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! NRQCD factorization formula for #
inclusive production of heavy quarkonium 𝓠#
#

! QQ̅ can be color singlet or color octet.#
Singlet and octet can mix under evolution due to soft gluons #
(P-wave production/decay at leading order in v). "

! Even when octet contributions are suppressed by powers of v, 
singlet contributions can be suppressed by powers of m/ pT, so 
that octet contributions can dominate cross section at large pT 
(J/ 𝜓, 𝚼 production)

NRQCD Factorization
NRQCD Factorization

factorization is the determination of the infrared behavior of the production LDMEs. So
far, the infrared properties of the production LDMEs have only been studied to two-loop
accuracy [18Ð22]. It is possible that the pNRQCD expressions of the production LDMEs
will simplify the investigation of their infrared properties and the veriÞcation of the NRQCD
factorization formalism.

We have presented a Þrst calculation of production LDMEs in strongly coupled pN-
RQCD in ref. [23] for production of P-wave heavy quarkonia. In this paper, we describe in
detail the formalism and clarify some technical details that may be useful in future studies.
We work in the strong coupling regimemv2

⌧ ⇤QCD, and with heavy quarkonium states
that are below the open ßavor threshold. The calculation of the production LDMEs in
this paper is valid up to corrections of relative order1/N 2

c and v2.2 Furthermore, we will
present an extended set of phenomenological results.

The paper is organized as follows. In section2, we set up the general formalism
for the computation of the production LDMEs in pNRQCD. In section 3, we express in
pNRQCD the production LDMEs for P-wave heavy quarkonium states. Phenomenological
applications that include the computation of the cross sections for�cJ (1P) and �bJ(nP )
states at the LHC can be found in section4. We conclude in section5.

2 LDMEs in pNRQCD

In the NRQCD factorization formalism, the inclusive production cross section of a quarko-
nium Q is given by [5]

�Q+X =
X

N

�QQ̄(N )
h⌦|OQ(N )|⌦i. (2.1)

Here,�QQ̄(N )
are short-distance coe! cients that correspond to the production cross section

of a heavy quark-antiquark pair (Q øQ) in a spin and color state N , and |⌦i is the QCD
vacuum state. The NRQCD long-distance matrix elementh⌦|OQ(N )|⌦i describes the evo-
lution of the Q øQ in a state N into the quarkonium Q. The matrix elements have known
scalings in v, which allows us to organize the sum overN in eq. (2.1) in powers of v. In
general, theQ øQ can be in a color-singlet or in a color-octet state.

For a color-singlet state, the operatorsOQ(N ) have the form

O
Q(Ncolor singlet ) = �†

KN  PQ(P =0) 
†
K

!
N �, (2.2)

where and� are Pauli spinor Þelds that annihilate and create a heavy quark and antiquark
at spacetime position0, respectively. The operatorPQ(P ) projects onto a state consisting of

a heavy quarkoniumQ with momentum P ; it may be written as PQ(P ) = a†

Q(P )
aQ(P ), where

a†

Q(P )
is an operator that creates a quarkoniumQ with momentum P . The quantities KN

2In the special kinematical situation mv2 ! ! QCD ! mv, the ratio mv2/ ! QCD is larger than v and
the induced corrections to the LDMEs may turn out to be parametrically larger than v2, which is their
natural size when ! QCD " mv. In order not to complicate unnecessarily the error estimate, in the rest
of the paper we will count the neglected corrections to the LDMEs in the v expansion as v2 for all the
kinematical situations that fulÞll mv2 ! ! QCD .
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and K!
N are polynomials of Pauli matrices and covariant derivatives, and are proportional

to the color identity matrix c, so that the operators!   KN " and "   K !
N ! are color singlets.

For a color-octet state, the operatorsOQ(N ) take the form [18Ð20]

OQ(Ncolor octet ) = !   KN Ta" !   ab
! (0)PQ(P = 0) !

bc
! (0)"   K !

N Tc! , (2.3)

where Ta is a color matrix in the fundamental representation. The operator ! ! (x) is a
Wilson line along the direction # in the adjoint representation deÞned by

! ! (x) = P exp
!
! ig

" "

0
d$ #áAadj (x + #$)

#
, (2.4)

whereAadj is the gluon Þeld in the adjoint representation andP stands for the path ordering
of the color matrices. The Wilson lines! ! are necessary to ensure the gauge invariance
of the vacuum expectation value of eq. (2.3), because in the absence of! ! , the gauge
transformations of !   KN Ta" and "   K !

N Tc! do not commute with the operator PQ(P = 0) .
The direction # is arbitrary. Hereafter we refer to the ! ! in eq. (2.3) as gauge-completion
Wilson lines.

The NRQCD factorization conjecture is the statement that the short-distance coe! -
cients in eq. (2.1) can be computed in perturbative QCD, and the NRQCD matrix elements
are universal. The short-distance coe! cients are computed in perturbative QCD by re-
placing the heavy quarkonium stateQ in eq. (2.1) with a perturbative Q øQ state. For the
short-distance coe! cients to be perturbatively calculable, the infrared (IR) divergences that
appear in the perturbative QCD calculation of eq. (2.1) must be reproduced by the NRQCD
matrix elements to all orders in %s, so that the short-distance coe! cients are IR Þnite. The
outline for an all-orders proof of the IR Þniteness of the short-distance coe! cients has been
given in refs. [19, 24] for the case where the quarkoniumQ is produced with a momentum
that exceeds the mass of the heavy quarkoniummQ: for example, the proof applies to the
case when the quarkonium is produced with a large transverse momentumpT " mQ and
the cross section is expanded to next-to-leading power inm2

Q/p 2
T . On the other hand, the

universality of the NRQCD matrix elements requires the color-octet matrix elements to be
independent of the direction of the gauge-completion Wilson lines. A proof of the univer-
sality based on traditional methods of perturbative factorization has only been investigated
to next-to-next-to-leading order in %s for the speciÞc case whereKN = K!

N = 1 [18Ð22].
In this paper, we aim at expressing the color-singlet and color-octet long distance matrix

elements in pNRQCD. We work in the strong coupling regime, wheremv2 # " QCD . This
condition is fulÞlled by non-Coulombic, strongly coupled quarkonia. The computation is
based on expanding the NRQCD Hamiltonian in inverse powers of the heavy quark massm,

HNRQCD = H (0)
NRQCD +

H (1)
NRQCD

m
+ . . . , (2.5)

and on making use of quantum-mechanical perturbation theory to compute its eigenstates
order by order in 1/m [12, 13]. Because the energy scales that appear in NRQCD aremv,
mv2, and " QCD , the expansion in powers of1/m in the Hamiltonian leads to an expansion
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! One major di$culty in NRQCD description of quarkonium 
production is the unknown matrix elements. "

! While singlet matrix elements can be related to decay matrix 
elements, so far it has been not known how to determine octet 
matrix elements."

! For quarkonium decays, potential NRQCD (pNRQCD) provides 
expressions for singlet and octet matrix elements in terms of 
wavefunctions at the origin, and universal gluonic correlators. #
This leads to more symmetries and more predictive power than 
standard NRQCD.#

! Our recent work extends this to production matrix elements.

NRQCD matrix elements in pNRQCD
NRQCD matrix elements in potential NRQCD

Brambilla, HSC, Vairo, PRL 126, 082003 (2021) and JHEP 09 (2021) 032

Brambilla, Eiras, Pineda, Soto, Vairo, PRL88, 012003 (2002)"
Brambilla, Eiras, Pineda, Soto, Vairo, PRD67, 034018 (2003)"
Brambilla, HSC, MŸller, Vairo, JHEP04 (2020) 095

4



! pNRQCD describes energy scales below mv. Quarkonium state 
is described as bound state of Q and Q̅ in a potential. #

! We can match NRQCD matrix elements on pNRQCD by 
integrating out the scale mv. We do this under the assumption 
𝚲QCD ≫ mv2 (strongly coupled pNRQCD). "

! The matching coe$cients are universal, as they only involve light 
degrees of freedom and are independent of heavy quark ßavor. "

! For decay matrix elements, it was su$cient to describe the 
heavy quarkonium state        . To compute production matrix 
elements, we must describe the projection operator#
                                                      . #
X includes an arbitrary number of soft gluons of scale mv. 

pNRQCD
NRQCD matrix elements in potential NRQCD

Pineda, Soto, NPB Proc. Suppl. 64, 428 (1998)"
Brambilla, Pineda, Soto, Vairo, NPB566, 275 (2000)"
Brambilla, Pineda, Soto, Vairo, Rev. Mod. Phys. 77, 1423 (2005)
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! 𝜒QJ cross section at leading order in v#
#

! pNRQCD gives"

! A single universal quantity 𝓔 determines all #
P-wave charmonium and bottomonium #
production rates. RG evolution of 𝓔 consistent #
with NRQCD.

P-wave production in pNRQCD
NRQCD matrix elements in potential NRQCD
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Inclusive Hadroproduction of P -wave Heavy Quarkonia in pNRQCD
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We compute the color singlet and color octet NRQCD long-distance matrix elements for inclusive
production of P -wave quarkonia in the framework of pNRQCD. In this way, the color octet NRQCD
long-distance matrix element can be determined without relying on measured cross section data,
which has not been possible so far. We obtain inclusive cross sections of! cJ and ! bJ at the LHC,
which are in good agreement with data. In principle, the formalism developed in this work can be
applied to all inclusive production processes of heavy quarkonia.

The mechanism underlying heavy quarkonium produc-
tion is a key to understanding the dynamics of strongly
coupled systems [1Ð5]. Quarkonium production is ex-
tensively studied in experiments at particle colliders like
LHC, SuperKEKB, BEPC II, and RHIC, and will con-
tinue to be an important subject in future colliders such
as the planned Electron-Ion Collider. Quarkonium pro-
duction has a large impact on studies of the QCD phase
diagrams and early universe, as the production in proton-
proton collisions is the bottom line to which quarkonium
suppression in heavy ion collisions is compared [6]. More-
over, from the theoretical point of view, quarkonium pro-
duction processes have exquisite theoretical issues pin-
ning down on factorization in strongly coupled theories,
deÞnition and calculation of nonperturbative matrix ele-
ments, and resummation of logarithms of large ratios of
scales [7Ð11].

The typical hierarchy of energy scales that character-
izes heavy quarkonium ism � mv � mv2, where m is
the heavy quark mass andv ⌧ 1 the relative velocity of
the quark in the bound state. This hierarchy of energy
scales may be exploited to construct a hierarchy of e↵ec-
tive Þeld theories. Nonrelativistic QCD (NRQCD) [7, 12]
follows from QCD by integrating out modes associated
with the energy scalem from GreenÕs functions describ-
ing a heavy quark and a heavy antiquark near thresh-
old. The matching to NRQCD can be done perturba-
tively, since m is larger than the typical hadronic scale
⇤QCD . Potential NRQCD (pNRQCD) [13Ð15] follows
from NRQCD by integrating out gluons of energy or mo-
mentum of order mv. The matching to pNRQCD may
need to rely on nonperturbative methods if the momen-
tum scale,mv, is comparable to⇤QCD .

While NRQCD had great success in heavy quarko-
nium phenomenology, a satisfactory description of inclu-
sive production processes from Þrst principles is still be-
yond reach. Much of the di�culty stems from our limited
knowledge of the NRQCD long-distance matrix elements
(LDMEs), which describe the nonperturbative evolution
of the heavy quarkQ and antiquark øQ into a quarkonium.
First-principles determinations have not been possible,

even approximately, for a class of important LDMEs that
are associated with theQ øQ in a color octet state. On the
other hand, phenomenological determinations of the un-
known LDMEs based on di↵erent choices of observables
have led to inconsistent sets of LDMEs, which have re-
sulted in contradicting predictions, in particular, leaving
open the long-standing problem of the polarization of
quarkonium produced in hadron colliders [16]. It would
be of enormous impact to be able to compute the un-
known LDMEs from Þrst principles.

Potential NRQCD has been successfully applied to an-
nihilation and exclusive electromagnetic production pro-
cesses of heavy quarkonia [17Ð19]. It has been anticipated
that pNRQCD could also be used to describe inclusive
production processes. In this Letter, we apply for the
Þrst time pNRQCD to this kind of processes by comput-
ing the NRQCD LDMEs that appear in the inclusive pro-
duction cross section ofP -wave quarkonia. SpeciÞcally,
we consider production cross sections of! QJ (Q = c or
b, J = 0, 1, and 2) at leading order in v.

The cross section is given in the NRQCD factorization
formalism at leading order in v by [7]

" ! QJ + X = (2 J + 1) " Q øQ(3 P [1]
J ) hO

! Q 0 (3P [1]
0 )i

+ (2 J + 1) " Q øQ(3 S[8]
1 ) hO

! Q 0 (3S[8]
1 )i. (1)

Here, we use spectroscopic notation for the angular mo-
mentum state of the Q øQ, while the superscripts 1 and 8
denote the color state of theQ øQ: color singlet (CS) and
color octet (CO), respectively. The quantities " Q øQ(3 P [1]

J )

and " Q øQ(3 S[8]
1 ) are the perturbatively calculable short-

distance coe�cients (SDCs). We have used the heavy-
quark spin symmetry to reduce the ! QJ LDMEs into
LDMEs of ! Q0, which are deÞned by

hO! Q 0 (3P [1]
0 )i =

1
3
h⌦|!   (� i

2

 !
D á! )#P! Q 0 (P = 0)

⇥ #   (� i
2

 !
D á! )! |⌦i, (2a)

hO! Q 0 (3S[8]
1 )i = h⌦|!   " i T a#�  ab

" P! Q 0 (P = 0)

⇥ �bc
" #   " i T c! |⌦i, (2b)
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make explicit the heavy quark and antiquark Þeld con-
tent of the states |n; x 1, x 2! (0) and eliminate the Þelds by
using WickÕs theorem; one makes use at this point of the
fact that the states in PQ (P = 0) belong to the setS, which
constrains their color structure; (iv) rewrite the sum of
the matrix elements of the gluon Þelds on the states|! !
and |n; x 1, x 2! (0) (evaluated at x 1 " x 2 = 0) in terms
of gluon Þeld correlators;(v) identify ! Q (n, P ) (x 1, x 2) or
derivatives of them (evaluated at x 1 " x 2 = 0) with the
wavefunctions of the pNRQCD Hamiltonian. The lead-
ing order wavefunctions can be computed by solving the
corresponding Schr¬odinger equations, once the static po-
tentials have been determined from the static energies
E (0)

n typically obtained by lattice QCD methods.
The wavefunctions ! (0)

Q (n ) (x 1, x 2) depend on n and
may di" er from the usual quarkonium wavefunctions
! (0)

Q (x 1, x 2) that correspond to the n = 0 case. For
n = 0, the static potential in h0 can be extracted from
the vacuum expectation value (VEV) of a static Wilson
loop [14, 20]. Similarly, for n #= 0 and n $ S, the static
potential in hn can be extracted from the VEV of a static
Wilson loop in the presence of some additional, discon-
nected gluon Þelds. To our knowledge, there are no lat-
tice data available for the n #= 0 static potentials. How-
ever, we expect that the disconnected gluon Þelds mostly
provide a constant shift to the potentials, for instance in
the form of a glueball mass, but do not signiÞcantly a" ect
their slopes. This is also supported by largeNc consider-
ations. In the large Nc limit, the VEV of a Wilson loop
with additional disconnected gluon Þelds factorizes into
the VEV of the Wilson loop times the VEV of the addi-
tional gluon Þelds up to corrections of order 1/N 2

c [23, 24].
If the slopes of the static potentials are the same for all
n in the large Nc limit, then in that limit the wavefunc-
tions ! (0)

Q (n ) (x 1, x 2) are independent ofn. Hence, we will

approximate the wavefunctions ! (0)
Q (n ) (x 1, x 2) with the

quarkonium wavefunction ! (0)
Q (x 1, x 2) making an error

of at most O(1/N 2
c ).

Following the outlined procedure, we can compute the
production LDMEs %O�Q0 (3P [1]

0 )! and %O�Q0 (3S[8]
1 )! in

strongly coupled pNRQCD. Furthermore, in the case
of the CO LDME, we approximate ! (0)

�Q0(n ) (x 1, x 2) &

! (0)
�Q0 (x 1, x 2) as discussed above.

For the CS LDME %O�Q0 (3P [1]
0 )! , we obtain at leading

order in QMPT

%O�Q0 (3P [1]
0 )! =

3Nc

2"
|R(0) 0

�Q0
(0)|2, (9)

where R(0)
�Q0 (r ) is the radial wavefunction of #Q0 at lead-

ing order in the velocity expansion (R(0) 0

�Q0 (r ) stands for
its derivative). This reproduces the result obtained in
the vacuum-saturation approximation in Ref. [7].

The CO LDME %O�Q0 (3S[8]
1 )! vanishes at leading order

in QMPT. Nonvanishing contributions come from next-
to-leading order in QMPT:

%O�b0 (3S[8]
1 )! =

3Nc

2"
|R(0) 0

�Q0
(0)|2

E
9Ncm2 , (10)

where

E =
3

Nc

Z 1

0
dt t

Z 1

0
dt0 t 0

' %! |#   ab
` # ad

0 (0, t)gEd,i (t)gEe,i (t 0)# ec
0 (0, t 0)# bc

` |! ! ,
(11)

E a,i (t) being a chromoelectric Þeld component computed
at the time t and at the space location0, and # 0(t, t 0) =

P exp[" ig
R t 0

t d$ Aadj
0 ($, 0)] a Schwinger line. Note that

E is a purely gluonic quantity that does not depend on
the heavy quark ßavor.

