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Overview

We aim to give a (2-derivative) lagrangian description of the low-energy dynamics of a stack of M5-branes,
including all fermion contributions.

The final goal would be the formulation of an action principle in superspace

• First step: Lagrangian of n non-interacting tensor multiplets in flat 6D (4,0) superspace ✓

• Second step: interaction with 6D supergravity in progress

• Third step: adding self-interactions and embedding in 11D superspace ...

Problematic lagrangian description of 2-forms with self-dual field-strengths (chiral 2-forms)

How to implement the self-duality constraint?
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The model



M5-brane - Field content

M5-branes, together with M2-branes, are half-BPS extended objects of M-theory, appearing in its low energy 11D
supergravity limit as black p-brane sources of the 3-form potential A(3) and of its magnetic dual B(6).

[Duff; Bershoeff-Sezgin-Townsend ‘87-‘88; Duff-Stelle ‘91; Güven ‘91; Gibbons-Townsend ‘93; Townsend ‘95; Witten ‘95-‘96;...]

The world-volume theory of the M5 brane is described at low energy by the dynamics of a tensor multiplet in
chiral D=6, N=(4,0) superspace (16 supercharges):(

ϕ[AB],Bµν , λA

)
, A,B, ... ∈ Sp(4) ≃ SO(5)

R-symmetry: Sp(4), and Γ7ψA = −ψA

Counting of on-shell d.o.f.:

• Fermionic d.o.f.: Γ7λA = λA −→ #f = 16/2 = 8

• Bosonic d.o.f.:

ϕ
[AB] : CABϕ

[AB] = 0

Bµν : Hµνρ ≡
1
6
∂[µBνρ] = −

1
6
ϵµνρσλτ∂

σBλτ

−→ #b = 5 + 3 = 8

Self-duality constraint on Hµνρ(B): H(3) = H(3)
− ⇔ B is a chiral 2-form



Chiral (2n)-forms in D=(4n+2)
space-time



A well known problem: In D=4n+2, the kinetic term of chiral (2n)-forms is zero!

Contrary to the D=4n case, in D=4n+2:

• (anti)self-dual (D/2)-forms Q(2n+1)
± = ± ⋆ Q(2n+1)

± are real

• Any D-forms: P(2n+1)
± ∧ Q(2n+1)

± = 0 for any P(2n+1)
± ,Q(2n+1)

± ,

while P(2n+1) ∧ Q(2n+1)
± = P(2n+1)

∓ ∧ Q(2p+1)
± ̸= 0

How to write a lagrangian kinetic term for chiral (2n)-forms in D=(4n+2) space-time dimensions?

The corresponding field-strength H(2n+1) = dB((2n) is self-dual: H(2n+1) = H(2n+1)
− , so that:

LK =
1
2

H(2n+1)
− ∧ ⋆H(2n+1)

− = −
1
2

H(2n+1)
− ∧ H(2n+1)

− = 0

One has to deal with the kinetic term of unconstrained (2n)-forms

...but the self-duality constraint is necessary for SUSY (pairing of d.o.f.)... To be imposed by hand?

The same problem also affects chiral theories in 2D, 10D



Various strategies have been found to face the problem at the lagrangian level

• non Lorentz covariant formulations [Henneaux-Teitelboim ‘89; Schwarz-Sen ‘94; Perry-Schwarz ‘96;...]

• infinite number of auxiliary fields [McClain-Wu-Yu ‘90; Martin-Restuccia ‘94; Devecchi-Henneaux ‘96;...]

• non-polynomial actions [Pasti-Sorokin-Tonin ‘95-‘96; Bandos et al. ‘97]

• rheonomic approach in superspace [ D’Auria-Fré-Regge ‘83; Castellani-Pesando ‘93;]

These approaches are effective, each one with its advantages and drawbacks, most of them formulated at the
bosonic level

Recently: Sen’s approach inspired by string field theory, manifestly Lorentz covariant and with finite number of
auxiliary fields, revived the interest in the subject since it evaded a possible no-go theorem:

‘‘ if a manifestly Lorentz invariant superstring field theory could be formulated, then it should allow as low energy
limit a 2-derivative lagrangian description including IIB supergravity and its chiral 4-forms!” [Sen ‘15-‘19]

I will discuss how the rheonomic superspace approach can deal with chiral forms (in this case, chiral 2-forms on
the M5-brane world-volume), and how it can be modified to incorporate Sen’s prescription at low energy



6D N=(4,0) rigid supersymmetry
in the rheonomic approach



The rheonomic approach

This is a geometric superspace approach to build supersymmetric theories.

