2 _ 2
cos(8) = +1 /W% (84)

1 [q2r2 — mr3

cos(0) = i; (85)
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Thus the zero boundary expressed by eqns(80)-(82) can be interpreted as
separating regions of electric dominance of the Weyl tensor (/; > 0) from
regions of Weyl magnetic dominance (/; < 0) (Kraniotis Class.Quantum
Grav. 39 (2022) 145002). We mention at this point that an observer with
a timelike velocity vector field u* is said to measure the electric and
magnetic components, £,5 and H,p, respectively, of the Weyl tensor by

Eup = Ca755u7u‘5, Hup = C;W(;uVu‘s. (86)

The curvature invariant /; is related to the electric and magnetic
components of the Weyl tensor as follows (Filipe L et a/)(2021)):

h
5 = EPup — H P Hyy, (87)
while the Chern-Pontryagin invariant K, is expressed as follows :
1

Equation (87) clarifies the introduction of the region of Weyl electric
dominance: 5”‘55“5 > 7—["‘57-[,,43, i.e. b >0, and regions of Weyl magnetic
dominance: 5“55“[; < ’H"‘ﬁH,X[;, i.e. h <0.
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The zeros of the Hirzebruch invariant K3 in eqns.(83)-(85) define purely
electric/magnetic Weyl surfaces. For 6 = 71/2 and

- 2 . - .
cos(8) = iimr(s::?rzq) Weyl tensor is purely electric while for the zeros

in (85) the Weyl tensor is purely magnetic. A Weyl tensor is called purely

electric (purely magnetic) when H,5 = 0 (€45 = 0) R. Arianhod CQG
1994.
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Chiral photon anomaly for a gravitational background with

a non-trivial Chern-Pontryagin invariant K,

A non-trivial Hirzebruch signature density invariant K, also appears to play
a role in the electromagnetic duality anomaly in curved spacetimes. As is
known the source-free Maxwell action is invariant under electric-magnetic
duality rotations in arbitrary spacetimes (Deser and Teitelboim 1976):

Fuv — Fuy cos(8) + Fp, sin(6). (89)

This leads to a conserved classical Noether charge. In the work by | Agullo
et al PRL (2017),inspired by earlier work of A.D. Dolgov et al NPB
1989,1, it was shown that this conservation law was broken at the
quantum level in the presence of a background field with a non-trivial
Chern-Pontryagin invariant.

1The result of Dolgov, was further explored in (Reuter 1988) where it was shown
that for antisymmetric gauge fields of rank 2n — 1 coupled to gravity in 4n dimensions,
the symmetry under duality rotations is broken by quantum effects.
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In particular quantum effects may induce violation of helicity conservation
for photons propagating in curved spacetimes. Observable effects of this
photon chiral anomaly are directly related to the variation of
electromagnetic helicity Hem (Galaverni and Gabriele GERG 2021):

t.
MHem) o [ [ ReguR7 P/ =gd*x (90)
t1 z

If the integral on the right term is different from zero, then Hep, is not
conserved. The difference between the numbers of right circularly
polarised photons and left circularly polarised photons changes: the degree
of circular polarisation is not conserved.
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Indeed, at large distances from a Kerr-Newman-(anti-)de Sitter black hole the
Hirzebruch density, eqn.(28), has the expansion:

Ko =*R-R= % (—3m2r5 cos(8) + 5cos(8) mg®r* — 2q*r® cos(0)

2
+10m?a%r3 cos3(9)> (1 — % cos?(0) + - - )

2 2
= 288 cos(6) + 480%
r r
acos(f 1
—192 r9( ) (q* — 14m?a® cos?(0)) + O <79) (91)

Then integration yields the result (Kraniotis Class.Quantum Grav. 39 (2022)
145002):
T
/ Rupuw R \/—gd*x o / cos(8) sin?(0)(r? + a* cos?(9))d8 = 0.  (92)
0
Thus despite the fact that, for a non-accelerating KN(a)dS black hole, the
Hirzebruch invariant is non-trivial its integral over all space is zero-in this case
there are no observable effects related to the quantum anomaly. This is in

agreement with the recent calculation for the Kerr metric in (Galaverni and
Gabriele GERG 2021).
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Let us investigate now the case of accelerating Kerr-Newman black holes in
(anti-)de Sitter spacetime. The Chern-Pontryagin invariant K> in equation (60)
for large radii takes the form:

_ 96a («r cos(6) — 1)6

K, =*"R-R B <c05(9)3 a*am + cos(6)? 2Pag?r

— 3cos(0) a’am r? — cos(0) ag?r® — 342 cos(8)? mr + a% cos(0)? ¢ + mr® — q2r2>

X [3 cos(0)? a?amr 4 2 cos(8)? ag?r? + cos(6)* a*m — ar®m — 3 cos(6) m r?