The expression for the CO LDME given in Eq. (10)
is very similar to the pNRQCD expression for the CO
LDME appearing at leading order in v in the decay of
#QJ into light hadrons [17, 19]. The only di" erence is
that there the correlator E is replaced by the correlator

E3 =
1

2Nc

Z 1

0
dt t 3 %! |gEa,i (t)# ab

0 (t, 0)gEb,i (0)|! ! .

(12)
The two correlators would be the same if we could neglect
the contributions from the strings. At one loop, they have
the same logarithmic dependence on the renormalization
scale$ and satisfy the same evolution equation. From
this [17], it follows that the one-loop evolution equation
for %O�Q0 (3S[8]

1 )! is

d
d log$

%O�Q0 (3S[8]
1 )! =

4CF %s

3Nc" m2 %O�Q0 (3P [1]
0 )! , (13)

where CF = ( N 2
c " 1)/ (2Nc). Equation (13) agrees with

the evolution equation derived from a perturbative cal-
culation in NRQCD [7]. The agreement is a one-loop
consistency check of Eq. (10). At two loops however the
identiÞcation of E with E3 may not hold [8Ð11].

Equation (10) is our result for the CO LDME. The
result allows a Þrst-principles determination of the CO
LDME, once E is known. The correlator E may be com-
puted in lattice QCD or it can be obtained from processes
involving heavy quarkonia.

We now compute the inclusive production cross sec-
tions of #cJ and #bJ (nP ) from proton-proton collisions
at the LHC based on our results for the LDMEs in
Eqs. (9) and (10). We use the value |R(0) 0

�c0 (0)|2 =
0.057 GeV5, which we obtain by comparing the mea-
sured two-photon decay rates of#c0 and #c2 in Ref. [25]
with the pNRQCD expressions at leading order in v
and at next-to-leading order (NLO) in %s [19]. Be-
cause two-photon decay rates of#bJ have not been
measured yet, we take for|R(0) 0

�b0(nP ) (0)|2 the averages

3

quarkonia in pNRQCD in Refs. [17–19] and consists of
the following steps: (i) replace in the LDMEs the projec-
tor PQ(P=0) with the expressions (6) and (5); (ii) using
QMPT, and in particular Eqs. (3) and (4), express the

LDMEs in terms of |n;x1,x2i
(0) and E(0)

n (x1,x2); (iii)
make explicit the heavy quark and antiquark field con-
tent of the states |n;x1,x2i

(0) and eliminate the fields by
using Wick’s theorem; one makes use at this point of the
fact that the states in PQ(P=0) belong to the set S, which
constrains their color structure; (iv) rewrite the sum of
the matrix elements of the gluon fields on the states |⌦i
and |n;x1,x2i

(0) (evaluated at x1 � x2 = 0) in terms
of gluon field correlators; (v) identify ! Q(n,P )(x1,x2) or
derivatives of them (evaluated at x1 � x2 = 0) with the
wavefunctions of the pNRQCD Hamiltonian. The lead-
ing order wavefunctions can be computed by solving the
corresponding Schrödinger equations, once the static po-
tentials have been determined from the static energies

E(0)
n typically obtained by lattice QCD methods.

The wavefunctions ! (0)
Q(n)(x1,x2) depend on n and

may di↵er from the usual quarkonium wavefunctions

! (0)
Q (x1,x2) that correspond to the n = 0 case. For

n = 0, the static potential in h0 can be extracted from
the vacuum expectation value (VEV) of a static Wilson
loop [14, 20]. Similarly, for n 6= 0 and n 2 S, the static
potential in hn can be extracted from the VEV of a static
Wilson loop in the presence of some additional, discon-
nected gluon fields. To our knowledge, there are no lat-
tice data available for the n 6= 0 static potentials. How-
ever, we expect that the disconnected gluon fields mostly
provide a constant shift to the potentials, for instance in
the form of a glueball mass, but do not significantly a↵ect
their slopes. This is also supported by large Nc consider-
ations. In the large Nc limit, the VEV of a Wilson loop
with additional disconnected gluon fields factorizes into
the VEV of the Wilson loop times the VEV of the addi-
tional gluon fields up to corrections of order 1/N2

c [23, 24].
If the slopes of the static potentials are the same for all
n in the large Nc limit, then in that limit the wavefunc-

tions ! (0)
Q(n)(x1,x2) are independent of n. Hence, we will

approximate the wavefunctions ! (0)
Q(n)(x1,x2) with the

quarkonium wavefunction ! (0)
Q (x1,x2) making an error

of at most O(1/N2
c ).

Following the outlined procedure, we can compute the

production LDMEs hO
! Q 0 (3P [1]

0 )i and hO
! Q 0 (3S[8]

1 )i in
strongly coupled pNRQCD. Furthermore, in the case

of the CO LDME, we approximate ! (0)
! Q 0 (n)

(x1,x2) ⇡

! (0)
! Q 0 (x1,x2) as discussed above.

For the CS LDME hO
! Q 0 (3P [1]

0 )i, we obtain at leading
order in QMPT

hO
! Q 0 (3P [1]

0 )i =
3Nc

2"
|R(0)!

! Q 0
(0)|2, (9)

where R(0)
! Q 0 (r) is the radial wavefunction of #Q0 at lead-

ing order in the velocity expansion (R(0)!

! Q 0 (r) stands for
its derivative). This reproduces the result obtained in
the vacuum-saturation approximation in Ref. [7].

The CO LDME hO
! Q 0 (3S[8]

1 )i vanishes at leading order
in QMPT. Nonvanishing contributions come from next-
to-leading order in QMPT:

hO
! Q 0 (3S[8]

1 )i =
3Nc

2"
|R(0)!

! Q 0
(0)|2

E

9Ncm2
, (10)

where

E =
3

Nc

! !

0
dt t

! !

0
dt" t"

⇥ h⌦|�†ab
" �†da

0 (0, t)gEd,i(t)gEe,i(t")�ec
0 (0, t")�bc

" |⌦i,
(11)

Ea,i(t) being a chromoelectric field component computed
at the time t and at the space location 0, and �0(t, t") =

P exp[�ig
" t!

t d$Aadj
0 ($, 0)] a Schwinger line. Note that

E is a purely gluonic quantity that does not depend on
the heavy quark flavor.
The expression for the CO LDME given in Eq. (10)

is very similar to the pNRQCD expression for the CO
LDME appearing at leading order in v in the decay of
#QJ into light hadrons [17, 19]. The only di↵erence is
that there the correlator E is replaced by the correlator

E3 =
1

2Nc

! !

0
dt t3 h⌦|gEa,i(t)�ab

0 (t, 0)gEb,i(0)|⌦i.

(12)
The two correlators would be the same if we could neglect
the contributions from the strings. At one loop, they have
the same logarithmic dependence on the renormalization
scale ⇤ and satisfy the same evolution equation. From
this [17], it follows that the one-loop evolution equation

for hO! Q 0 (3S[8]
1 )i is

d

d log⇤
hO

! Q 0 (3S[8]
1 )i =

4CF %s

3Nc" m2
hO

! Q 0 (3P [1]
0 )i, (13)

where CF = (N2
c � 1)/(2Nc). Equation (13) agrees with

the evolution equation derived from a perturbative cal-
culation in NRQCD [7]. The agreement is a one-loop
consistency check of Eq. (10). At two loops however the
identification of E with E3 may not hold [8–11].
Equation (10) is our result for the CO LDME. The

result allows a first-principles determination of the CO
LDME, once E is known. The correlator E may be com-
puted in lattice QCD or it can be obtained from processes
involving heavy quarkonia.
We now compute the inclusive production cross sec-

tions of #cJ and #bJ(nP ) from proton-proton collisions
at the LHC based on our results for the LDMEs in
Eqs. (9) and (10). We use the value |R(0)!

! c 0 (0)|
2 =

0.057 GeV5, which we obtain by comparing the mea-
sured two-photon decay rates of #c0 and #c2 in Ref. [25]

r2, r0
1, and r0

2 act on the wavefunctions in eq. (2.18). The gluonic matrix elements can406

be computed as407

X

p 6=n

h0|T a
1�

†ab
` (0,x)|pi(0)

(0)
hp|gE1|ni(0)

(E(0)
n � E(0)

p )2
= �

X

p 6=n

Z
1

0
dt t(0)h0|T a

1�
†ab
` |pi(0)(0)hp|gE1(t)|ni

(0)
408

= �
1

2Nc

Z
1

0
dt t(0)h0|�†ab

` gEa
1 (t)|ni

(0), (3.14)409
410

where in the last line, we computed the color matrices tr(T a
1 T

c
1 ) = �ac/(2Nc)tr( c) by using411

the fact that both the states |0i and |ni have color indices that are proportional to c.412

Since the matrix element (0)
h0|�†ab

` gEa
1 (t)|ni

(0) does not contain any color matrices, the413

last line of eq. (3.14) vanishes unless n 2 S. This gives414

� V
O(1S

[8]
0 )

���
P -wave

= �Ncri
r�

(3)(r)rj
r0

E
ij

N2
cm

2
, (3.15)415

416

where the tensor E
ij is defined by417

E
ij =

X

n

Z
1

0
t dt

Z
1

0
t0 dt0(0)h0|�†ab

` gEa,i
1 (t)|ni(0)(0)hn|gEc,j

1 (t0)�†bc
` |0i(0)418

=

Z
1

0
t dt

Z
1

0
t0 dt0h⌦|�†ab

` �†da
0 (0, t)gEd,i(t)gEe,j(t0)�ec

0 (t0, 0)�bc
` |⌦i. (3.16)419

420

In the last line, we used tr( c)/Nc = 1, and we introduced the Schwinger lines �0(t, t0) =421

P exp[�ig
R t0

t d⌧Aadj
0 (⌧, 0)] to restore the gauge invariance. The configurations of the adjoint422

Wilson lines in eq. (3.16) are given in the following way. The chromoelectric field at time t0423

is connected to the origin 0 via the Schwinger line �ec
0 (t0, 0), which then continues to infinity424

in the ` direction. Analogously, the chromoelectric field at time t is connected to the origin425

0 via the Schwinger line �†da
0 (0, t), which then continues to infinity in the ` direction. The426

orderings of gEe,j(t0)�ec
0 (t0, 0)�bc

` and �†ab
` �†da

0 (0, t)gEd,i(t) are opposite; for a suitable427

choice of the sign of `0, gEe,j(t0)�ec
0 (t0, 0)�bc

` is time ordered, and �†ab
` �†da

0 (0, t)gEd,i(t) is428

anti time ordered. Hence, eq. (3.16) can be interpreted as a cut diagram, which can be429

useful for perturbative QCD. We show this configuration of the Wilson lines graphically in430

figure 1.431

Now we can compute the color-octet matrix element h⌦|OhQ(1S[8]
0 )|⌦i. Since the prod-432

uct �(0)
1P1

(r)�(0)
1P1

⇤(r) is isotropic after summing over the polarizations of the 1P1 state, the433

differential operators ri
rr

j
r0 in eq. (3.15) can be replaced by 1

3�
ijrr ·rr0 . Then, we obtain434

h⌦|OhQ(1S[8]
0 )|⌦i = 3⇥

3Nc

2⇡
|R(0)0(0)|2

1

9Ncm2
E , (3.17)435

where E is a dimensionless gluonic correlator defined by436

E =
3

Nc

Z
1

0
t dt

Z
1

0
t0 dt0h⌦|�†ab

` �†da
0 (0, t)gEd,i(t)gEe,i(t0)�ec

0 (t0, 0)�bc
` |⌦i. (3.18)437

The correlator E corresponds to the isotropic part of E ij , which is given by Nc
9 �ijE . The438

factor 3/Nc in the definition of E has been chosen so that eq. (3.17) resembles the pNRQCD439
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Figure 1 . Graphical representation of the chromoelectric Þelds and Wilson lines in the integrand
of eq. (3.15). The symbols ! represent insertions of chromoelectric Þelds at the timest and t!, and
the Þlled circles represent the spacetime origin. Solid lines are Schwinger lines, double lines are
gauge-completion Wilson lines in the! direction, and the dashed line is the cut.

In eq. (3.15), the chromoelectric Þeld at time t! is connected to the origin0 by the
Schwinger line�ec

0
(0; t !), which then continues to inÞnity in the ! direction. Analogously,

the chromoelectric Þeld at timet is connected to the origin0 by the Schwinger line�  ad
0

(0; t),
which then continues to inÞnity in the ! direction. For a suitable choice of the sign of! 0,
the Þelds ingEe,j(t !)�ec

0
(0; t !)�bc

! are time ordered (T ), and those in�  ab
! �  ad

0
(0; t)gEd,i(t)

are anti-time ordered (T̄ ). Hence, eq. (3.15) can be interpreted as a cut diagram, which
can be useful for perturbative QCD. We show this conÞguration of Wilson lines graphically
in Þgure 1.

We derive now two properties of the (time ordered) operatorgEe,i(t)�ec
0
(0; t)�bc

! . First,
the Hermitian conjugate of gEe,i(t)�ec

0
(0; t)�bc

! is

(gEe,i(t)�ec
0 (0; t)�bc

! )  = (T gEe,i(t)�ec
0 (0; t)�bc

! )  = T̄�  cb
! �  ce

0
(0; t)gEe,i(t)

= �  cb
! �  ce

0
(0; t)gEe,i(t), (3.16)

where we have dropped the time ordering prescription whenever the operators appear in the
right time or anti-time ordering. This guarantees that the operator �  ab

! �  ad
0

(0; t)gEd,i(t)
gEe,i(t)�ec

0
(0; t)�bc

! is Hermitian. Second, under a gauge transformationU(" (x)), the op-
erator gEe,i(t !)�ec

0
(0; t !)�bc

! transforms as an adjoint Þeld strength tensor at inÞnity in the
! direction:

gEe,i(t)�ec
0 (0; t)�bc

! """""#
U(" (x))

T gEe0,i(t)U  e0e(" (t))Uee00(" (t))�e00c00
0 (0; t)U  c00c(" (0))

$ Ubb0(" (!%))�b0c0
! U  c0c(" (0))

= T gEe0,i(t)�e0c00
0 (0; t)U  c00c(" (0))U  c0c(" (0))�b0c0

! Ubb0(" (!%))

= gEe0,i(t)�e0c0
0 (0; t)�b0c0

! Ubb0(" (!%)). (3.17)

After the Þrst equality we have explicitly required that the Þelds are time ordered, and in
the last equality we have used thatU  = U" 1, becauseU is unitary, and U  = UT , because
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expressions for the color-octet LDMEs in eqs. (3.18) and (3.26b) are, therefore, expected
to reproduce the same infrared divergences obtained from the NRQCD factorization.

This is straightforward to check at one-loop accuracy. By computing the correlator E

at order ↵s accuracy in dimensional regularization with d = 4 � 2✏ spacetime dimensions,
we obtain

E = 6CF
↵s

⇡

✓
1

✏UV

�
1

✏IR

◆
+O(↵2

s ), (3.33)

where CF = (N2
c �1)/(2Nc) is the Casimir of the fundamental representation of SU(3) and

the subscripts UV and IR indicate the origin (ultraviolet and infrared, respectively) of the
1/✏ poles. After renormalizing the UV divergence at the scale ⇤, E satisfies the following
renormalization group equation

d

d log⇤
E(⇤) = 12CF

↵s

⇡
+O(↵2

s ), (3.34)

which, in turn, implies the following renormalization group equation for the NRQCD matrix
elements (see eqs. (3.26a) and (3.26b))

d

d log⇤
hO

�QJ (3S[8]

1
)i =

4CF↵s

3Nc⇡m2
hO

�QJ (3P [1]

J )i. (3.35)

The same evolution equation relates hOhQ(1S[8]

0
)i with hO

hQ(1P [1]

1
)i. Equation (3.35) agrees

with the evolution equation derived from a perturbative calculation in NRQCD [5], and,
therefore, the UV divergence at one-loop accuracy of the color-octet LDME in pNRQCD is
the same as in NRQCD. Since loop corrections to NRQCD matrix elements are scaleless,
UV poles cancel IR poles in eq. (3.33). Hence, the IR divergence at one-loop accuracy of
the color-octet LDME in pNRQCD is the same as in NRQCD too.

At two loops, some consistency checks between the pNRQCD result and the NRQCD
factorization can be made based on the two-loop calculations in refs. [19] and [20]. In
ref. [19], two-loop corrections to the infrared factor I2(p, q) associated with the gauge-
completion Wilson lines were computed. These contribute to the infrared divergences of
the LDMEs hO

hQ(1S[8]

0
)i and hO

�QJ (3S[8]

1
)i at order ↵2

s , and were reproduced in ref. [20]
through the explicit calculation of the LDMEs. Since, as we have seen, the calculation of
the infrared factor I2(p, q) is equivalent to the calculation of the infrared divergences in
the contact terms V

O(1S
[8]
0 )

and V
O(3S

[8]
1 )

, and eventually in the chromoelectric field tensor
E
ij , it follows that the pNRQCD expressions for the color-octet LDMEs have the same

infrared divergences associated with the gauge-completion Wilson lines as those found in
the NRQCD calculations of ref. [20].