It can be applied also to theories with chiral p-forms: One deals with unconstraind p-form fields off-shell: the
self-duality constraint has not to be imposed by hand, it emerges from the field equations of a superspace
Lagrangian and, independently, from closure of the superspace Bianchi identities (BI)

It was applied in the past to the construction of theories with chiral p-forms:

• 6D minimal pure supergravity [D’Auria-Fré-Regge ‘83]

• 10D IIB chiral supergravity theory [Castellani-Pesando ‘93]

Advantages: no exotic auxiliary fields are needed

Drawbacks: once the superspace lagrangian is restricted to space-time, the self-duality constraint is lost

This is the approach we followed to build the 6D chiral theory



Short summary of the rheonomic approach

It is a superspace generalization of Einstein-Cartan formalism, where supersymmetry transformations are
associated with superdiffeomorphisms in the odd directions of superspace.
The full local (super)symmetry is encoded in the formal definition of the super-fieldstrengths and on their
rheonomic parametrization on a anholonomic basis of superspace, spanned by the 1-forms (V a, ψA

α)

The construction of a given SUSY theory in D-dimensions is based on two (equivalent) pillars:

• Consistency of the rheonomic parametrizations with the Bianchi ‘‘identities” in superspace.
It gives constraints on the superfields of the theory (relying on Fierz id.s), which include:

• the dynamical field equations on space-time
• the self-duality constraint on the chiral p-forms
• the SUSY transfromation laws of the fields on space-time
• all the other contstraints required for SUSY

• Construction of a geometric D-form lagrangian in superspace written in terms of differential form fields, and
the exterior d operator (no Hodge operator). Its field equations in superspace are k-form equations such
that:

• their components along V k are the dynamical field equations on space-time
• their components along V ..ψ.. give all the contstraint required for SUSY, including the self-duality constraint on the

chiral p-forms

Its restriction to space-time is invariant (up to total derivative) w.r.t. the SUSY transfromation laws
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Our results: The super-fieldstrengths (FDA in superspace)

Rigid SUSY background:


T a ≡ dV a −

i
2
ψAΓ

a
ψ

A = 0

ρ
A ≡ dψA = 0

, with:

V a = dxa +
i
2
θAΓ

adθA
,

ψ
A = −Γ7ψA = dθA

.

Matter fieldstrengths:


H I ≡ dBI +

i
2
ϕ

I
BCC

AC
ψAΓaψ

BV a

DλI
A ≡ dλI

A

P I
AB ≡ dϕI

AB

; d2 = 0 ⇒ BI:


dH I −

i
2

dϕI
ABC

AC
ψCΓaψ

B V a = 0

d2
λ

I
A = 0

d2
ϕ

I
AB = 0

Consistency ⇒ Rheonomic parametrizations:


H I = H I

abcV aV bV c +
1
8
CAB

ψAΓabλ
I
BV aV b

DλI
A = ∂aλ

I
AV a − 2iP I

AB,aΓ
a
ψ

B + iH I
abcΓ

abc
ψ

BCAB

P I
AB = P I

AB,aV a + ψ[Aλ
I
B]0

,

+ field equation Γa
∂aλA = 0, together with H I

abc = −
1
6
ϵabcdef H I|def

The tensors H I
abc , P I

AB,a, ∂aλ
I
A are the so-called supercovariant fieldstrengths.



Our results: The supersymmetry transformation laws

SUSY transf. of a generic field ξ are super-diffeomorphisms along odd directions of superspace
⇒ Lie derivatives with spinor parameter ϵA: δϵξ = ℓϵξ = (ıϵd + dıϵ) ξ

Using the above relations we get:


δϵBI =

1
8
CABϵAΓabλ

I
BV aV b − iϕI

BCC
ACϵAΓaψ

BV a

δϵλ
I
A = −2iP I

AB,aΓ
aϵB + iH I

abcΓ
abcϵBCAB

δϵϕ
I
AB = ϵ[Aλ

I
B]0

which, restricted to space-time (at θA = dθA = 0, so that V a
µ = δa

µ, ψA
µ = 0), reduce to:


δϵBI

µν =
1
4
CABϵAΓµνλ

I
B

δϵλ
I
A = −2i∂µϕI

ABΓ
µϵB +

i
2
∂µBI

νρΓ
µνρϵBCAB

δϵϕ
I
AB = ϵ[Aλ

I
B]0



Our results: The superspace lagrangian

The geometric approach allows to derive the following (6|0)-form Lagrangian in superspace, to be integrated on

a generic bosonic submanifold of superspace, to be identified with space-time: A =

∫
M(6|0)

L(6|0).