2
+2cos(6) qzr] <1 - 6% cos?(0) + - - )

_ 96a(arcos(f) — 1)°

5 (mq2a® cos(8) — m2a) + - - - (93)

Interestingly, the following polar angular integration of the leading term in (93),
which is a part of the spacetime integral [[[[ RyguwR™1\/—gd*x, gives a
non-zero result:

us
/ %(mq%x2 cos(8) — m?a) sin?(0)(r? + a® cos?(8)) (ar cos(8) — 1)2d8 # 0.
0
(94)
Thus, it appears that accelerating Kerr-Newman black holes in (anti-)de Sitter

spacetime yield a non-zero effect for the quantum photon chiral anomaly since a
nonzero Chern-Pontryagin integrated term is present.
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Conclusions

o We computed, exact explicit algebraic expressions for the curvature invariants
in the ZM framework as well as for the Euler-Poincare and Kretschmann

invariants for accelerating Kerr-Newman black hole in (anti-)de Sitter
spacetime.
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Conclusions

@ We computed, exact explicit algebraic expressions for the curvature invariants
in the ZM framework as well as for the Euler-Poincare and Kretschmann
invariants for accelerating Kerr-Newman black hole in (anti-)de Sitter
spacetime.

@ Despite the complexity of the computations involved using the tensorial
method of calculation, our final expressions are reasonably compact and easy
to use in applications.
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Conclusions

@ We computed, exact explicit algebraic expressions for the curvature invariants
in the ZM framework as well as for the Euler-Poincare and Kretschmann
invariants for accelerating Kerr-Newman black hole in (anti-)de Sitter
spacetime.

@ Despite the complexity of the computations involved using the tensorial
method of calculation, our final expressions are reasonably compact and easy
to use in applications.

@ We have also checked our computations through the NP formalism and with
the discovery of certain syzygies that the curvature invariants satisfy.
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Conclusions

@ We computed, exact explicit algebraic expressions for the curvature invariants
in the ZM framework as well as for the Euler-Poincare and Kretschmann
invariants for accelerating Kerr-Newman black hole in (anti-)de Sitter
spacetime.

@ Despite the complexity of the computations involved using the tensorial
method of calculation, our final expressions are reasonably compact and easy
to use in applications.

@ We have also checked our computations through the NP formalism and with
the discovery of certain syzygies that the curvature invariants satisfy.

@ From the bestiary of our explicit novel expressions for the ZM curvature
invariants, we performed an extensive plotting of curvature that represents a
novel pathway to explore the geometry of spacetime inside accelerating and
non-accelerating Kerr-Newman black holes in (anti-)de Sitter spacetime. In
the process we demarcated the regions in the r — 0 space of negative and
positive sign for these curvature invariants.
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Conclusions

@ We computed, exact explicit algebraic expressions for the curvature invariants
in the ZM framework as well as for the Euler-Poincare and Kretschmann
invariants for accelerating Kerr-Newman black hole in (anti-)de Sitter
spacetime.

@ Despite the complexity of the computations involved using the tensorial
method of calculation, our final expressions are reasonably compact and easy
to use in applications.

@ We have also checked our computations through the NP formalism and with
the discovery of certain syzygies that the curvature invariants satisfy.

@ From the bestiary of our explicit novel expressions for the ZM curvature
invariants, we performed an extensive plotting of curvature that represents a
novel pathway to explore the geometry of spacetime inside accelerating and
non-accelerating Kerr-Newman black holes in (anti-)de Sitter spacetime. In
the process we demarcated the regions in the r — 6 space of negative and
positive sign for these curvature invariants.

@ We mentioned the quantum photon chiral anomaly in connection to the
Chern-Pontryagin invariant and the difference between the case of
non-accelerated and accelerated black hole is highlighted.
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