It may be interesting to note that at order ↵s the pole structure of the correlator E

and of the correlator E3, defined in eq. (3.21) and relevant for the decay widths of P -wave
quarkonia, is the same, i.e. the one given in eq. (3.33). This reflects at the pNRQCD level
the fact that at the NRQCD level the one-loop renormalization group equation (3.35) is
the same as the one-loop renormalization group equation for the decay matrix elements
appearing in inclusive decays of P -wave quarkonia [5]. The observation, however, ceases to
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! Determine 𝓔 from charmonium production data, compute 
charmonium and bottomonium cross sections. 

P-wave production in pNRQCD
NRQCD matrix elements in potential NRQCD
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Figure 3 . Ratio r 21 ! B! c 2 (1P ) /B ! c 1 (1P ) of the ! c2(1P) and ! c1(1P) di! erential cross sections
at the LHC center of mass energy

"
s = 7 TeV and in the rapidity range |y| < 0.75, with Þtted E,

compared to CMS [40] and ATLAS [ 41] measurements.

with ! 2
min / d.o.f . = 2 .1/ 10. If we use the LP+NLO expressions of the short-distance coe! -

cients, we obtain
E|LP+NLO (! = 1 .5 GeV) = 4 .48± 0.14, (4.4)

with ! 2
min / d.o.f . = 1 .6/ 10. The di" erence between the values ofE in eqs. (4.3) and (4.4)

reßects the di" erence between the Þxed-order NLO and LP+NLO calculations of the short-
distance coe! cients. We show our result forr 21 compared to ATLAS and CMS data in
Þgure 3. In the following sections, we will use both values ofE in eqs. (4.3) and (4.4) to
compute cross sections of! cJ and ! bJ states at the LHC. More precisely, when computing
cross sections of! cJ , we will use the result in eq. (4.3) with the Þxed-order NLO expressions
of the short-distance coe! cients, and we will use the result in eq. (4.4) with the LP+NLO
expressions of the short-distance coe! cients. When computing cross sections of! bJ , we
will combine the two determinations of E into

E(! = 1 .5 GeV) = 2 .8 ± 1.7, (4.5)

where the central value is the average of the central values of the determinations in eqs. (4.3)
and (4.4), and the error is such to encompass both determinations.12.

4.2 Production of ! cJ (1P )

We compute the inclusive production cross sections of! cJ (1P) from proton-proton collisions
at the LHC based on the expression of the matrix elements given in eqs. (3.26). We use the

12 The analysis done in ref. [23] contains a normalization error. After correcting for it, we get a value of E
that is compatible with the one in eq. ( 4.4). The value E = 1 .94± 0.04 reported in ref. [ 23] falls nevertheless
inside the range given in eq. (4.5).
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Use 𝜒c2/ 𝜒c1 ratio to determine 𝓔
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Figure 4 . Production cross sections of the! c1(1P) and ! c2(1P) at the LHC center of mass energy
!

s = 7 TeV and in the rapidity range |y| < 0.75 compared with ATLAS measurements [41].

LDMEs do not depend on the direction of the gauge-completion Wilson lines, and, there-
fore, do not depend on the polarization" (see for instance refs. [42, 49Ð53]). This amounts
at assuming that the polarized color-octet LDMEs "! |!   #i Ta$ "   ab

! (0)P" QJ (#,P = 0) " bc
! (0)

$   #i Tc! |! # can be related for any polarization " of the ! QJ state to the polarization-

summed color-octet LDME "! |O" QJ (3S[8]
1 )|! #, which is independent of the direction of the

gauge-completion Wilson lines, through the relation

"! |O" QJ (3S[8]
1 )|! #= (2 J + 1) $ " ! |!   #i Ta$ "   ab

! (0)P" QJ (#,P = 0) "
bc
! (0)$   #i Tc! |! #, (4.8)

and similarly for hQ:

"! |OhQ (1S[8]
0 )|! #= 3 $ " ! |!   Ta$ "   ab

! (0)PhQ (#,P = 0) "
bc
! (0)$   Tc! |! #. (4.9)

These relations are consequences of the heavy quark spin symmetry and the assumption of
the universality of the NRQCD matrix elements for polarized quarkonia in the right-hand
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sides of eqs. (4.8) and (4.9). Similar relations hold for the color-singlet LDMEs:

h⌦|O�Q1(3P [1]
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�
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 !
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†

✓
�
i
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 !
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◆i

�|⌦i,

(4.10a)
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�
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 !
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◆
 P�Q2(�,P=0) 

†

✓
�
i
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 !
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◆
�|⌦i,

(4.10b)

h⌦|OhQ(1P [1]

1
)|⌦i = 3⇥ h⌦|�†

✓
�
i

2

 !
D i

◆
 PhQ(�,P=0) 

†

✓
�
i

2

 !
D i

◆
�|⌦i. (4.10c)

In this case, however, they are not assumptions, but follow from the vacuum-saturation
approximation and rotational symmetry.
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Figure 5 . Polarization of �c2(1P ) and �c1(1P ) at the LHC center of mass energy
p
s = 7 TeV

and in the rapidity range |y| < 0.75, averaged over the range 8 GeV< pJ/ !
T <30 GeV, compared

with experimental constraints from CMS [54].

Under the universality assumption of the polarized color-octet LDMEs, we can compute
the polarization of �c1(1P ) and �c2(1P ) produced at the LHC. The polarization parameters
��c1
✓ and ��c2

✓ are defined by

��cJ
✓ =

1� 3⇠�cJ

1 + ⇠�cJ

, (4.11)

where ⇠�cJ is the fraction of J/ produced with longitudinal polarization from decays of
�cJ(1P ). We use the hadron helicity frame to define the spin quantization axis of the J/ .
The polarized cross sections can be computed by using the short-distance coefficients from
ref. [42] for the polarized production of �cJ(1P ), and eq. (4.8) to relate the color-octet
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Compute 𝜒c2 and 𝜒c1 cross sections

Compute"
𝜒c2 and 𝜒c1 "
polarization
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! Determine 𝓔 from charmonium production data, compute 
charmonium and bottomonium cross sections. "

! P-wave bottomonium matrix #
elements completely determined#
from charmonium data

P-wave production in pNRQCD
NRQCD matrix elements in potential NRQCD

Brambilla, HSC, Vairo, JHEP 09 (2021) 032
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Figure 6. Ratio of �b2(1P ) and �b1(1P ) differential cross sections at the LHC center of mass
energy

p
s = 7 TeV and in the rapidity range 2 < y < 4.5 compared with LHCb [59] and CMS [60]

measurements.

momentum pT of the �bJ(1P ) by

p⌥(1S)
T =

m⌥(1S)

m�bJ (1P )

pT . (4.13)

In figure 6, we did not include the feeddown contributions, which come dominantly from
decays of ⌥(2S) and ⌥(3S). Since the branching ratios into �b1(1P ) and �b2(1P ) are almost
the same, and our results for r21 is close to unity, we expect our results for r21 to be almost
unchanged by the inclusion of the feeddown contributions.

In pNRQCD, the wavefunction dependence factorizes in the cross sections, see eqs.
(3.28), and cancels at leading order in v when considering the ratio of states with the same
principal quantum number. Moreover, the ratio r21 for the �bJ(1P ) states in figure 6 is
almost independent of pT . It is, therefore, a specific prediction of (leading order) pNRQCD
that the ratio r21 is independent of the principal quantum number, i.e. that the ratios for
the �bJ(2P ) and �bJ(3P ) states is expected to be the same as the one shown in figure 6 for
the �bJ(1P ) states.

For the computation of the production rates of �bJ(nP ) we need the values of the
P -wave bottomonium wavefunctions at the origin. Since the decay widths of the �bJ(nP )

states are in general not well known, differently from the �cJ(1P ) states, we take the
central values of the wavefunctions at the origin to be the average of the potential-model
calculations considered in ref. [17]. They are

|R(0)

1P
0(0)|2 = 1.47 GeV5, (4.14a)

|R(0)

2P
0(0)|2 = 1.74 GeV5, (4.14b)

|R(0)

3P
0(0)|2 = 1.92 GeV5. (4.14c)

We take the uncertainties in the wavefunctions at the origin to be 10% of the central values,
which account for the uncalculated corrections of order v2.

– 29 –

Compute 𝜒b2/ 𝜒b1 ratio

We have used the heavy quark spin symmetry to relate the LDMEs! ! |O! (n! S) (3P [8]
J )|! "

to the J = 0 one, where the operatorsOQ(3P [8]
J ) are obtained fromOQ(3P[1]

J ) by inserting
color matrices and gauge-completion Wilson lines between the quark and antiquark Þelds.
As is commonly done in phenomenological studies ofS-wave heavy quarkonium production,
we neglect contributions from color-singlet matrix elements of relative ordersv2 and higher
that are obtained by inserting powers of

#$
D 2 between the quark and antiquark Þelds, because

their contributions to the cross section turn out to be numerically small. Since the color-
octet matrix elements for the" (n0S) states have not been computed from Þrst principles, we
take the values that were determined in ref. [61] from Þts to measured cross sections at the
LHC. We take the measured values of the branching ratios from ref. [44]. Since the branching
ratios of the �bJ(3P) states have not been measured yet, we use the theoretical prediction of
ref. [61]. For the branching ratios Br( " (3S) $ " (1S) + X ) and Br( " (2S) $ " (1S) + X ),
we take the sum of the branching ratios into" (1S)⇡+ ⇡� and " (1S)⇡0⇡0.
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Figure 8 . Feeddown fractions R�b(nP )
! (n0S) at the LHC center of mass energy

%
s = 7 TeV and in the

rapidity range 2 < y < 4.5 compared with LHCb data [62].

Our pNRQCD results for the feeddown fractionsR! b(nP )
! (n! S) are shown in Þgure8 against

LHCb data [62]. Compared to the previous pNRQCD results in ref. [23], the results here
have larger uncertainties because we consider a wider range of values forE, which reßect
the uncertainty due to unknown corrections of higher orders in↵s in the short-distance
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Compute 𝜒b(nP) cross sections
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! Similar calculation is being done for production of S-wave heavy 
quarkonia (J/ 𝜓, 𝜓(2S), 𝜂c,𝚼). "

! General form of octet matrix element for S-wave quarkonium is "

! 𝓔N are given by gluon Þeld-strength insertions #
onto temporal Wilson lines in this conÞguration "

! Large pT hadroproduction data underdetermine #
J/ 𝜓, 𝜓(2S), 𝚼 octet matrix elements because of #
degeneracy in pT shape : only certain linear combinations could 
be determined. #
It is expected that the pNRQCD result will be able to resolve this 
degeneracy when both cc̅ and bb̅ data are considered.

S-wave production in pNRQCD
NRQCD matrix elements in potential NRQCD

Figure 1 . Graphical representation of the chromoelectric Þelds and Wilson lines in the integrand
of eq. (3.15). The symbols ! represent insertions of chromoelectric Þelds at the timest and t!, and
the Þlled circles represent the spacetime origin. Solid lines are Schwinger lines, double lines are
gauge-completion Wilson lines in the! direction, and the dashed line is the cut.

In eq. (3.15), the chromoelectric Þeld at time t! is connected to the origin0 by the
Schwinger line�ec

0
(0; t !), which then continues to inÞnity in the ! direction. Analogously,

the chromoelectric Þeld at timet is connected to the origin0 by the Schwinger line�  ad
0

(0; t),
which then continues to inÞnity in the ! direction. For a suitable choice of the sign of! 0,
the Þelds ingEe,j(t !)�ec

0
(0; t !)�bc

! are time ordered (T ), and those in�  ab
! �  ad

0
(0; t)gEd,i(t)

are anti-time ordered (T̄ ). Hence, eq. (3.15) can be interpreted as a cut diagram, which
can be useful for perturbative QCD. We show this conÞguration of Wilson lines graphically
in Þgure 1.

We derive now two properties of the (time ordered) operatorgEe,i(t)�ec
0
(0; t)�bc

! . First,
the Hermitian conjugate of gEe,i(t)�ec

0
(0; t)�bc

! is

(gEe,i(t)�ec
0 (0; t)�bc

! )  = (T gEe,i(t)�ec
0 (0; t)�bc

! )  = T̄�  cb
! �  ce

0
(0; t)gEe,i(t)

= �  cb
! �  ce

0
(0; t)gEe,i(t), (3.16)

where we have dropped the time ordering prescription whenever the operators appear in the
right time or anti-time ordering. This guarantees that the operator �  ab

! �  ad
0

(0; t)gEd,i(t)
gEe,i(t)�ec

0
(0; t)�bc

! is Hermitian. Second, under a gauge transformationU(" (x)), the op-
erator gEe,i(t !)�ec

0
(0; t !)�bc

! transforms as an adjoint Þeld strength tensor at inÞnity in the
! direction:

gEe,i(t)�ec
0 (0; t)�bc

! """""#
U(" (x))

T gEe0,i(t)U  e0e(" (t))Uee00(" (t))�e00c00
0 (0; t)U  c00c(" (0))

$ Ubb0(" (!%))�b0c0
! U  c0c(" (0))

= T gEe0,i(t)�e0c00
0 (0; t)U  c00c(" (0))U  c0c(" (0))�b0c0

! Ubb0(" (!%))

= gEe0,i(t)�e0c0
0 (0; t)�b0c0

! Ubb0(" (!%)). (3.17)

After the Þrst equality we have explicitly required that the Þelds are time ordered, and in
the last equality we have used thatU  = U" 1, becauseU is unitary, and U  = UT , because

Ð 15 Ð

cut

lightlike "
Wilson line

timelike "
Wilson line

Brambilla, HSC, Vairo, X.-P. Wang, in preparation

See e.g. JHEP05 (2015) 103, PRD94, 014028 (2016) 
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! NRQCD is an expansion in powers of v. The convergence of the 
velocity expansion has long been a concern. "

! The velocity expansion of kinematical e%ects can lead to bad 
convergence. For example, decay rates of S-wave quarkonia can 
involve 1/ M2 (M : quarkonium mass), which can be rewritten in terms 
of the quark mass m by 1/(2 m+ E)2 and expanded in powers of v. #
For 𝜓(2S) with m = 1.4 GeV , we have"

! For decays and exclusive #
production, some of these #
e%ects can be resummed."

! The situation is less clear in inclusive production, because of soft 
gluons. 

Soft Gluon Factorization
Soft Gluon Factorization

 1/ M2 = 0.074 GeV!2

1/(2 m+ E)2 = 1/ m2! E/(4 m3)+O( v4)!
                 = 0.047 GeV !2 +O( v4)

Bodwin, Kang, Lee, PRD74, 014014 (2006)
Bodwin, HSC, Kang, Lee, Yu, PRD77, 094017 (2008) 
Bodwin, Lee, Yu, PRD77, 094018 (2008)
Bodwin, HSC, Lee, Yu, PRD79, 014007 (2009)
HSC, Lee, Yu, PLB697, 48 (2011)
Fan, Lee, Yu, PRD87, 094032 (2013)
Bodwin, HSC, Ee, Lee, Petriello, PRD90, 113010 (2014)

10



! Soft gluon factorization aims to resum a subset of relativistic 
corrections in both quarkonium production and decay. "

! For quarkonium production, cross section is described by 
(SGF-4d)"

! SGD is constructed in terms of QCD Þelds. 𝚿 : Dirac spinor Þeld"

! Projectors      include relativistic corrections."

! SGDs are bilocal and depend on the 4-dimensional vector P. #
P can be di%erent from quarkonium momentum PH, #
and P dependence of SGD is in general nonperturbative.

Soft Gluon Factorization
Soft Gluon Factorization

2

II. SOFT GLUON FACTORIZATION

A. Bad convergence of v2 expansion in NRQCD

In NRQCD factorization [4], the differential cross sec-
tion of a heavy quarkonium H production can be factor-
ized as

(2π)32P 0
H

dσH
d3PH

=
∑

n

Hn(PH) ⟨OH
n ⟩+ · · · , (1)

where PH is the momentum of H , n denotes intermedi-
ate QQ states, whose quantum numbers are usually ex-

pressed in terms of spectroscopic notation 2S+1L[c]
J , with

c = 1, 8 denotes color singlet or color octet of the pair,
Hn(PH) are perturbative calculable short-distance coef-
ficients which can be expanded order by order in αs,
⟨OH

n ⟩ are gauge-completed [25–27] nonperturbative long-
distance matrix elements (LDMEs) which can be classi-
fied according to the power counting rules of v, and the
ellipses denote other relativistic correction terms. It is
needed to emphasize that, in NRQCD factorization, one
expands the mass of quarkonium MH around twice of
heavy quark mass 2m, which results in P 2

H ≈ 4m2 in
Eq. (1).
If convergence of velocity expansion in NRQCD fac-

torization is very good, one only needs to consider a
very limited number of LDMEs to describe experimen-
tal data. Unfortunately, it may not be the case. To
see this, for an example let us consider the differential
cross section of quarkonium production in hadron collid-
ers with high transverse momentum PHT . In NRQCD
factorization, one calculates the partonic QQ production
differential cross sections with transverse momentum PT ,
and then expands PT around PHT . On average, let us set
PHT ∼ (1 − λ)PT , with λ being the average transverse
momentum fraction carried by soft gluons which can be
at the order of v or v2. At a specific range of large PHT ,
differential cross section behaves as

dσH
dP 2

HT

∼
1

P c
T

∼
(1− λ)c

P c
HT

, (2)

with c being usually larger than 4. Expansion of this
result with respect to λ mimics the relativistic expansion
in NRQCD. For a typical choice λ = 0.2 and c = 4 [46],
we have (1− λ)c = 0.4096, but the expansion of (1− λ)c
to O(λ0) gives 1, and expansion to O(λ1) gives 0.2. The
above argument shows a bad convergence of relativistic
expansion. We note that the convergence still cannot be
improved if one instead is to calculate, e.g., P 4

HT
dσH

dP 2
HT

.