In order to be independent of the embedding of M(6|0) ⊂ M(6|16), the bosonic kinetic terms have to be written at
first order (no Hodge operator). The Lagrangian reads:

L(6|0) = α1

{(
P I

AB − ψ[Aλ
I
B]0

)
P̃a

I,CDV bcdef
ϵabcdefCACCBD −

1
12

P̃ I
AB,l P̃

l
I,CDV abcdef

ϵabcdefCACCBD+

+ 40
(

H I(B) −
1
8
ψAΓlmλ

IAV lm
)

H̃abc
I V def

ϵabcdef − H̃ I
lmnH̃ lmn

I V abcdef
ϵabcdef+

−
i
4
λ

I
AΓ

a
(

DλA
I V bcdef

ϵabcdef +
5i
2
λBIψ

A
Γbcd

ψ
BVabcd

)
+

+
5
2

P I
AB

(
λ

A
I Γabψ

B Vcdef ϵ
abcdef +

4i
5
ϕ

I
CDC

DA
ψ

B
Γabcψ

CV abc
)

+

−30H I
(
λIAΓabψ

AV ab + 4iϕIABψ
A
Γaψ

BV a
)
−

5
4
λ

I
AΓabcλ

I
BψCΓdψDV abcd

(
CABCCD+

3
2
CADCBC

)}
.

The fields P̃ I
AB,a, H̃

I
abc are auxiliary. Their equations of motion identify them with the supercovariant

field-strengths P I
AB,a, H I

abc appearing in the superspace rheonomic parametrizations.

The self-duality contraint follows from the ψ2 component of
δL(6|0)

δBI



... and its space-time restriction

The restriction to space-time (ψA
µ = 0) reduces to the free lagrangian:

Ls.t. =

(
1
4
∂µϕ

IAB∂µϕI,AB +
3
4
∂[µBνρ]∂

[µBνρ] +
i
8
λ

IA
Γµ DµλIA

)
d6x

☞ In the restriction to space-time, the self-duality constraint is projected out
⇒ Ls.t. depends on unconstrained BI

µν , and the corresponding field equations do not account for the correct
matching of d.o.f.

Ls.t. is invariant off-shell, up to total derivative, under the SUSY transformations written above:

δϵLs.t. = ∂µ Kµ d6x , with Kµ =
1
4
λ

IA
ΓνΓµϵB∂νϕIAB −

1
16
λ

I
AΓ

ρστΓµϵA∂ρBIστ

☞ it is off-shell SUSY invariant, but SUSY doesn’t close on the fields

☞ in δϵLs.t., the ‘‘wrong” self-duality components of dBI enter the total derivative term

The associated Noether current, conserved on-shell: ∂µJ µ
A |on−shell = 0 reads:

J µ
A = −

1
2
ΓνΓµλIB∂νϕABI +

1
8
ΓρστΓµλI

A∂ρBστ I .



Comments on the above results

The rheonomic superspace lagrangian L(6|0), for the free case considered, is classically well-defined:

• it is manifestly Lorentz and SUSY invariant

• it includes the self-duality constraint among its EL equations in superspace (but not on the space-time
restriction of L(6|0)).

Next step on that side: coupling with supergravity multiplet: (V a, ψA, 5BAB
µν(+)) ...under construction...

Towards the formulation of an action principle, we would like however to modify our superspace Lagrangian into a
classically equivalent one, but which would implement Sen’s prescription in superspace, and which would include
the self-duality constraint also once restricted to space-time.
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Implementing Sen’s prescription
(at first order) in the rheonomic
approach



Sen’s prescription

In ‘15, Sen formulated a prescription to implement the self-duality constraint at the level of the space-time action
preserving covariance, at the price of introducing an extra chiral form, with wrong-sign kinetic term but fully
decoupled from the physical sector, and an auxiliary self-dual form Q(2n+1) = Q(2n+1)

− .

That approach is deeply rooted in string field theory, and he showed that the decoupling holds at all orders in
perturbation theory.