Furthermore, as we will see in Sec. IV, there are other
relativistic correction terms that make the convergence
of relativistic expansion even worse.
Because of the bad convergence of relativistic correc-

tions, theoretic calculations based on only a limited num-
ber of LDMEs are sometimes hard to describe experi-
mental data. In literature, e.g. Refs. [47–50], for each
problem one can resum a specific subset of LDMEs to

improve the theoretic results. The resummation results
in many so-called “shape functions”.
A factorization method aiming to improve convergence

for an arbitrary problem was proposed in Ref. [51]. How-
ever, this method can only be thought of as a model be-
cause there is no operator definition for nonperturbative
functions. Without an operator definition, the method
is not well defined and it is not possible to do rigorous
calculation beyond tree level.

B. Soft gluon factorization formula

The aim of soft gluon factorization is to resum a subset
of relativistic correction terms in NRQCD factorization
that are important for a phenomenological purpose. It is
convenient to demand the subset to be Lorentz invariant.
The formula of SGF for a quarkonium H production is

(2π)32P 0
H

dσH
d3PH

≈
∑

n

∫
d4P

(2π)4
Hn(P )Fn→H(P, PH),

(3)

where Hn(P ) are perturbatively calculable hard parts
that, roughly speaking, produce an intermediate state
with quantum numbers n and momentum P , and
Fn→H(P, PH) are nonperturbative functions, which we
call soft gluon distribution functions (SGDs), which de-
scribe the hadronization of the intermediate state to
physical quarkonium H . To account for the effect of soft
hadrons emission, which are mainly soft gluons pertur-
batively, the momentum of the observed quarkonium PH

is kept different from the momentum of the intermediate
state P , which is different from the treatment in NRQCD.
For quarkonium decay, one can define a similar for-

mula.

C. Intermediate states

Naively, in Eq. (3) we should sum over a complete set
of intermediate states that may or may not contain a QQ
pair. However, if there is no QQ pair in the intermediate
state, a QQ pair must be produced in the hadronization
process. In this case, the corresponding Fn→H(P, PH)
has short-distance effects and can be refactorized, which
enables us to eliminate this contribution from the factor-
ization formula. Furthermore, if the intermediate state
contains other energetic partons in addition to aQQ pair,
the corresponding Fn→H (P, PH) can also be refactorized
because there is no energetic gluon or light quark in the
dominant Fock state of conventional quarkonium. In this
consideration, we only need to sum over intermediate
states which contain a QQ pair and some soft partons.
According to physical scales existing in the quarkonium
system, energy of these soft partons can be at the order
of mv or mv2, which are assumed to be much smaller
than m.

3

As each conventional quarkonium has a QQ state with
specific quantum numbers as its leading Fock state, the
QQ intermediate state with the same quantum numbers
has leading contribution. If the intermediate state con-
tains soft partons in addition to a QQ pair, which means
that soft partons are produced in the hard parts, the con-
tribution is at least suppressed by v2 comparing with the
contribution from the intermediate state with the same
QQ but without soft partons. In other words, power
counting of the corresponding Fn→H(P, PH ) in the fac-
torization formula is at high order in v2. Unlike v2 correc-
tions due to kinematic effects of soft gluons emission, con-
tribution of intermediate states with soft partons should
have a mild v2 corrections. Thus, as the first approxi-
mation, we will ignore these contributions and consider
only intermediate states constituted by a QQ pair in the
rest of the paper.
Then n in Eq. (3) denotes intermediate QQ states,

whose quantum numbers are usually expressed in terms

of spectroscopic notation n = QQ(2S+1L[c]
J,Jz

), with c =
1, 8 denoting color singlet or color octet of the pair. We
note that the state in the amplitude n can be in general
different from that in the complex-conjugate amplitude

ñ = QQ(2S̃+1L̃[c̃]

J̃,J̃z
). Color charge, C-parity, P -parity

and angular momentum conservations provide general se-
lection rules [52], which gives that the following relations
always hold: c = c̃, S = S̃, and |L ! L̃| = 0, 2, 4, á á á. For
the production of a polarization-summed quarkonium,
we have further constraints J = J̃ , Jz = J̃z. Thus,
even in the polarization-summed case, there is interfer-

ence between the 3S[c]
1,Jz

state and the 3D[c]
1,Jz

state. Se-
lection rules for polarization distributions can be found
in Ref. [52]. For simplicity, in the rest of the paper we
will only discuss polarization-summed quarkonium pro-
duction and choose the quantum numbers of the interme-
diate QQ pair in the amplitude to be the same as that
in the complex-conjugate amplitude, while polarization
and interference contributions can be studied similarly.

D. Nonperturbative distributions

To make SGDs Lorentz invariant, it is convenient to
define them using QCD fields instead of NRQCD fields.
We define SGDs for polarization-summed quarkonium H
production as vacuum expectation values of bilocal op-
erators constructed from QCD fields,

Fn→H(P, PH) =

!
d4be−iPáb

" # 0|[ΨKnΨ]  (0)
"
a 
HaH

#
[ΨKnΨ](b)|0$S,

(4)

where

a 
HaH =

$

X

$

JH
z

|H +X$#H +X | (5)

projects final state to include a polarization-summed
H with relativistic normalization #H(PH)|H(P ′

H)$ =

(2EH)(2π)3δ3(PH ! P ′
H). The subscript “S” means that,

to evaluate the matrix element, one only picks up inte-
gration regions where off-shellness of all particles is much
smaller than heavy quark mass 2. Kn(rb) are projection
operators defining the intermediate state n,

Kn(rb) =

%
MH

MH + 2m

MH + /PH

2MH
Γn

MH ! /PH

2MH
C[c] , (6)

where angular momentum operators Γn are defined ex-
plicitly in Appendix A, color operators C[c] will be defined

later, MH± /PH
2MH

project out large components in velocity
expansion, and, as we will see later, the introduction of

prefactor
√
MH

MH+2m makes our SGDs more closely related
to NRQCD LDMEs.

If the intermediateQQ pair is in color singlet, we define
color operator as

C[1] =
1c%
Nc

, (7)

which is nothing but SU(3) color Clebsch-Gordan coef-
ficient #3i; 3̄̄i|00$ and 1c is the identity matrix in color
space. If the intermediate QQ pair is in color octet, we
define color operator by the multiplication of a color ma-
trix in fundamental representation with a gauge link in
adjoint representation,

C[8] =
%
2tā Φ(A)

aā (rb), (8)

where
%
2tā is SU(3) color Clebsch-Gordan coefficient

#3i; 3̄̄i|8ā$ and the introduction of gauge link Φ(A)
āa (rb)

is to enable gauge invariance of SGDs.

The next question is what direction of the gauge link
should we choose. A natural choice is to define the di-
rection along a light cone, because a gauge link can be
obtained by eikonal approximation for soft gluon inter-
action between the QQ pair and jets. Indeed, this is
the choice to define gauge-completed NRQCD LDMEs
in Refs. [25–27]. In the SGF framework, however, this
choice will result in uncanceled gauge-link-collinear ra-
pidity divergence because the position b in Eq. (4) is in
general not along a light cone. This is the same problem
encountered in transverse-momentum-dependent (TMD)
factorization where there is a mismatch of rapidity diver-
gence between virtual correction and real correction [54].
To cancel the rapidity divergence, soft factor as while as
jet functions may need to be introduced.

If we do not want to introduce additional soft factors

2 From the point view of method of region [53], the effect of “S”
keeps all regions except the hard region.

3

As each conventional quarkonium has a QQ state with
specific quantum numbers as its leading Fock state, the
QQ intermediate state with the same quantum numbers
has leading contribution. If the intermediate state con-
tains soft partons in addition to a QQ pair, which means
that soft partons are produced in the hard parts, the con-
tribution is at least suppressed by v2 comparing with the
contribution from the intermediate state with the same
QQ but without soft partons. In other words, power
counting of the corresponding Fn→H(P, PH ) in the fac-
torization formula is at high order in v2. Unlike v2 correc-
tions due to kinematic effects of soft gluons emission, con-
tribution of intermediate states with soft partons should
have a mild v2 corrections. Thus, as the first approxi-
mation, we will ignore these contributions and consider
only intermediate states constituted by a QQ pair in the
rest of the paper.
Then n in Eq. (3) denotes intermediate QQ states,

whose quantum numbers are usually expressed in terms

of spectroscopic notation n = QQ(2S+1L[c]
J,Jz

), with c =
1, 8 denoting color singlet or color octet of the pair. We
note that the state in the amplitude n can be in general
different from that in the complex-conjugate amplitude

ñ = QQ(2S̃+1L̃[c̃]

J̃,J̃z
). Color charge, C-parity, P -parity

and angular momentum conservations provide general se-
lection rules [52], which gives that the following relations
always hold: c = c̃, S = S̃, and |L ! L̃| = 0, 2, 4, á á á. For
the production of a polarization-summed quarkonium,
we have further constraints J = J̃ , Jz = J̃z. Thus,
even in the polarization-summed case, there is interfer-

ence between the 3S[c]
1,Jz

state and the 3D[c]
1,Jz

state. Se-
lection rules for polarization distributions can be found
in Ref. [52]. For simplicity, in the rest of the paper we
will only discuss polarization-summed quarkonium pro-
duction and choose the quantum numbers of the interme-
diate QQ pair in the amplitude to be the same as that
in the complex-conjugate amplitude, while polarization
and interference contributions can be studied similarly.

D. Nonperturbative distributions

To make SGDs Lorentz invariant, it is convenient to
define them using QCD fields instead of NRQCD fields.
We define SGDs for polarization-summed quarkonium H
production as vacuum expectation values of bilocal op-
erators constructed from QCD fields,

Fn→H(P, PH) =

!
d4be−iPáb

" # 0|[ΨKnΨ]  (0)
"
a 
HaH

#
[ΨKnΨ](b)|0$S,

(4)

where

a 
HaH =
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X
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JH
z

|H +X$#H +X | (5)

projects final state to include a polarization-summed
H with relativistic normalization #H(PH)|H(P ′

H)$ =

(2EH)(2π)3δ3(PH ! P ′
H). The subscript “S” means that,

to evaluate the matrix element, one only picks up inte-
gration regions where off-shellness of all particles is much
smaller than heavy quark mass 2. Kn(rb) are projection
operators defining the intermediate state n,

Kn(rb) =

%
MH

MH + 2m

MH + /PH

2MH
Γn

MH ! /PH

2MH
C[c] , (6)

where angular momentum operators Γn are defined ex-
plicitly in Appendix A, color operators C[c] will be defined

later, MH± /PH
2MH

project out large components in velocity
expansion, and, as we will see later, the introduction of

prefactor
√
MH

MH+2m makes our SGDs more closely related
to NRQCD LDMEs.

If the intermediateQQ pair is in color singlet, we define
color operator as

C[1] =
1c%
Nc

, (7)

which is nothing but SU(3) color Clebsch-Gordan coef-
ficient #3i; 3̄̄i|00$ and 1c is the identity matrix in color
space. If the intermediate QQ pair is in color octet, we
define color operator by the multiplication of a color ma-
trix in fundamental representation with a gauge link in
adjoint representation,

C[8] =
%
2tā Φ(A)

aā (rb), (8)

where
%
2tā is SU(3) color Clebsch-Gordan coefficient

#3i; 3̄̄i|8ā$ and the introduction of gauge link Φ(A)
āa (rb)

is to enable gauge invariance of SGDs.

The next question is what direction of the gauge link
should we choose. A natural choice is to define the di-
rection along a light cone, because a gauge link can be
obtained by eikonal approximation for soft gluon inter-
action between the QQ pair and jets. Indeed, this is
the choice to define gauge-completed NRQCD LDMEs
in Refs. [25–27]. In the SGF framework, however, this
choice will result in uncanceled gauge-link-collinear ra-
pidity divergence because the position b in Eq. (4) is in
general not along a light cone. This is the same problem
encountered in transverse-momentum-dependent (TMD)
factorization where there is a mismatch of rapidity diver-
gence between virtual correction and real correction [54].
To cancel the rapidity divergence, soft factor as while as
jet functions may need to be introduced.

If we do not want to introduce additional soft factors

2 From the point view of method of region [53], the effect of “S”
keeps all regions except the hard region.

soft gluon distribution !
functions (SGD)

3

As each conventional quarkonium has a QQ state with
specific quantum numbers as its leading Fock state, the
QQ intermediate state with the same quantum numbers
has leading contribution. If the intermediate state con-
tains soft partons in addition to a QQ pair, which means
that soft partons are produced in the hard parts, the con-
tribution is at least suppressed by v2 comparing with the
contribution from the intermediate state with the same
QQ but without soft partons. In other words, power
counting of the corresponding Fn ! H (P, PH ) in the fac-
torization formula is at high order in v2. Unlike v2 correc-
tions due to kinematic e! ects of soft gluons emission, con-
tribution of intermediate states with soft partons should
have a mild v2 corrections. Thus, as the first approxi-
mation, we will ignore these contributions and consider
only intermediate states constituted by a QQ pair in the
rest of the paper.
Then n in Eq. (3) denotes intermediate QQ states,

whose quantum numbers are usually expressed in terms

of spectroscopic notation n = QQ(2S+1L[c]
J,J z

), with c =
1, 8 denoting color singlet or color octet of the pair. We
note that the state in the amplitude n can be in general
di! erent from that in the complex-conjugate amplitude

ñ = QQ(2 ÷S+1L̃[÷c]
÷J, ÷J z

). Color charge, C-parity, P -parity

and angular momentum conservations provide general se-
lection rules [52], which gives that the following relations
always hold: c = c̃, S = S̃, and |L ! L̃| = 0, 2, 4, á á á. For
the production of a polarization-summed quarkonium,
we have further constraints J = J̃ , Jz = J̃z . Thus,
even in the polarization-summed case, there is interfer-

ence between the 3S [c]
1,J z

state and the 3D[c]
1,J z

state. Se-
lection rules for polarization distributions can be found
in Ref. [52]. For simplicity, in the rest of the paper we
will only discuss polarization-summed quarkonium pro-
duction and choose the quantum numbers of the interme-
diate QQ pair in the amplitude to be the same as that
in the complex-conjugate amplitude, while polarization
and interference contributions can be studied similarly.

D. Nonperturbative distributions

To make SGDs Lorentz invariant, it is convenient to
define them using QCD fields instead of NRQCD fields.
We define SGDs for polarization-summed quarkonium H
production as vacuum expectation values of bilocal op-
erators constructed from QCD fields,

Fn ! H (P, PH ) =

∫
d4be" iP ·b

" # 0|[" Kn " ]†(0)
(
a†H aH

)
[" Kn " ](b)|0$S,

(4)

where

a†H aH =
∑

X

∑

J H
z

|H +X$#H +X | (5)

projects final state to include a polarization-summed
H with relativistic normalization #H(PH )|H(P #

H )$ =

(2EH )(2π)3δ3(PH ! P #
H ). The subscript “S” means that,

to evaluate the matrix element, one only picks up inte-
gration regions where o! -shellness of all particles is much
smaller than heavy quark mass 2. Kn (rb) are projection
operators defining the intermediate state n,

Kn (rb) =

%
MH

MH + 2m

MH + /PH

2MH
#n

MH ! /PH

2MH
C[c] , (6)

where angular momentum operators #n are defined ex-
plicitly in Appendix A, color operators C[c] will be defined

later, M H ± /P H
2M H

project out large components in velocity
expansion, and, as we will see later, the introduction of

prefactor
$

M H
M H +2 m makes our SGDs more closely related

to NRQCD LDMEs.

If the intermediateQQ pair is in color singlet, we define
color operator as

C[1] =
1c%
Nc

, (7)

which is nothing but SU(3) color Clebsch-Gordan coef-
ficient #3i; 3̄̄i|00$ and 1c is the identity matrix in color
space. If the intermediate QQ pair is in color octet, we
define color operator by the multiplication of a color ma-
trix in fundamental representation with a gauge link in
adjoint representation,

C[8] =
%
2tøa $ (A )

aøa (rb), (8)

where
%
2tøa is SU(3) color Clebsch-Gordan coe%cient

#3i; 3̄̄i|8ā$ and the introduction of gauge link $ (A )
øaa (rb)

is to enable gauge invariance of SGDs.

The next question is what direction of the gauge link
should we choose. A natural choice is to define the di-
rection along a light cone, because a gauge link can be
obtained by eikonal approximation for soft gluon inter-
action between the QQ pair and jets. Indeed, this is
the choice to define gauge-completed NRQCD LDMEs
in Refs. [25–27]. In the SGF framework, however, this
choice will result in uncanceled gauge-link-collinear ra-
pidity divergence because the position b in Eq. (4) is in
general not along a light cone. This is the same problem
encountered in transverse-momentum-dependent (TMD)
factorization where there is a mismatch of rapidity diver-
gence between virtual correction and real correction [54].
To cancel the rapidity divergence, soft factor as while as
jet functions may need to be introduced.

If we do not want to introduce additional soft factors

2 From the point view of method of region [53], the effect of “S”
keeps all regions except the hard region.

Intermediate QQ& momentum

quarkonium momentum

color projection, #
Wilson line
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! Using P "  (M, 0) in the rest frame, spatial components of P can 
be integrated out : 

Collinear approximation : SGF-1d
Soft Gluon Factorization

Statical approximation : SGF-1d
! If soft gluon momenta can be neglected, we obtain "

! While this looks like NRQCD factorization,          include resummed 
relativistic corrections, while NRQCD matrix elements do not.

6

NRQCD, which are important for phenomenological
study. As we know, the TMD factorization is a gener-
alization of collinear factorization with a series of higher
twist corrections resummed [54]. In this sense, we can
say that SGF is a ÒTMDÓ version of NRQCD. We ex-
pect that there are a lot of similarities between SGF and
TMD factorization.

H. Relation to QCD collinear factorization

It is also needed to explain the relation between the
SGF method and the QCD collinear factorization method
[8Ð10]. In QCD collinear factorization, one assumes the
transverse momentum of the produced quarkonium to
be much larger than the heavy quark mass,PHT ! m.
Therefore, one can factorize out hard physics at the scale
of PHT , and leave the physics at the scale ofm to be
described by input functions, which are called fragmen-
tation functions (FFs). Unlike NRQCD factorization and
SGF, QCD collinear factorization has been proved to
all orders in perturbation theory at both leading power
and next-to-leading power levels. Phenomenologically,
the advantage of this method is that large logarithms
log(PHT /m ) can be resummed to all orders in pertur-
bation theory using renormalization group equations for
single-parton and double-parton FFs [10], and therefore
there can be smaller theoretical uncertainties.

Due to the above advantages, when studying high
transverse momentum quarkonium production, one
should better Þrst use QCD collinear factorization to ex-
press cross sections in terms of the convolution of per-
turbative calculable hard parts [58] with FFs. Based on
renormalization group equations, these FFs are fully de-
termined by their values at an initial scale. Because of the
heavy quark mass, these FFs at the initial scale still have
perturbative physics that can be further separated from
nonperturbative physics. This can be achieved by using
NRQCD or SGF. Using NRQCD factorization, these FFs
at an initial scale have been studied extensively [59Ð70].
In Sec. IV, we will see that FFs can also be calculated
by using the SGF method, which can improve the con-
vergence ofv2 expansion comparing with the using of
NRQCD factorization.

Note, however, that both NRQCD factorization and
SGF can also be used to directly describe low transverse
momentum quarkonium production as well as quarko-
nium decay, where the QCD collinear factorization does
not apply.

III. SIMPLIFICATION

A. Collinear approximation

The factorization formula in Eq. (3) can be further
simpliÞed to make it more suitable in practice use. In
the rest frame of H , SGDs in Eq. (3) have support only

in the region Pµ = ( M + O(! 2/M ), O(! ), O(! ), O(! )),
where M 2 = P2 and ! " a few hundreds MeV<< M is
the typical energy of emitted gluons. Thus we can ex-
pand O(! ) and O(! 2/M ) terms in hard parts. In this
expansion, although space components ofPµ are O(! ),
the convergence should be much better than usual ve-
locity expansion in NRQCD because"P is integrated out
symmetrically around the origin. The leading term in
this expansion gives

(2#)32P0
H

d$H

d3PH
#

!

n

"
dz H n (PH /z )Fn ! H (z), (25)

where

Fn ! H (z) =
"

d4P
(2#)4 %(z $

#
P2

H /P 2)Fn ! H (P, PH ).

(26)

In this way, we signiÞcantly reduce the complication of in-
put functions from four dimensional to one dimensional.
We refer to Eq. (25) as SGF-1d and Eq. (3) as SGF-4d.

Note that a similar formula that relates momentum of
&cJ to its decaying particle J/ ' , pJ/ ! # m J/ !

m " cJ
p" cJ , was

Þrst introduced by us in Ref. [21], and later also used
in other publications [7, 39, 71]. The approximation was
found to be very good, with only 8% deviation from full
results for both yield and polarization measurements [71].
We thus expect the approximation Eq.(25) to be also very
good.

There are also other choices of collinear approxima-
tions. For any direction öe, we can have an approximation

(2#)32P0
H

d$H

d3PH
#

!

n

"
dz H n (PH /z )F öe

n ! H (z), (27)

with

F öe
n ! H (z) =

"
d4P

(2#)4 %(z $ PH áöe/P áöe)Fn ! H (P, PH ).

(28)

In the rest of the paper, we will only take Eq. (25) as an
example to show the e! ect of collinear approximation.

B. Statical approximation

As hard gluon emissions are excluded fromFn ! H (z)
and very soft gluon emissions are suppressed by phase
space, Fn ! H (z) should peak around z = zn " 1 $
O(! /m H ). If the distribution of Fn ! H (z) is narrow
enough, we can approximate it by%(z $ zn ) %$OH

n &. Then
the SGF becomes

(2#)32P0
H

d$H

d3PH
#

!

n

H n (PH /z n )%$OH
n &, (29)

which we call SGF-0d. While this formula is as simple
as NRQCD factorization, we will see later that the low-
est order SGF-0d is a much better approximation of real
physics than that of the lowest order NRQCD.
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NRQCD, which are important for phenomenological
study. As we know, the TMD factorization is a gener-
alization of collinear factorization with a series of higher
twist corrections resummed [54]. In this sense, we can
say that SGF is a ÒTMDÓ version of NRQCD. We ex-
pect that there are a lot of similarities between SGF and
TMD factorization.

H. Relation to QCD collinear factorization

It is also needed to explain the relation between the
SGF method and the QCD collinear factorization method
[8Ð10]. In QCD collinear factorization, one assumes the
transverse momentum of the produced quarkonium to
be much larger than the heavy quark mass,PHT ! m.
Therefore, one can factorize out hard physics at the scale
of PHT , and leave the physics at the scale ofm to be
described by input functions, which are called fragmen-
tation functions (FFs). Unlike NRQCD factorization and
SGF, QCD collinear factorization has been proved to
all orders in perturbation theory at both leading power
and next-to-leading power levels. Phenomenologically,
the advantage of this method is that large logarithms
log(PHT /m ) can be resummed to all orders in pertur-
bation theory using renormalization group equations for
single-parton and double-parton FFs [10], and therefore
there can be smaller theoretical uncertainties.

Due to the above advantages, when studying high
transverse momentum quarkonium production, one
should better Þrst use QCD collinear factorization to ex-
press cross sections in terms of the convolution of per-
turbative calculable hard parts [58] with FFs. Based on
renormalization group equations, these FFs are fully de-
termined by their values at an initial scale. Because of the
heavy quark mass, these FFs at the initial scale still have
perturbative physics that can be further separated from
nonperturbative physics. This can be achieved by using
NRQCD or SGF. Using NRQCD factorization, these FFs
at an initial scale have been studied extensively [59Ð70].
In Sec. IV, we will see that FFs can also be calculated
by using the SGF method, which can improve the con-
vergence ofv2 expansion comparing with the using of
NRQCD factorization.

Note, however, that both NRQCD factorization and
SGF can also be used to directly describe low transverse
momentum quarkonium production as well as quarko-
nium decay, where the QCD collinear factorization does
not apply.

III. SIMPLIFICATION

A. Collinear approximation

The factorization formula in Eq. (3) can be further
simpliÞed to make it more suitable in practice use. In
the rest frame of H , SGDs in Eq. (3) have support only

in the region Pµ = ( M + O(λ2/M ), O(λ), O(λ), O(λ)),
where M 2 = P2 and λ " a few hundreds MeV<< M is
the typical energy of emitted gluons. Thus we can ex-
pand O(λ) and O(λ2/M ) terms in hard parts. In this
expansion, although space components ofPµ are O(λ),
the convergence should be much better than usual ve-
locity expansion in NRQCD becauseP⃗ is integrated out
symmetrically around the origin. The leading term in
this expansion gives

(2π)32P0
H

dσH

d3PH
#

!

n

"
dzHn (PH /z )Fn→H (z), (25)

where

Fn→H (z) =
"

d4P
(2π)4

δ(z $
#

P2
H /P 2)Fn→H (P, PH ).

(26)

In this way, we signiÞcantly reduce the complication of in-
put functions from four dimensional to one dimensional.
We refer to Eq. (25) as SGF-1d and Eq. (3) as SGF-4d.

Note that a similar formula that relates momentum of
χcJ to its decaying particle J/ ψ, pJ/ ! # m J/ !

m " cJ
p" cJ , was

Þrst introduced by us in Ref. [21], and later also used
in other publications [7, 39, 71]. The approximation was
found to be very good, with only 8% deviation from full
results for both yield and polarization measurements [71].
We thus expect the approximation Eq.(25) to be also very
good.

There are also other choices of collinear approxima-
tions. For any direction öe, we can have an approximation

(2π)32P0
H

dσH

d3PH
#

!

n

"
dzHn (PH /z )F ê

n→H (z), (27)

with

F ê
n→H (z) =

"
d4P

(2π)4
δ(z $ PH · öe/P · öe)Fn→H (P, PH ).

(28)

In the rest of the paper, we will only take Eq. (25) as an
example to show the effect of collinear approximation.

B. Statical approximation

As hard gluon emissions are excluded fromFn→H (z)
and very soft gluon emissions are suppressed by phase
space, Fn→H (z) should peak around z = zn " 1 $
O(λ/m H ). If the distribution of Fn→H (z) is narrow
enough, we can approximate it byδ(z $ zn ) %$OH

n &. Then
the SGF becomes

(2π)32P0
H

dσH

d3PH
#

!

n

Hn (PH /z n )%$OH
n &, (29)

which we call SGF-0d. While this formula is as simple
as NRQCD factorization, we will see later that the low-
est order SGF-0d is a much better approximation of real
physics than that of the lowest order NRQCD.
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NRQCD, which are important for phenomenological
study. As we know, the TMD factorization is a gener-
alization of collinear factorization with a series of higher
twist corrections resummed [54]. In this sense, we can
say that SGF is a “TMD” version of NRQCD. We ex-
pect that there are a lot of similarities between SGF and
TMD factorization.

H. Relation to QCD collinear factorization

It is also needed to explain the relation between the
SGF method and the QCD collinear factorization method
[8–10]. In QCD collinear factorization, one assumes the
transverse momentum of the produced quarkonium to
be much larger than the heavy quark mass, PHT ≫ m.
Therefore, one can factorize out hard physics at the scale
of PHT , and leave the physics at the scale of m to be
described by input functions, which are called fragmen-
tation functions (FFs). Unlike NRQCD factorization and
SGF, QCD collinear factorization has been proved to
all orders in perturbation theory at both leading power
and next-to-leading power levels. Phenomenologically,
the advantage of this method is that large logarithms
log(PHT /m) can be resummed to all orders in pertur-
bation theory using renormalization group equations for
single-parton and double-parton FFs [10], and therefore
there can be smaller theoretical uncertainties.
Due to the above advantages, when studying high

transverse momentum quarkonium production, one
should better first use QCD collinear factorization to ex-
press cross sections in terms of the convolution of per-
turbative calculable hard parts [58] with FFs. Based on
renormalization group equations, these FFs are fully de-
termined by their values at an initial scale. Because of the
heavy quark mass, these FFs at the initial scale still have
perturbative physics that can be further separated from
nonperturbative physics. This can be achieved by using
NRQCD or SGF. Using NRQCD factorization, these FFs
at an initial scale have been studied extensively [59–70].
In Sec. IV, we will see that FFs can also be calculated
by using the SGF method, which can improve the con-
vergence of v2 expansion comparing with the using of
NRQCD factorization.
Note, however, that both NRQCD factorization and

SGF can also be used to directly describe low transverse
momentum quarkonium production as well as quarko-
nium decay, where the QCD collinear factorization does
not apply.

III. SIMPLIFICATION

A. Collinear approximation

The factorization formula in Eq. (3) can be further
simplified to make it more suitable in practice use. In
the rest frame of H , SGDs in Eq. (3) have support only

in the region Pµ = (M + O(! 2/M), O(! ), O(! ), O(! )),
where M2 = P 2 and ! ∼ a few hundreds MeV << M is
the typical energy of emitted gluons. Thus we can ex-
pand O(! ) and O(! 2/M) terms in hard parts. In this
expansion, although space components of Pµ are O(! ),
the convergence should be much better than usual ve-
locity expansion in NRQCD because "P is integrated out
symmetrically around the origin. The leading term in
this expansion gives

(2#)32P 0
H

d$H

d3PH
≈

!

n

"
dz Hn(PH/z)Fn! H(z), (25)

where

Fn! H(z) =

"
d4P

(2#)4 %(z −
#
P 2
H/P 2)Fn! H (P, PH).

(26)

In this way, we significantly reduce the complication of in-
put functions from four dimensional to one dimensional.
We refer to Eq. (25) as SGF-1d and Eq. (3) as SGF-4d.
Note that a similar formula that relates momentum of

&cJ to its decaying particle J/' , pJ/! ≈
mJ/ !

m" cJ
p" cJ , was

first introduced by us in Ref. [21], and later also used
in other publications [7, 39, 71]. The approximation was
found to be very good, with only 8% deviation from full
results for both yield and polarization measurements [71].
We thus expect the approximation Eq.(25) to be also very
good.
There are also other choices of collinear approxima-

tions. For any direction ê, we can have an approximation

(2#)32P 0
H

d$H

d3PH
≈

!

n

"
dz Hn(PH/z)F öe

n! H(z), (27)

with

F öe
n! H(z) =

"
d4P

(2#)4 %(z − PH áê/P áê)Fn! H(P, PH).

(28)

In the rest of the paper, we will only take Eq. (25) as an
example to show the e! ect of collinear approximation.

B. Statical approximation

As hard gluon emissions are excluded from Fn! H(z)
and very soft gluon emissions are suppressed by phase
space, Fn! H (z) should peak around z = zn ∼ 1 −
O(! /mH). If the distribution of Fn! H(z) is narrow
enough, we can approximate it by %(z − zn) ⟨ $OH

n ⟩. Then
the SGF becomes

(2#)32P 0
H

d$H

d3PH
≈

!

n

Hn(PH/zn)⟨ $OH
n ⟩, (29)

which we call SGF-0d. While this formula is as simple
as NRQCD factorization, we will see later that the low-
est order SGF-0d is a much better approximation of real
physics than that of the lowest order NRQCD.
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In Appendix B, we show that the above definition can
indeed result in orthogonal relations at lowest order

F (0)
n! ! n(P

", P) = δn! n(2π)
4δ4(P" ! P) , (19)

where the superscript “(0)” denotes leading order in αs

expansion.
By inserting perturbative expansions

dσn = dσ
(0)
n + αsdσ

(1)
n + α2

sdσ
(2)
n + á á á, (20a)

Fn! ! n = F (0)
n! ! n + αsF

(1)
n! ! n + α2

sF (2)
n! ! n + á á á, (20b)

Hn = H (0)
n + αsH (1)

n + α2
sH (2)

n + á á á (20c)

into Eq. (11) and using the orthogonal relations Eq. (19),
coefficients of different powers of αs give the following
relations:

H (0)
n (P) =dσ

(0)
n (P), (21a)

H (1)
n (P) =dσ

(1)
n (P)

!
!

n!

"
d4P"

(2π)4 dσ
(0)
n! (P")F (1)

n! ! n(P
", P),

(21b)

H (2)
n (P) =dσ

(2)
n (P)

!
!

n!

"
d4P"

(2π)4 dσ
(1)
n! (P")F (1)

n! ! n(P
", P)

!
!

n!

"
d4P"

(2π)4 dσ
(0)
n! (P")F (2)

n! ! n(P
", P),

(21c)

and so on. Based on these relations, Hn can be obtained
by perturbative calculation of dσn and Fn! ! n for on-shell
QQ pair production. This perturbative calculation relies
on the cancellation of IR divergences between dσn and
Fn! ! n [like in Eq. (21)] to all orders in perturbation the-
ory, which is a very difficult problem and will be discussed
in the next subsection.
It is worth emphasizing that the above perturbative

calculation of on-shell QQ pair production can only di-
rectly determine Hn(P) with P2 > 4m2. Although on av-
erage we may have P2 > 4m2 [7], there is a nonvanishing
contribution from the P2 < 4m2 region in Eq. (3). The
value of Hn(P) in the later region can be obtained by ana-
lytical continuation of its value in the former region. An-
alytical continuation here is almost trivial, which means
that we use the same functional form of Hn(P) in all
regions of P2.

F. JustiÞcation

The above proposed SGF is only a conjecture, and
we cannot provide an all order proof at present. The
most dangerous interaction that may ruin the factoriza-
tion is the elastic scattering between the QQ̄ pair and
hard jets by exchanging gluons, the kinematic region of
these exchanged gluons are called “Glauber” region in lit-
erature. We find that IR divergence from the “Glauber”

region at one-loop order is purely imaginary, which can-
cels with the contribution from its complex conjugate di-
agram. Therefore, SGF holds at one-loop order. Thanks
to the two-loop study of infrared divergences of quarko-
nium production [25–27], it is hopeful that SGF may also
hold to two-loop order, which however still needs further
examination.