It was studied in detail for the 10D IIB theory. When applied to the complete theory including the gravitational
field, his description requires non-standard general coordinate transformations

In ‘19, Lambert applied the formalism to the D=6 chiral theory

We aim at extending Sen’s prescription such as to be applied to our geometric superspace lagrangian, starting
with the simpler (non interacting) chiral model in rigid 6D superspace.
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...and application to our 1st order lagrangian

Complication of our setting: we have a first order lagrangian (no-Hodge operator!)

⇒ two ways, not to loose covariance and SUSY invariance:

• To pass to a second order formulation in superspace, and apply Sen’s prescription there in progress
⇒ This requires extending L(6|0) → L(6|16) through coupling with appropriate integral forms
[Castellani-Catenacci-Grassi ‘14, Cremonini-Grassi ‘21]

✓ To reformulate Sen’s prescription such that it holds at first order, and then to modify our superspace
lagrangian L(6|0) such that:

• once restricted to space-time, it is equivalent to Sen’s prescription
• its EL equations in superspace for the physical fields are the same as those from L(6|0)



...and application to our 1st order lagrangian

Complication of our setting: we have a first order lagrangian (no-Hodge operator!)

⇒ two ways, not to loose covariance and SUSY invariance:

• To pass to a second order formulation in superspace, and apply Sen’s prescription there in progress
⇒ This requires extending L(6|0) → L(6|16) through coupling with appropriate integral forms
[Castellani-Catenacci-Grassi ‘14, Cremonini-Grassi ‘21]

✓ To reformulate Sen’s prescription such that it holds at first order, and then to modify our superspace
lagrangian L(6|0) such that:

• once restricted to space-time, it is equivalent to Sen’s prescription

• its EL equations in superspace for the physical fields are the same as those from L(6|0)



...and application to our 1st order lagrangian

Complication of our setting: we have a first order lagrangian (no-Hodge operator!)

⇒ two ways, not to loose covariance and SUSY invariance:

• To pass to a second order formulation in superspace, and apply Sen’s prescription there in progress
⇒ This requires extending L(6|0) → L(6|16) through coupling with appropriate integral forms
[Castellani-Catenacci-Grassi ‘14, Cremonini-Grassi ‘21]

✓ To reformulate Sen’s prescription such that it holds at first order, and then to modify our superspace
lagrangian L(6|0) such that:

• once restricted to space-time, it is equivalent to Sen’s prescription
• its EL equations in superspace for the physical fields are the same as those from L(6|0)



Short summary of Sen’s prescription, in this simplified model (no gravity)

[Sen ‘15, ‘19; Lambert ‘19] Given a theory including chiral n-forms BI and extra fields Φ, its space-time
lagrangian reads (for 10D IIB theory, n=4, and Y = B̃(2) ∧ C(3), and F̂ (5) ≡ dBI + Y I = F̂ (5)

− ):

L =
1
2

(
dBI + Y I(Φ)

)
∧ ∗

(
dBI + Y I(Φ)

)
+ Y I(Φ) ∧ (dB + Y (Φ)) + Lint (Φ) ≡ L1 + Lint (Φ)

Prescription:

• replace:
(

dBI + Y I
)
→ ∗

(
dP I + Y I

)
• add interaction with auxiliary self-dual QI

− = −∗QI
− (algebraic constraint): ∗

(
dP I + Y I

)
∧ Q−:

L1 → L′
1 = −

1
2

(
dP I + Y I(Φ)

)
∧ ∗

(
dP I + Y I(Φ)

)
+ (QI

− + Y I(Φ)) ∧
(

dP I + Y I(Φ)
)

The field equations read (where P±(ξ) ≡
1
2
(ξ ± ∗ξ)):


δL′

1

δQI
−

= 0 ⇒ P+(dP I + Y I) = 0 ,

δL′
1

δP I
= 0 ⇒ d

(
∗dP I + QI

−

)
= 0 ⇒ ∗dP I + QI

− = dΞ

Writing: Ξ = P + P̃ one sees that P+(dP̃) = 0 ⇒ dP̃ = −∗dP̃ ⇒ d∗dP̃ = 0 (free field)

Identification: P I = BI + P̃ I , ⇒ P+(dBI + Y I) = 0, and δΦ
δL′

δΦ

∣∣∣
Q(P,Φ)

= δΦ
δL
δΦ



First order formulation of Sen’s prescription on space-time

To implement Sen’s mechanism at first order, we introduce the following (2n+1)-form auxiliary fields:

H̃ ≡ H̃abc V a ∧ V b ∧ V c = H̃+ + H̃− , Q̂I
− = Q̂I

− abc V a ∧ V b ∧ V c = −∗Q̂I
−

and modify the 1st order Lagrangian (4n + 2)-form in spacetime:

L = (dBI + Y I) ∧ ∗H̃I −
1
2

H̃ I ∧ ∗H̃I + dBI ∧ YI + Lst
int (Φ)

into the following one: L̃ = −
[
(dPI + YI) ∧ H̃ +

(
H̃ I + Y I

)
∧ Q̂I−

]
+ Lst

int (Φ) = L̃′ + Lst
int (Φ)

The field equations read:



δL̃′

δH̃ I
= 0 ⇔ dP I + Y I = Q̂I

− , ⇒ P+(dP I) = −P+(Y I)

δL̃′

δQ̂I
−

= 0 ⇔ P+(H̃ I) = −P+(Y I) , ⇒ P+(H̃ I) = P+(dP I)

δL̃′

δP I
= 0 ⇔ d

(
H̃ I

)
= 0 , ⇒ H̃ I = dΞI

We can define: BI ≡
P I + ΞI

2
, P̃ =

P I − ΞI

2
: BI are the dynamical interacting fields while P̃ I are free fields.

Equivalent to Sen’s 2d order prescription, with Q− = Q̂− + P−(H̃ − Y )



First order formulation of Sen’s prescription in superspace

Our 1st-order superspace lagrangian can be written as:

L(6|0) = (dBI + Z I) ∧ ∗H̃I −
1
2

H̃ I ∧ ∗H̃I + dBI ∧ ZI + L(6|0)
int (Φ) ,

where we have collectively denoted by Φ the scalar and spin-1/2 fields, and we have defined:

H̃ I ≡ H̃ I
abc V a ∧ V b ∧ V c , ∗H̃ ≡

1
6
ϵabcdef H̃

abc V d ∧ V e ∧ V f , (1st order, auxiliary field)

Z I = Z I(Φ) ≡
1
8
λ

I
AΓabψ

A V a ∧ V b +
i
2
ϕI

AB ψ
A
Γaψ

BV a .

It looks very similar to Sen’s space-time lagrangian. To have it at 1st order in superspace, we write:

L̃ = −
[
(dP I + Z I) ∧ H̃I +

(
H̃I + Z I

)
∧ Q̂I−

]
+ Lint (Φ)

where H̃I = H̃ I +∆H̃ I is a 3-form superfield, with H̃ I ≡ H̃ I
abcV aV bV c its (3,0) component and ∆H̃ I the rest

(components in odd directions), and Q̂I
− ≡ Q̂I

abcV aV bV c , with ∗Q̂I
− = −Q̂I

− (self-dual on space-time)

Note that its space-time projection is the first-order formulation of Sen’s prescription on space-itme, with similar
conclusions.



First order formulation of Sen’s prescription in superspace

We find:



δL̃
δH̃I

= 0 ⇔ dP I + Z I = Q̂I
− ,

δL̃
δQ̂I

− abc

= 0 ⇔
(

V a ∧ V b ∧ V c +
1
6
ϵabcdef (Vd ∧ Ve ∧ Vf )

)
∧ (H̃I + Z I) = 0 ,

δL̃
δP I

= 0 ⇔ dH̃I = 0

from which:
H̃I = H̃ I

− − Z I = dΞI , BI ≡ (P I + ΞI)/2, P̃ I ≡ (P I − ΞI)/2

⇒ P = B + P̃, with P̃ chiral, but free and SUSY invariant:

P̃ : dP̃ =
1
2
(Q̂− − P−(H̃)) = (dP̃)abcV aV bV c ⇒ d∗dP̃ = 0, δϵP̃ = 0

while:
H I ≡ dBI + Z I = P− (H I) =

1
2

(
Ĥ I
− + P−(H̃ I)

)
; δΦL̃ = δΦL



Conclusions and outlook



Conclusions and outlook

✓ We have constructed a SUSY invariant lagrangian in D=6 superspace for tensor multiplets in rigid chiral
theory with 16 supercharges whose field equations include the self-duality constraint for the chiral 2-forms.

✓ We have then modified it to implement Sen’s prescription (at first order) in superspace and on space-time

Next steps:

• To add interaction with supergravity (for the anomaly free case), and try to apply our extension of Sen’s
prescription in this more challenging case

• To extend our 6-form lagrangian to a (6|16) form in full superspace by adding appropriate integral forms

• To try to go off-shell (Rheonomic formulation of Harmonic superspace?)
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Thank you!
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