G. Relation to NRQCD factorization

The difference between NRQCD and SGF can be par-
tially understood from the treatment of intermediate mo-
menta. Based on relations in Eq. (17), we can express q"

0
and q"2 by P"

0 and P "2, which corresponds to the SGF
strategy. Alternatively, we can also use Eq. (17) to ex-
press q"

0 and P"
0 by q"2 and P "2, which corresponds to the

strategy of NRQCD factorization.
To further discuss the relation between SGF and

NRQCD, by ignoring velocity corrections we can approx-
imate Hn(P) by Hn(PH) in Eq. (3). Then the integral
over P is applied on SGDs defined in Eq. (4), and thus
Eq. (3) becomes

(2π)32P0
H

dσH
d3PH

"
!

n

Hn(PH)##OH
n $, (22)

which has the same form as the NRQCD factorization
Eq.(1). In the above formula,

##OH
n $=

"
d4P
(2π)4 Fn! H(P, PH) (23)

are closely related to gauge-completed LDMEs #OH
n $ al-

though they are defined by different fields. Considering
the differences between normalization in color space, up
to lowest order in v2 approximation, we have 5

#OH
n $ " 2Nc##OH

n $, if n is color singlet, (24a)

#OH
n $ "# #OH

n $, if n is color octet. (24b)

Based on NRQCD velocity scaling rules, these relations
also tell us v2 power counting rules for SGDs.
Beyond the above approximation, the complete SGF

formula resums a series of velocity corrections in

5 Let us Þrst check color-octet states. In NRQCD one usually
chooses nonrelativistic normalization for the H state, which
means that our deÞnition has an extra factor 2 EH due to nor-
malization of state. For a color operator, in NRQCD one uses
t øa instead of

!
2t øa , due to which we have an extra factor 2.

Finally, the prefactor in Eq. (6) introduces an extra factor
M H / (M H + 2 m)2 . The multiplication of these three factors
equals 1 if we choose the H rest frame and take v2 " 0. Except
these di! erences, all other parts of our deÞnition are ident ical to
the NRQCD deÞnition at the lowest order in v2 approximation.
For color-singlet states, in NRQCD one uses 1c as color operator,
which results in a di ! erence of factor 2Nc comparing with the
color-octet case.

5

In Appendix B, we show that the above definition can
indeed result in orthogonal relations at lowest order

F (0)
n! ! n(P

", P) = δn! n(2π)
4δ4(P" ! P) , (19)

where the superscript “(0)” denotes leading order in αs

expansion.
By inserting perturbative expansions

dσn = dσ
(0)
n + αsdσ

(1)
n + α2

sdσ
(2)
n + á á á, (20a)

Fn! ! n = F (0)
n! ! n + αsF

(1)
n! ! n + α2

sF (2)
n! ! n + á á á, (20b)

Hn = H (0)
n + αsH (1)

n + α2
sH (2)

n + á á á (20c)

into Eq. (11) and using the orthogonal relations Eq. (19),
coefficients of different powers of αs give the following
relations:

H (0)
n (P) =dσ

(0)
n (P), (21a)

H (1)
n (P) =dσ

(1)
n (P)

!
!

n!

"
d4P"

(2π)4 dσ
(0)
n! (P")F (1)

n! ! n(P
", P),

(21b)

H (2)
n (P) =dσ

(2)
n (P)

!
!

n!

"
d4P"

(2π)4 dσ
(1)
n! (P")F (1)

n! ! n(P
", P)

!
!

n!

"
d4P"

(2π)4 dσ
(0)
n! (P")F (2)

n! ! n(P
", P),

(21c)

and so on. Based on these relations, Hn can be obtained
by perturbative calculation of dσn and Fn! ! n for on-shell
QQ pair production. This perturbative calculation relies
on the cancellation of IR divergences between dσn and
Fn! ! n [like in Eq. (21)] to all orders in perturbation the-
ory, which is a very difficult problem and will be discussed
in the next subsection.
It is worth emphasizing that the above perturbative

calculation of on-shell QQ pair production can only di-
rectly determine Hn(P) with P2 > 4m2. Although on av-
erage we may have P2 > 4m2 [7], there is a nonvanishing
contribution from the P2 < 4m2 region in Eq. (3). The
value of Hn(P) in the later region can be obtained by ana-
lytical continuation of its value in the former region. An-
alytical continuation here is almost trivial, which means
that we use the same functional form of Hn(P) in all
regions of P2.

F. JustiÞcation

The above proposed SGF is only a conjecture, and
we cannot provide an all order proof at present. The
most dangerous interaction that may ruin the factoriza-
tion is the elastic scattering between the QQ̄ pair and
hard jets by exchanging gluons, the kinematic region of
these exchanged gluons are called “Glauber” region in lit-
erature. We find that IR divergence from the “Glauber”

region at one-loop order is purely imaginary, which can-
cels with the contribution from its complex conjugate di-
agram. Therefore, SGF holds at one-loop order. Thanks
to the two-loop study of infrared divergences of quarko-
nium production [25–27], it is hopeful that SGF may also
hold to two-loop order, which however still needs further
examination.

G. Relation to NRQCD factorization

The difference between NRQCD and SGF can be par-
tially understood from the treatment of intermediate mo-
menta. Based on relations in Eq. (17), we can express q"

0
and q"2 by P"

0 and P "2, which corresponds to the SGF
strategy. Alternatively, we can also use Eq. (17) to ex-
press q"

0 and P"
0 by q"2 and P "2, which corresponds to the

strategy of NRQCD factorization.
To further discuss the relation between SGF and

NRQCD, by ignoring velocity corrections we can approx-
imate Hn(P) by Hn(PH) in Eq. (3). Then the integral
over P is applied on SGDs defined in Eq. (4), and thus
Eq. (3) becomes

(2π)32P0
H

dσH
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"
!

n

Hn(PH)##OH
n $, (22)

which has the same form as the NRQCD factorization
Eq.(1). In the above formula,

##OH
n $=

"
d4P
(2π)4 Fn! H(P, PH) (23)

are closely related to gauge-completed LDMEs #OH
n $ al-

though they are defined by different fields. Considering
the differences between normalization in color space, up
to lowest order in v2 approximation, we have 5

#OH
n $ " 2Nc##OH

n $, if n is color singlet, (24a)

#OH
n $ "# #OH

n $, if n is color octet. (24b)

Based on NRQCD velocity scaling rules, these relations
also tell us v2 power counting rules for SGDs.
Beyond the above approximation, the complete SGF

formula resums a series of velocity corrections in

5 Let us Þrst check color-octet states. In NRQCD one usually
chooses nonrelativistic normalization for the H state, which
means that our deÞnition has an extra factor 2 EH due to nor-
malization of state. For a color operator, in NRQCD one uses
t øa instead of

!
2t øa , due to which we have an extra factor 2.

Finally, the prefactor in Eq. (6) introduces an extra factor
M H / (M H + 2 m)2 . The multiplication of these three factors
equals 1 if we choose the H rest frame and take v2 " 0. Except
these di! erences, all other parts of our deÞnition are ident ical to
the NRQCD deÞnition at the lowest order in v2 approximation.
For color-singlet states, in NRQCD one uses 1c as color operator,
which results in a di ! erence of factor 2Nc comparing with the
color-octet case.
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! Gluon fragmentation                          is an important contribution 
to large pT quarkonium production. "

! Fragmentation function in NRQCD and SGF : "

! SGF result depends on model that describes nonperturbative 
shape (' & : model parameter). "

! NRQCD shows large threshold logarithm near z=1, while SGF 
does not. NRQCD can lead to cross sections that are much 
larger than SGF by factor of "  6, depending on model parameter.

Comparison of SGF and NRQCD
Soft Gluon Factorization

Chen, Jin, Ma, Meng, JHEP 06 (2021) 046

Prepared for submission to JHEP

Fragmentation function of g ! QQ̄(3S [8]
1 ) in soft

gluon factorization and threshold resummation
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Abstract: We study the fragmentation function of the gluon to color-octet 3S1 heavy
quark-antiquark pair using the soft gluon factorization (SGF) approach, which expresses the
fragmentation function in a form of perturbative short-distance hard part convoluted with
one-dimensional color-octet 3S1 soft gluon distribution (SGD). The short distance hard part
is calculated to next-to-leading order in ↵s and a renormalization group equation for the
SGD is derived. By solving the renormalization group equation, threshold logarithms are
resummed to all orders in perturbation theory. The comparison with gluon fragmentation
function calculated in NRQCD factorization approach indicates that the SGF formula re-
sums a series of velocity corrections in NRQCD which are important for phenomenological
study.
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Table 2. The ratios of moments of fragmentation functions in different approaches defined in
Eq. (5.30). R(0) represents FF with lowest order in v2 expansion, R0.05 represents FF with ⇤̄ =
0.05GeV, R0.05(pert.) represents perturbative expansion of FF with ⇤̄ = 0.05GeV and also replacing
MH by 2mQ, and RNRQCD represents FF calculated in NRQCD.

Factor z2 z3 z4 z5 z6

R(0) 1.18 1.18 1.17 1.16 1.16

R0.05 2.68 2.91 3.16 3.42 3.69

R0.05(pert.) 7.81 7.71 7.36 6.70 5.63

RNRQCD 7.54 7.48 7.16 6.49 5.34

We note that the plot with ⇤̄ = 0.05GeV in Fig. 7 is to mimic the case with ⇤̄ ! 0.
Although nonperturbative input models with ⇤̄ = 0.6GeV and 0.05GeV have normalized to
the same value, they result in significantly different FFs, mainly due to the large logarithm
resummation. To quantify the difference, we calculate the n-th moment of FFs and define
the following ratios,

RX(n) ⌘

R 1
0 dzznDX

g!H(z,MH ,mQ, µ)
R 1
0 dzznDg!H(z,MH ,mQ, µ)

, (5.30)

with numerical results given in Table. 2 for n = 2, 3, 4, 5, 6. By taking Dg!H as “exact”
result, the values of R indicate that the lowest order in velocity expansion in SGF (denoted
as R(0)) is a good approximation, while changing ⇤̄ from 0.6GeV to 0.05GeV (denoted as
R0.05) results in large deviation, about a factor of 3.

Λ=0.05Gev

Λ=0.05Gev(pert.)
NRQCD

0.2 0.4 0.6 0.8 1.0

0.00
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z

Figure 8. Comparison of the gluon FFs obtained in SGF and NRQCD, where “pert.” means
expanding D⇤̄=0.05GeV

g!H
to NLO in ↵s and replacing MH by 2mQ.

As shown in Fig. 8, by perturbatively expanding D⇤̄=0.05GeV
g!H to NLO in ↵s and replac-

ing MH by 2mQ (denoted as “pert.”), we can nicely recover NRQCD result [6–8]. Their
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5.4 Numerical results

We now present our numerical results for the gluon FFs given in Eq. (5.29). We use the
model function Eq. (4.17) with overall normalization NH = !OH (3S[8]

1 )"/ 3 = 1/ 3 and b= 2.
We choosemQ = 1.4GeV, M H = 3.1GeV, ! (4)

QCD = 0.217GeV (! (4)
QCD = 0.338GeV ) for LO

(NLO), and nf = 3 in ! 0 which means contributions from virtual or initial heavy quarks are
ignored. In the following, in not speciÞed we refer to fully NLO FFDg! H (z, MH , mQ, M H )

calculated in SGF with !̄ = 0.6GeV. We note that, as NLO evolution kernel for SGD is
still not available, all results presented in this paper are obtained by using the LO evolution
kernel (4.4).

Λ! !"#$%&

Λ! !"'$%&

Λ! !"($%&

Λ! !"!#$%&

!") !"* !"' !"+ ,"!

!"!!!

!"!!#

!"!,!

!"!,#

!"!)!

!"!)#

-

Figure 7 . Left Þgure: Comparison of the gluon FF obtained in di! erent approximations. Right
Þgure: !̄ dependence of gluon FF at NLO.

In the left Þgure of Fig. 7 we show the gluon FF obtained by di! erent approximations,
where LO(0) and NLO(0) represent the lowest order inv2 expansionD (0)

g! H at the corre-

sponding " s order. We Þnd that D (0)
g! H is a good approximation toDg! H , with deviation

smaller than 20%. This implies that the convergence of velocity expansion in SGF is good
and that Dg! H is insensitive to the input of heavy quark massmQ. For comparison, we
also provide plots of FFs obtained by settingx = 1 in hard part ( 5.28) everywhere except
in the delta function #(1 # z/x ). This is clear a bad approximation because it overshoots
original results by at least a factor of 2, which indicates big corrections at high order in
1 # x expansion. 2 This can be easily understood because the hard part are proportional
to x3 and SGD is peaked aroundx = 0.75. We note that, if one uses the shape function
method [9Ð12] to calculate the gluon FF, one should takex $ 1 in hard part, which will
result in large relativistic corrections as discussed above.

In the right Þgure of Fig. 7 we show the !̄ dependence by choosing it to0.05GeV,
0.5GeV, 0.6GeV and 0.7GeV. We Þnd that the gluon FF at small z is much less a! ected by
the parameter !̄ than those at largez, which indicates that gluon FF at small z is dominated
by perturbative e! ects while that at large z is sensitive to nonperturbative dynamics. This
sensitivity provides a possibility to extract !̄ using experimental data.

2These are also velocity corrections when1 ! x " v or v2. Resumming this series of velocity corrections
is the main motivation of SGF.
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! NRQCD factorization formula for #
inclusive production of heavy quarkonium 𝓠#
#

! NRQCD matrix elements are local products of heavy quark Þelds, 
so short-distance coe$cients do not distinguish Q and Q̅ positions. "

! Validity of NRQCD factorization is yet to be proven. #
In perturbative factorization, for factorization to be valid, "
- short-distance coe$cients must be IR Þnite to all orders in 𝜶s"

- must be consistent with parton cross sections (all relevant QCD 
dynamics must be included).

NRQCD Factorization

factorization is the determination of the infrared behavior of the production LDMEs. So
far, the infrared properties of the production LDMEs have only been studied to two-loop
accuracy [18Ð22]. It is possible that the pNRQCD expressions of the production LDMEs
will simplify the investigation of their infrared properties and the veriÞcation of the NRQCD
factorization formalism.

We have presented a Þrst calculation of production LDMEs in strongly coupled pN-
RQCD in ref. [23] for production of P-wave heavy quarkonia. In this paper, we describe in
detail the formalism and clarify some technical details that may be useful in future studies.
We work in the strong coupling regimemv2

⌧ ⇤QCD, and with heavy quarkonium states
that are below the open ßavor threshold. The calculation of the production LDMEs in
this paper is valid up to corrections of relative order1/N 2

c and v2.2 Furthermore, we will
present an extended set of phenomenological results.

The paper is organized as follows. In section2, we set up the general formalism
for the computation of the production LDMEs in pNRQCD. In section 3, we express in
pNRQCD the production LDMEs for P-wave heavy quarkonium states. Phenomenological
applications that include the computation of the cross sections for�cJ (1P) and �bJ(nP )
states at the LHC can be found in section4. We conclude in section5.

2 LDMEs in pNRQCD

In the NRQCD factorization formalism, the inclusive production cross section of a quarko-
nium Q is given by [5]

�Q+X =
X

N

�QQ̄(N )
h⌦|OQ(N )|⌦i. (2.1)

Here,�QQ̄(N )
are short-distance coe! cients that correspond to the production cross section

of a heavy quark-antiquark pair (Q øQ) in a spin and color state N , and |⌦i is the QCD
vacuum state. The NRQCD long-distance matrix elementh⌦|OQ(N )|⌦i describes the evo-
lution of the Q øQ in a state N into the quarkonium Q. The matrix elements have known
scalings in v, which allows us to organize the sum overN in eq. (2.1) in powers of v. In
general, theQ øQ can be in a color-singlet or in a color-octet state.

For a color-singlet state, the operatorsOQ(N ) have the form

O
Q(Ncolor singlet ) = �†

KN  PQ(P =0) 
†
K

!
N �, (2.2)

where and� are Pauli spinor Þelds that annihilate and create a heavy quark and antiquark
at spacetime position0, respectively. The operatorPQ(P ) projects onto a state consisting of

a heavy quarkoniumQ with momentum P ; it may be written as PQ(P ) = a†

Q(P )
aQ(P ), where

a†

Q(P )
is an operator that creates a quarkoniumQ with momentum P . The quantities KN

2In the special kinematical situation mv2 ! ! QCD ! mv, the ratio mv2/ ! QCD is larger than v and
the induced corrections to the LDMEs may turn out to be parametrically larger than v2, which is their
natural size when ! QCD " mv. In order not to complicate unnecessarily the error estimate, in the rest
of the paper we will count the neglected corrections to the LDMEs in the v expansion as v2 for all the
kinematical situations that fulÞll mv2 ! ! QCD .
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factorization is the determination of the infrared behavior of the production LDMEs. So
far, the infrared properties of the production LDMEs have only been studied to two-loop
accuracy [18Ð22]. It is possible that the pNRQCD expressions of the production LDMEs
will simplify the investigation of their infrared properties and the veriÞcation of the NRQCD
factorization formalism.

We have presented a Þrst calculation of production LDMEs in strongly coupled pN-
RQCD in ref. [23] for production of P-wave heavy quarkonia. In this paper, we describe in
detail the formalism and clarify some technical details that may be useful in future studies.
We work in the strong coupling regimemv2 ! ! QCD , and with heavy quarkonium states
that are below the open ßavor threshold. The calculation of the production LDMEs in
this paper is valid up to corrections of relative order1/N 2

c and v2.2 Furthermore, we will
present an extended set of phenomenological results.

The paper is organized as follows. In section2, we set up the general formalism
for the computation of the production LDMEs in pNRQCD. In section 3, we express in
pNRQCD the production LDMEs for P-wave heavy quarkonium states. Phenomenological
applications that include the computation of the cross sections for! cJ (1P) and ! bJ(nP )
states at the LHC can be found in section4. We conclude in section5.

2 LDMEs in pNRQCD

In the NRQCD factorization formalism, the inclusive production cross section of a quarko-
nium Q is given by [5]

" Q+ X =
!

N

" Q øQ(N )"" |OQ(N )|" #. (2.1)

Here, " Q øQ(N ) are short-distance coe! cients that correspond to the production cross section
of a heavy quark-antiquark pair (Q øQ) in a spin and color state N , and |" # is the QCD
vacuum state. The NRQCD long-distance matrix element"" |OQ(N )|" # describes the evo-
lution of the Q øQ in a state N into the quarkonium Q. The matrix elements have known
scalings in v, which allows us to organize the sum overN in eq. (2.1) in powers of v. In
general, theQ øQ can be in a color-singlet or in a color-octet state.

For a color-singlet state, the operatorsOQ(N ) have the form

OQ(Ncolor singlet ) = !   KN #PQ(P = 0)#
  K !

N ! , (2.2)

where# and ! are Pauli spinor Þelds that annihilate and create a heavy quark and antiquark
at spacetime position0, respectively. The operatorPQ(P ) projects onto a state consisting of

a heavy quarkoniumQ with momentum P ; it may be written as PQ(P ) = a 
Q(P )aQ(P ) , where

a 
Q(P ) is an operator that creates a quarkoniumQ with momentum P . The quantities KN

2In the special kinematical situation mv2 ! ! QCD ! mv, the ratio mv2/ ! QCD is larger than v and
the induced corrections to the LDMEs may turn out to be parametrically larger than v2, which is their
natural size when ! QCD " mv. In order not to complicate unnecessarily the error estimate, in the rest
of the paper we will count the neglected corrections to the LDMEs in the v expansion as v2 for all the
kinematical situations that fulÞll mv2 ! ! QCD .
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and K!
N are polynomials of Pauli matrices and covariant derivatives, and are proportional

to the color identity matrix c, so that the operators!   KN " and "   K !
N ! are color singlets.

For a color-octet state, the operatorsOQ(N ) take the form [18Ð20]

OQ(Ncolor octet ) = !   KN Ta" !   ab
! (0)PQ(P = 0) !

bc
! (0)"   K !

N Tc! , (2.3)

where Ta is a color matrix in the fundamental representation. The operator ! ! (x) is a
Wilson line along the direction # in the adjoint representation deÞned by

! ! (x) = P exp
!
! ig

" "

0
d$ #áAadj (x + #$)

#
, (2.4)

whereAadj is the gluon Þeld in the adjoint representation andP stands for the path ordering
of the color matrices. The Wilson lines! ! are necessary to ensure the gauge invariance
of the vacuum expectation value of eq. (2.3), because in the absence of! ! , the gauge
transformations of !   KN Ta" and "   K !

N Tc! do not commute with the operator PQ(P = 0) .
The direction # is arbitrary. Hereafter we refer to the ! ! in eq. (2.3) as gauge-completion
Wilson lines.

The NRQCD factorization conjecture is the statement that the short-distance coe! -
cients in eq. (2.1) can be computed in perturbative QCD, and the NRQCD matrix elements
are universal. The short-distance coe! cients are computed in perturbative QCD by re-
placing the heavy quarkonium stateQ in eq. (2.1) with a perturbative Q øQ state. For the
short-distance coe! cients to be perturbatively calculable, the infrared (IR) divergences that
appear in the perturbative QCD calculation of eq. (2.1) must be reproduced by the NRQCD
matrix elements to all orders in %s, so that the short-distance coe! cients are IR Þnite. The
outline for an all-orders proof of the IR Þniteness of the short-distance coe! cients has been
given in refs. [19, 24] for the case where the quarkoniumQ is produced with a momentum
that exceeds the mass of the heavy quarkoniummQ: for example, the proof applies to the
case when the quarkonium is produced with a large transverse momentumpT " mQ and
the cross section is expanded to next-to-leading power inm2

Q/p 2
T . On the other hand, the

universality of the NRQCD matrix elements requires the color-octet matrix elements to be
independent of the direction of the gauge-completion Wilson lines. A proof of the univer-
sality based on traditional methods of perturbative factorization has only been investigated
to next-to-next-to-leading order in %s for the speciÞc case whereKN = K!

N = 1 [18Ð22].
In this paper, we aim at expressing the color-singlet and color-octet long distance matrix

elements in pNRQCD. We work in the strong coupling regime, wheremv2 # " QCD . This
condition is fulÞlled by non-Coulombic, strongly coupled quarkonia. The computation is
based on expanding the NRQCD Hamiltonian in inverse powers of the heavy quark massm,

HNRQCD = H (0)
NRQCD +

H (1)
NRQCD

m
+ . . . , (2.5)

and on making use of quantum-mechanical perturbation theory to compute its eigenstates
order by order in 1/m [12, 13]. Because the energy scales that appear in NRQCD aremv,
mv2, and " QCD , the expansion in powers of1/m in the Hamiltonian leads to an expansion
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factorization is the determination of the infrared behavior of the production LDMEs. So
far, the infrared properties of the production LDMEs have only been studied to two-loop
accuracy [18–22]. It is possible that the pNRQCD expressions of the production LDMEs
will simplify the investigation of their infrared properties and the verification of the NRQCD
factorization formalism.

We have presented a first calculation of production LDMEs in strongly coupled pN-
RQCD in ref. [23] for production of P -wave heavy quarkonia. In this paper, we describe in
detail the formalism and clarify some technical details that may be useful in future studies.
We work in the strong coupling regime mv2 ⌧ ⇤QCD, and with heavy quarkonium states
that are below the open flavor threshold. The calculation of the production LDMEs in
this paper is valid up to corrections of relative order 1/N2

c and v2.2 Furthermore, we will
present an extended set of phenomenological results.

The paper is organized as follows. In section 2, we set up the general formalism
for the computation of the production LDMEs in pNRQCD. In section 3, we express in
pNRQCD the production LDMEs for P -wave heavy quarkonium states. Phenomenological
applications that include the computation of the cross sections for �cJ (1P ) and �bJ(nP )
states at the LHC can be found in section 4. We conclude in section 5.

2 LDMEs in pNRQCD

In the NRQCD factorization formalism, the inclusive production cross section of a quarko-
nium Q is given by [5]

�Q+X =
X

N

�QQ̄(N )
h⌦|OQ(N )|⌦i. (2.1)

Here, �QQ̄(N )
are short-distance coefficients that correspond to the production cross section

of a heavy quark-antiquark pair (Q øQ) in a spin and color state N , and |⌦i is the QCD
vacuum state. The NRQCD long-distance matrix element h⌦|OQ(N )|⌦i describes the evo-
lution of the Q øQ in a state N into the quarkonium Q. The matrix elements have known
scalings in v, which allows us to organize the sum over N in eq. (2.1) in powers of v. In
general, the Q øQ can be in a color-singlet or in a color-octet state.

For a color-singlet state, the operators O
Q(N ) have the form

O
Q(Ncolor singlet ) = �†

KN  PQ(P=0) 
†
K

0

N �, (2.2)

where  and � are Pauli spinor fields that annihilate and create a heavy quark and antiquark
at spacetime position 0, respectively. The operator PQ(P ) projects onto a state consisting of
a heavy quarkonium Q with momentum P ; it may be written as PQ(P ) = a†

Q(P )
aQ(P ), where

a†
Q(P )

is an operator that creates a quarkonium Q with momentum P . The quantities KN

2In the special kinematical situation mv2 ⌧ ⇤QCD ⌧ mv, the ratio mv2/⇤QCD is larger than v and
the induced corrections to the LDMEs may turn out to be parametrically larger than v2, which is their
natural size when ⇤QCD ⇠ mv. In order not to complicate unnecessarily the error estimate, in the rest
of the paper we will count the neglected corrections to the LDMEs in the v expansion as v2 for all the
kinematical situations that fulfill mv2 ⌧ ⇤QCD.
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projection onto states that include 𝓠

Lightlike Wilson lines

Bodwin, Braaten, Lepage, "
PRD51, 1125 (1995)

Nayak, Qiu, Sterman, 
PLB613, 45 (2005)

Status of NRQCD Factorization
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! NRQCD factorization of inclusive decay  can arise from four-
fermion operators in the NRQCD Lagrangian, by integrating out 
the hard modes of scale m. This leaves us with products of local 
operators and Wilson coe$cients, as is usual done in EFTs."

! In perturbative factorization of inclusive decay, KLN theorem 
ensures cancellation of infrared singularities in inclusive decays. #
As a result, short-distance coe$cients are insensitive to low-
energy nature of the quarkonium, and NRQCD matrix elements 
are given by local operator products. "

! The situation is different in inclusive production.  
Soft gluons can and do interact with other parts of Feynman 
diagrams and the QQ̅. Those interactions must be decoupled/
absorbed into matrix elements for us to obtain local operators. 
Otherwise, Òshort-distanceÓ coe$cients will be able probe the 
soft interactions between the Q and Q̅.

When/Why would NRQCD Work?
What does it take to prove NRQCD factorization?

Status of NRQCD Factorization

Bodwin, Braaten, Lepage, "
PRD51, 1125 (1995)
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! The analysis is simpler in collinear factorization, which is given by 
power expansion in m/ pT. "

! E%ects of IR singularities can be resummed in the form of lightlike 
Wilson lines#

! In inclusive production, we must consider all possible lightlike 
directions ℓ, because it depends on the direction of other collinear 
particles, which are integrated over in the inclusive process. "

! To absorb the e%ect of IR singularities into the matrix element, the 
Wilson line must be included in the deÞnition. #
This is only possible with one lightlike direction ℓ. #

! Hence, a necessary condition for NRQCD factorization to hold is 
that the IR singularities are independent of ℓ.

When/Why would NRQCD Work?
What does it take to prove NRQCD factorization?

Status of NRQCD Factorization

and K!
N are polynomials of Pauli matrices and covariant derivatives, and are proportional

to the color identity matrix c, so that the operators!   KN " and "   K !
N ! are color singlets.

For a color-octet state, the operatorsOQ(N ) take the form [18Ð20]

OQ(Ncolor octet ) = !   KN Ta" !   ab
! (0)PQ(P = 0) !

bc
! (0)"   K !

N Tc! , (2.3)

where Ta is a color matrix in the fundamental representation. The operator ! ! (x) is a
Wilson line along the direction # in the adjoint representation deÞned by

! ! (x) = P exp
!
! ig

" "

0
d$ #áAadj (x + #$)

#
, (2.4)

whereAadj is the gluon Þeld in the adjoint representation andP stands for the path ordering
of the color matrices. The Wilson lines! ! are necessary to ensure the gauge invariance
of the vacuum expectation value of eq. (2.3), because in the absence of! ! , the gauge
transformations of !   KN Ta" and "   K !

N Tc! do not commute with the operator PQ(P = 0) .
The direction # is arbitrary. Hereafter we refer to the ! ! in eq. (2.3) as gauge-completion
Wilson lines.

The NRQCD factorization conjecture is the statement that the short-distance coe! -
cients in eq. (2.1) can be computed in perturbative QCD, and the NRQCD matrix elements
are universal. The short-distance coe! cients are computed in perturbative QCD by re-
placing the heavy quarkonium stateQ in eq. (2.1) with a perturbative Q øQ state. For the
short-distance coe! cients to be perturbatively calculable, the infrared (IR) divergences that
appear in the perturbative QCD calculation of eq. (2.1) must be reproduced by the NRQCD
matrix elements to all orders in %s, so that the short-distance coe! cients are IR Þnite. The
outline for an all-orders proof of the IR Þniteness of the short-distance coe! cients has been
given in refs. [19, 24] for the case where the quarkoniumQ is produced with a momentum
that exceeds the mass of the heavy quarkoniummQ: for example, the proof applies to the
case when the quarkonium is produced with a large transverse momentumpT " mQ and
the cross section is expanded to next-to-leading power inm2

Q/p 2
T . On the other hand, the

universality of the NRQCD matrix elements requires the color-octet matrix elements to be
independent of the direction of the gauge-completion Wilson lines. A proof of the univer-
sality based on traditional methods of perturbative factorization has only been investigated
to next-to-next-to-leading order in %s for the speciÞc case whereKN = K!

N = 1 [18Ð22].
In this paper, we aim at expressing the color-singlet and color-octet long distance matrix

elements in pNRQCD. We work in the strong coupling regime, wheremv2 # " QCD . This
condition is fulÞlled by non-Coulombic, strongly coupled quarkonia. The computation is
based on expanding the NRQCD Hamiltonian in inverse powers of the heavy quark massm,

HNRQCD = H (0)
NRQCD +

H (1)
NRQCD

m
+ . . . , (2.5)

and on making use of quantum-mechanical perturbation theory to compute its eigenstates
order by order in 1/m [12, 13]. Because the energy scales that appear in NRQCD aremv,
mv2, and " QCD , the expansion in powers of1/m in the Hamiltonian leads to an expansion

Ð 4 Ð

Nayak, Qiu, Sterman, 
PLB613, 45 (2005)
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! Nayak, Qiu, Sterman, PLB613, 45 (2005) : the Þrst work to 
introduce Wilson lines in octet matrix elements. Computed for the 
Þrst time ℓ-dependent diagrams for gluon fragmentation to two 
loops in eikonal approximation at leading nontrivial order in v 
(order v2), found IR poles independent of ℓ direction. Results and 
arguments presented in more detail in PRD72, 114012 (2005)."

! Nayak, Qiu, Sterman, PRD74, 074007 (2006) : generalized 
previous result to all orders in v."

! Bodwin, HSC, Ee, Kim, Lee, PRD101, 096011 (2020) : computed 
ℓ-dependent diagrams for 3S1 color octet matrix element using a 
covariant method. Reproduced previous results, but failed to 
generalize beyond two loops."

! Zhang, Meng, Ma, Chao, JHEP 08 (2021) 111 : byproduct of NLO 
correction to 3PJ singlet/octet gluon fragmentation functions. Also 
showed that IR poles are independent of ℓ direction at two loop 
level at leading order in v.

Checks of NRQCD Factorization
Status of NRQCD Factorization
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! It is likely that NRQCD factorization describes cross sections 
asymptotically as pT !  (, if it works at all. "

! If NRQCD factorization is valid at large pT, it makes sense to 
compute short-distance coe$cients after expansion in m/ pT."

! QCD factorization : #
Leading-power in 1/ pT is given by single parton fragmentation.#
Next-to-leading power is given by double parton fragmentation. "

! Combine QCD factorization with NRQCD : #
compute short-distance coe$cients as parton cross sections 
convolved with QQ̅ fragmentation functions."

! This also allows resummation of logarithms in pT/ m using RG 
evolution.

QCD Factorization at large pT

QCD Factorization at large pT
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! Ratio of LP fragmentation and standard NRQCD calculations of 
short-distance coe$cients. "

! LP fragmentation reproduces standard NRQCD calculation at 
large pT, as expected.

NRQCD and LP fragmentation
QCD Factorization at large pT

FIG. 1: The ratio ( d! LP
NLO /dp T )/ (d! NLO /dp T ) for the 1S[8]

0 , 3P [8]
J , and 3S[8]

1 channels in the process

pp ! H + X at
"

s = 7 TeV and |y| < 1.2.

IV. RESULTS FOR COMBINED LP AND NLO SHORT-DISTANCE COEFFI-

CIENTS

Now we use Eq. (5) to combine results for the LP SDCs, computed asdescribed in Sec. III,

with the SDCs through NLO in ! s. For the latter, we make use of the computations in

Refs. [1, 3, 4], taking the values of the parton distributions,mc, ! s, µr , µf , µΛ, and nf that

are speciÞed at the start of Sec. III.1

1 In order to improve computational efficiency, we have omitted in the calculation of d! NLO/dpT contri-

butions from processes that are initiated by two light quarks, two light-antiquarks, or a light quark and

a light antiquark, where the two initial partons can have different ßavors. We use the generic expres-

sion qq to denote these light-quark/antiquark initial states. The qq-initiated contributions are small in

comparison to the sum of theqg- and gg-initiated contributions because the q and øq partonic ßuxes are

small in comparison to the g partonic ßux. As pT increases, the sizes of theq and øq partonic ßuxes

increase relative to the size of theg partonic ßux because larger values of the parton momentum fractions

are emphasized. At large values ofpT , d! NLO/dpT is well approximated by d! LP
NLO/dpT . Therefore, we

adopt the following computational strategy. In order to match what was done in the NLO calculation,

we omit the qq-initiated contributions in computing d! LP
NLO/dpT in Eq. (5). However, we take the qq-

initiated contributions into account at large pT , where they can be more important, by including them

in the computation of d! LP/dpT in Eq. (5). Since eachqq-initiated process that produces a givenQ øQ

11

Bodwin, HSC, Kim, Lee, PRL113, 022001 (2014)"
Bodwin, Chao, HSC, Kim, Lee, Ma, PRD93, 034041 (2016)
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! Inclusion of NLP improves agreement at intermediate pT (but still 
pT ≫ m)

NRQCD and LP+NLP
QCD Factorization at large pT

3

TABLE I: The choices for our LO QCD factorization calcu-
lations in Eq. (1) for comparison with NLO NRQCD calcu-
lations. Explicit formulas for the FFs can be found in Ref.
[16, 17], the SDCs in Ref. [9, 12] for NLP and Ref. [20] for
LP.

Channel 3S[1]
1

3S[1]
1

3S[8]
1

3S[8]
1

1S[8]
0

1S[8]
0

3P [8]
J

3P [8]
J

Power LP NLP LP NLP LP NLP LP NLP

PDFs - LO LO LO NLO LO NLO LO
FFs - ! 1

s ! 1
s ! 0

s ! 2
s ! 0

s ! 2
s ! 0

s

SDCs - ! 3
s ! 2

s ! 3
s ! 2

s ! 3
s ! 2

s ! 3
s

better match the NLO NRQCD calculations. We choose!
S = 7 TeV and |y| < 0.9 for a typical kinematic regime

at the LHC. We take charm quark massmc = 1 .5 GeV,
! (5)

QCD = 165 MeV ( ! (5)
QCD = 226 MeV) for LO (NLO) ! s

with quark active ßavors nf = 5, and CTEQ6M when
NLO PDFs are needed [21], and set the renormalization,
factorization, and the NRQCD scales to µr = µf = pT

and µ! = mc, respectively.
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0.5

1.0

1.5

2.0

2.5

pT !GeV"

d!
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!
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N

R
Q

C
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$1% 3S1

$8% 1S0
$8% 3PJ

$8%

FIG. 1: Ratio of J/ " production rate from LO QCD factor-
ization over that of NLO NRQCD calculation for four leading
NRQCD channels. See the text for details.

As shown in Fig. 1, our slightly modiÞed LO QCD cal-
culation can almost reproduce the NLO NRQCD calcula-
tion channel by channel forpT > 10" 15 GeV, depending
on the channel. The comparison in Fig. 1 demonstrates
that the very complicated results of NLO NRQCD cal-
culations can be reproduced by the simple and fully an-
alytic LO calculation of the QCD factorization approach
for pT > 10 GeV, and clearly indicates that perturba-
tive organization of the factorized power expansion is
well suited to heavy quarkonium production at high pT .
It also shows the importance of the NLP contribution.
Without it, as shown in Ref. [6], for example, the LP
QCD factorization contribution can only reproduce NLO
NRQCD results for the 3S[8]

1 and 3P [8]
J channels at large

pT , not for the 3S[1]
1 and 1S[8]

0 channels.
To further illustrate the importance of NLP contribu-

tions, we plot the ratio of the NLP contribution to the

10 1005020 3015 70
#1.5

#1.0

#0.5

0.0

0.5

1.0

1.5

pT !GeV"

d!
" LON

LP
#d

!" LOpQ
C

D

3S1
$1% 3S1

$8% 1S0
$8% 3PJ

$8%

FIG. 2: Ratio of NLP contributions to total contribution in
LO QCD for each channel. d÷# means we have a special choice
for PDFs. See text for details.

total LO QCD contribution in Fig. 2 for each channel.
Figure 2 clearly shows that NLP contributions are neg-
ligible for the 3S[8]

1 channel over the full pT range, and
are small for the 3P [8]

J channel whenpT > 20 GeV, be-
yond which it is below 10 percent. However, the NLP
contributions are crucial for 1S[8]

0 and 3S[1]
1 channels even

if pT approaches 100 GeV. Since the FFs for a single
active parton to fragment into a 3S[1]

1 heavy quark pair,
calculated in NRQCD, vanish for both LO and NLO, as
indicated in Table I the two-loop gluon FF derived in
Refs. [22, 23] was used for the LP contribution to the
3S[1]

1 channel in Fig. 2.
In the above comparison with NLO NRQCD calcula-

tions, we did not include the evolution of FFs. A com-
plete LO QCD calculation should include the evolution of
FFs using the LO evolution kernels given in Ref. [8] and
input FFs calculated in NRQCD factorization at NLO
[16, 17], and a set of updated NRQCD LDMEs by Þtting
the data. From its consistency with the existing NLO
NRQCD results, and the control through evolution of
its higher order corrections, we expect such a LO QCD
factorized power expansion to clarify existing data on
heavy quarkonium production at collider energies. Also,
because the LP3S[8]

1 and 3P [8]
J channels, which produce

predominantly transversely polarized heavy quarkonia,
appear not to be dominant [4, 6, 7], heavy quarkonium
production at current collider energies is strongly inßu-
enced by the 1S[8]

0 channel, and is more likely to be un-
polarized.

Heavy quark-antiquark FFs.Ñ To evaluate the factor-
ization formula in Eq. (1), we have employed FFs calcu-
lated in NRQCD factorization [16, 17]. The perturbative
coe" cients of these calculations,ödÕs, Eq. (2), are distri-
butions, deÞned under the integration and expressed in
terms of " functions and the + prescriptions. Conse-
quently, unlike the FFs of light hadrons extracted from

Ma, Qiu, Sterman, Zhang, PRL113, 142002 (2014)
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! The use of fragmentation functions allow resummation of 
logarithms of pT/ m. "

! At LP, resummation is done by DGLAP evolution"

! Resummation can have signiÞcant e%ects in pT shapes. #
#

NRQCD and LP with RG
QCD Factorization at large pT

3

FIG. 1: The ratio ( d! LP
NLO /dp T )/ (d! NLO /dp T ) for the 1S[8]

0 ,
3P [8]

J , and 3S[8]
1 channels in pp→ J/ " + X at

√
s = 7 TeV.

FIG. 2: The ratio ( d! LP+NLO /dp T )/ (d! NLO /dp T ) for the
1S[8]

0 , 3P [8]
J , and 3S[8]

1 channels in pp → J/ " + X at
√

s =
7 TeV.

where dσLP/dpT is the LP fragmentation contribution
computed to the accuracy described above. In Fig. 2, we
comparedσLP+NLO/dpT with dσNLO/dpT in each chan-
nel. The LP corrections in the 3S[8]

1 and 1S[8]
0 channels

grow in magnitude with increasing pT , reaching −50%
and 70%, respectively, atpT = 50 GeV. The LP cor-
rections are quite dramatic in the 3P [8]

J channel, partly
because the LO and NLO contributions tend to cancel
at low pT . dσLP+NLO/dpT is 80%Ð160% larger than
dσLP

NLO/dpT in this channel. These large corrections sug-
gest that the perturbation expansion may be converging
slowly.

The contributions that we have calculated are domi-
nated by gg initial states, which account for about 70%
of the cross section atpT = 52 .7 GeV. Contributions from
light-quark fragmentation and from q-g mixing in the
DGLAP equation amount to only about 1% and less than
1% of the cross section, respectively, atpT = 52 .7 GeV.

At pT = 52 .7 GeV, the all-orders resummation of lead-
ing logarithms contributes about −43% in the 3S[8]

1 chan-
nel relative to the LO fragmentation contribution. Es-

FIG. 3: LP+NLO predictions for the J/ " di! erential cross
section at the LHC and Tevatron compared with the CMS [20]
and CDF data [19]. B = 5 .93× 10! 2 is the branching ratio
for J/ " → µ+ µ! [38].

sentially all of that is already accounted for in the NLO
contribution. In the 1S[8]

0 and 3P [8]
J channels, the all-

orders resummations contribute only 2% and 5%, re-
spectively, relative to the NLO fragmentation contribu-
tion, owing to an accidental cancellation between con-
tributions from the running of αs and contributions
from the DGLAP splitting. Hence, in each channel,
dσLP/dpT − dσLP

NLO/dpT is given to good approximation
by the contribution from the NLO PPCSs convolved with
the order-α2

s contribution to the FF.
If we vary µr and µf separately between 2mT and

mT /2, then half of the difference between the maximum
and minimum values of the SDCs is less than about 25%
of the central value over the pT range that we consider.
These relatively small scale variations suggest that per-
turbation series may be under reasonable control. Over-
all factors of mc in the SDCs can be absorbed into re-
deÞnitions of the LDMEs, and, hence, the uncertainty in
mc from these factors does not affect Þts to the cross sec-
tions or the polarization predictions that we make. The
residual pT -dependent effects from the uncertainty in mc

are less than about 5%. Therefore, in Þtting the data,
we assume that the theoretical uncertainty is 25%. This
value is also typical of the uncertainty that one would
expect from corrections of higher order inv.

In Fig. 3, we show a combined Þt of our cross sec-
tion predictions to CDF [19] and CMS [20] data for
prompt J/ψ production. In obtaining these Þts, we
have included only data with pT ≥ 10 GeV in order
to suppress NLP corrections. The resulting Þt is quite
good, with χ2/d.o.f . = 0 .085, suggesting that higher-
order corrections do not affect the pT dependences of the
SDCs at the level of our 25% estimate of the theoret-
ical uncertainty. The Þt leads to the following values
for the LDMEs: ⟨OJ/! (1S[8]

0 )⟩ = 0 .099± 0.022 GeV3,

3

FIG. 1: The ratio ( d! LP
NLO /dp T )/ (d! NLO /dp T ) for the 1S[8]

0 ,
3P [8]

J , and 3S[8]
1 channels in pp ! J/ " + X at

"
s = 7 TeV.

FIG. 2: The ratio ( d! LP+NLO /dp T )/ (d! NLO /dp T ) for the
1S[8]

0 , 3P [8]
J , and 3S[8]

1 channels in pp ! J/ " + X at
"

s =
7 TeV.

where d! LP /dp T is the LP fragmentation contribution
computed to the accuracy described above. In Fig. 2, we
compare d! LP+NLO /dp T with d! NLO /dp T in each chan-

nel. The LP corrections in the 3S[8]
1 and 1S[8]

0 channels
grow in magnitude with increasing pT , reaching ! 50%
and 70%, respectively, at pT = 50 GeV. The LP cor-

rections are quite dramatic in the 3P [8]
J channel, partly

because the LO and NLO contributions tend to cancel
at low pT . d! LP+NLO /dp T is 80%–160% larger than
d! LP

NLO /dp T in this channel. These large corrections sug-
gest that the perturbation expansion may be converging
slowly.

The contributions that we have calculated are domi-
nated by gg initial states, which account for about 70%
of the cross section at pT = 52.7 GeV. Contributions from
light-quark fragmentation and from q-g mixing in the
DGLAP equation amount to only about 1% and less than
1% of the cross section, respectively, at pT = 52.7 GeV.

At pT = 52.7 GeV, the all-orders resummation of lead-

ing logarithms contributes about ! 43% in the 3S[8]
1 chan-

nel relative to the LO fragmentation contribution. Es-

FIG. 3: LP+NLO predictions for the J/ " differential cross
section at the LHC and Tevatron compared with the CMS [20]
and CDF data [19]. B = 5 .93 # 10−2 is the branching ratio
for J/ " ! µ+ µ− [38].

sentially all of that is already accounted for in the NLO

contribution. In the 1S[8]
0 and 3P [8]

J channels, the all-
orders resummations contribute only 2% and 5%, re-
spectively, relative to the NLO fragmentation contribu-
tion, owing to an accidental cancellation between con-
tributions from the running of " s and contributions
from the DGLAP splitting. Hence, in each channel,
d! LP /dp T ! d! LP

NLO /dp T is given to good approximation
by the contribution from the NLO PPCSs convolved with
the order-" 2

s contribution to the FF.
If we vary µr and µf separately between 2mT and

mT / 2, then half of the di! erence between the maximum
and minimum values of the SDCs is less than about 25%
of the central value over the pT range that we consider.
These relatively small scale variations suggest that per-
turbation series may be under reasonable control. Over-
all factors of mc in the SDCs can be absorbed into re-
definitions of the LDMEs, and, hence, the uncertainty in
mc from these factors does not a! ect fits to the cross sec-
tions or the polarization predictions that we make. The
residual pT -dependent e! ects from the uncertainty in mc

are less than about 5%. Therefore, in fitting the data,
we assume that the theoretical uncertainty is 25%. This
value is also typical of the uncertainty that one would
expect from corrections of higher order in v.
In Fig. 3, we show a combined fit of our cross sec-

tion predictions to CDF [19] and CMS [20] data for
prompt J/ # production. In obtaining these fits, we
have included only data with pT " 10 GeV in order
to suppress NLP corrections. The resulting fit is quite
good, with $2/ d.o.f. = 0.085, suggesting that higher-
order corrections do not a! ect the pT dependences of the
SDCs at the level of our 25% estimate of the theoret-
ical uncertainty. The fit leads to the following values

for the LDMEs: #OJ/ ! (1S[8]
0 )$ = 0.099 ± 0.022 GeV3,

No resum Resummed leading logarithms at LP
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! Inclusion of NLP e%ect in resummation is complicated, due to 
mixing of LP and NLP contributions in evolution of LP 
fragmentation. This has been achieved recently.

NRQCD and LP+NLP with RG
QCD Factorization at large pT

SciPost Physics Submission

Figure 3: (Left): Ratios of CMS data to theoretical calculations for hadronic J/ ! pro-
duction at the LHC. (Right): Prompt J/ ! production in p + p collisions at mid rapidity
at the LHC with KNLP = 2 and (" , # ) given in the text.

butions are sizable at lower pT and necessary for describing the LHC data within the QCD factor-
ization approach. With only two parameters ( " , # ) and KNLP, theoretical calculations in terms of
QCD factorization are consistent with existing data while there is sufÞcient room to improve.
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PDFs of two colliding hadrons at large momentum fraction x . To quantify this feature, we plot
R ⌘
îR zmax

zmin
dz/z2Df!⇡+d�̂

ó
/
îR 1

zmin
dz/z2Df!⇡+d�̂

ó
in Fig. 1 (Right), where about 50% of the

cross section results from z = 0.7 and above at pT = 15GeV, while Df!⇡+ is falling fast when z in-
creases. This feature is specially relevant to heavy quarkonium production since its fragmentation
functions are likely peaked in the large z region.

The factorization formalism in (1) should be applicable to J/ production when Df!⇡ is
replaced by Df!J/ , so long as the power corrections in 1/pT are sufficiently small and the
ln(p2

T/m
2)-type contributions dominate the production cross section [2]. Since it is necessary

to have a cc̄ pair to form a J/ , the fragmenting parton should have a minimum virtuality,
m¶ 2mc � m⇡. If we require the similar dominance of ln(p2

T/m
2)-type contributions to the⇡ pro-

duction, we expect the formula in (1) to work for J/ production when pT ¶ 5 (or7)2mc ⇠ 15�20 GeV.
Since producing a high pT cc̄ pair at the hard collision is suppressed by 1/p2

T comparing the pro-
duction of single fragmenting parton, the LP formalism in (1) covers only events where cc̄ pairs
emerge at distances longer than 1/µ0 with µ0 ⇠ 2mc - the scale of non-perturbative input FFs,
Df!J/ (z,µ2

0). As shown in Sec. 3, the factorized LP contribution provides a good description of
the published LHC data at high pT ¶ 60 GeV, but is far below the data when extrapolated to lower
pT .

2.2 NLP contribution

The NLP contributions to the inclusive production of a single hadron at high pT can also be fac-
torized and could be particularly important for heavy quarkonium production [3]:

EP
d�A+B!H(p)+X

d3p

����
NLP
⇡
X



Z
dz
z2

D[QQ̄()]!H(z,µ2)Ec
d�̂A+B![QQ̄()](pc)+X

d3pc

⇣
pc =

p
z

,µ2
⌘

, (2)

where �̂A+B![QQ̄()](pc)+X represents the cross section to produce a fragmenting QQ̄ pair of spin-
color state  and momentum pc = PQ + PQ̄ = P 0Q + P 0

Q̄
, where P 0Q and P 0

Q̄
are momenta in the con-

jugated production amplitude, with all collinear sensitivities around pc absorbed into the twist-4
QQ̄()-to-hadron FFs, D[QQ̄()]!H . For simplicity, in this paper, we approximate PQ = PQ̄ = P 0Q = P 0

Q̄
= p/(2z) [3].

Although corresponding partonic hard parts to produce a pair of heavy quarks are 1/p2
T sup-

pressed, the NLP contribution could be important since it is more likely to get the quarkonium
from a fragmenting QQ̄-pair than a single fragmenting parton [3]. With the 1/p2

T suppressed hard
parts at LO, derived in Ref. [8], as shown in Sec. 3, we find that the NLP contribution provides the
much needed enhancement at low pT to improve the overall description of the LHC data from the
QCD factorization approach.

2.3 Renormalization group improvement

Physically observed cross sections should not depend on the factorization approach to describe
them. Renormalization group improved QCD factorization at the NLP accuracy requires the twist-
2 and twist-4 FFs to satisfy the following coupled evolution equations [3],

@

@ lnµ2
Df!H(z,µ2) =

↵s(µ)
2⇡

X

f 0

Z 1

z

dz0

z0
Pf! f 0

⇣ z
z0

⌘
Df 0!H(z0,µ2)

+
↵2

s (µ)
µ2

X



Z 1

z

dz0

z0
Pf![QQ̄()]

⇣ z
z0

⌘
D[QQ̄()]!H
�
z0,µ2
�

, (3)

3

DGLAP

NLP contribution
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! Production matrix elements in potential NRQCD : #
pNRQCD provides expressions of singlet and octet matrix 
elements in terms of wavefunctions at the origin and universal 
gluonic correlators. More symmetries and more predictive power. "

! Soft gluon factorization : #
SGF resums relativistic corrections coming from kinematical 
e%ects. Reproduces and generalizes previous resummation 
methods in decays and exclusive production. SGF may have 
better convergence than standard NRQCD."

! Status of NRQCD factorization : #
No violation of NRQCD factorization found up to two loops in 
speciÞc processes. "

! QCD Factorization at large pT : #
Fragmentation formalism at LP and NLP can reproduce standard 
NRQCD calculations, and can resum logarithms. Inclusion of 
NLP e%ects in RG improvement computed recently. 

Summary
Recent Developments In Factorization Formalisms for Heavy Quarkonium Production
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