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#® FEYNCALC is a MATHEMATICA package for symbolic Feynman diagram

calculations 1991 ¢ FEYNCALC 1.0
# Open-source and publicly available: https://feyncalc.github.io 1997 ¢ TARCER
o 2012 FEYNCALCFORMLINK
2016 ¢ FEYNCALC 9.0
i 2017 FEYNHELPERS
© 2020 FEYNCALC 9.3
2020 ¢ FEYNONIUM
-
-
-
-
-
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https://feyncalc.github.io
https://feyncalc.github.io/examples
https://github.com/FeynCalc/feyncalc/discussions

#® FEYNCALC is a MATHEMATICA package for symbolic Feynman diagram

# QOpen-source and publicly available: https://feyncalc.github.io
# Toolbox-oriented approach to symbolic Feynman diagram calculations
# Not foolproof: correctness of the results oc user's understanding of QFT
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#® FEYNCALC is a MATHEMATICA package for symbolic Feynman diagram
calculations 1991 @ FEYNCALC 1.0 [Mertig etal, 1991]
# Open-source and publicly available: https://feyncalc.github.io 1997 ¢ TARCER [Mertig & Scharf, 1998]
2012 FEYNCALCFORMLINK [Feng & Mertig, 2012]

# Toolbox-orient roacht mbolic Feynman diagram calculation
oolbox-oriented approach to symbolic Fey an diagram calculations 2016 FEYNCALC 9.0 [VS, Mertig, Orellana, 2016]

# Not foolproof: correctness of the results oc user's understanding of QFT 2017 ¢ FEYNHELPERS VS, 2014]
@ Most useful at tree- and 1-loop level (WIP: extension to more loops using 2020 ¢ FEYNCALC 9.3 (VS Mertig, Orellana, 2020]
a FORM [Vermaseren, 2000] library) 2020 FEYNONIUM [Brambilla, Chung, VS, Vairo 2020]

# Since 2020 native support for noncovariant calculations (Cartesian
vectors, Pauli matrices etc.) = NRQCD, pNRQCD, NR Dark matter
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# Since 2020 native support for noncovariant calculations (Cartesian
vectors, Pauli matrices etc.) = NRQCD, pNRQCD, NR Dark matter

# FEYNCALc is difficult to master, the crash course here will not be enough

# There are a lot of fully worked out SM examples: https://feyncalc.github.io/examples
# NRQCD examples included with the FEYNONIUM add-on

# Public forum for questions: https://github. com/FeynCalc/feyncalc/discussions
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# Following Uia, Yang, Sang and Xu, 20111 (arXiv:1104.1418, very pedagogical)

# NRQCD factorization for the decay . — ~+ at relative order-v>
G(*S P

EC20) ooy ot nd + SC59 (L ! (=4 B0 O vl + b

L(ne = vy) =
# 1) (x): Pauli field annihilating (creating) a quark (antiquark); wTDX PH(D'yx) — (D)

# Wilson coefficients F( So) and G( So) from the perturbative matching between QCD and NRQCD
.

©

V. SHTABOVENKO (KIT) / QAT 2022, 10.01.2022, FEYNTUTORIAL 3



# Following Uia, Yang, Sang and Xu, 20111 (arXiv:1104.1418, very pedagogical)
# NRQCD factorization for the decay . — ~+ at relative order-v>
F('So) ( G(*So)
’I’I’L

I'(ne =) = nel"X10) 01X ¢ |e) + = — ( (nel! (— £ DY*x[0) (O] $Ine) +h-6-)

# 1) (x): Pauli field annihilating (creating) a quark (antiquark); wTDX PH(D'yx) — (D)

# Wilson coefficients F( So) and G( So) from the perturbative matching between QCD and NRQCD
# Exclusive electromagnetic process = factorization holds at the amplitude level

# NRQCD amplitude for n. — vy

_ 1 * * T C2 T i 22 2
Axrqop = ki €1 X €3 | co (0 Plne) + 5 (01" (=3 D) ¥ lne) + O(v7)

@ K, is the direction of the 3-momentum of the 1st photon, €] are the photon polarization vectors.
#® ¢, and cs are short distance coefficients.
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# Relation between Wilson and short distance coefficients?
#® Square Anxrqcep and integrate over the 1 — 2 phase space. Then compare the result to I'(n. — v7):

m2 2

F('So) = 2 |eol? lgy = Me *
(*So) . lcol”,  G("So) yy Re(cocs)
# So our goal is to calculate ¢ and ¢3!
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# Relation between Wilson and short distance coefficients?
#® Square Anxrqcep and integrate over the 1 — 2 phase space. Then compare the result to I'(n. — v7):

2
[eof?, G('S0) = = Re(eocs)

me

8

F('Sy) =

# So our goal is to calculate ¢ and ¢3!
# The matching is done between perturbative QCD and perturbative NRQCD amplitudes in the limit v < ¢

# Perturbative NRQCD amplitude: replace 7. (nonpert. bound state) by cE(ISo) (S-wave charm-anticharm pair in
the spin and color singlet configuration)

.
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# So our goal is to calculate ¢ and ¢3!
# The matching is done between perturbative QCD and perturbative NRQCD amplitudes in the limit v < ¢

# Perturbative NRQCD amplitude: replace 7. (nonpert. bound state) by cE(ISo) (S-wave charm-anticharm pair in
the spin and color singlet configuration)

# Tree-level perturbative NRQCD amplitude

C2

Ot (=2 D)*lce(* So))

A§;§;§’c(?3) =k el xeb {co 0]x"plea(* So)) + 3

2
=V2N,ky -} x &3 (n'€) [Co + 02%]

(&

withn' =¢' = (1,00, n* =& = (0,1)”
® g with |g| ~ vmc is the relative 3-momentum between c and ¢
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# |n principle, when doing matching at NLO, we need NLO corrections both in QCD and NRQCD!
# There are indeed 1-loop corrections to the tree-level NRQCD amplitude [Jia, Yang, Sang and Xu, 2011]

p-A

DA
d)

)

# However, 1-loop contributions to the UV-renormalized NRQCD amplitude do not contribute to the matching
coefficients!
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# Perturbative NRQCD 1-loop amplitude

2 2 2
pert.,(1) > * * ¢t q 4CFeQaas 2v 1
= VN, ki - ACpegaas 20" (1
AlrGep = V2Nekr - €] x €5 (n'€) {Co te st — { 3 \on 2t n(4)

1 5 o 2 1 q’
(142 . |l —— +~vp+1n 21—
4v ( 6" ) [ ’ ( €IR T2

# Still contains 1/v-Coulomb singularities and IR divergences: both must cancel in the matching!
# The explicit cancellation is a nontrivial cross check for the correctness of the calculation
# However, one can also turn the argument around and use it to simplify the calculation. Effectively

2
ARds = V2Ncky - €7 x €5 (n'€) |:CO +c2 ;2}

(&

# On the QCD side we can completely avoid the Coulomb singularities by expanding in q before calculating the loop
integrals [Butenschén 2009]

# Quick and dirty: drop the remaining IR-divergences in the UV-renormalized QCD amplitude and match that to
A%‘ﬁg’ég to get our short distance coefficients co and c2
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# Kinematics for the QCD process ¢(p1)é(p2) — v(k1)v(k2)

1 1
—_p —_-p-
L= +4q, p2 5 q
with

~

P=2E0", ¢=(0,9)7, ki=EQ1 k)", ke=EQ,—k)"

and £ = /m2 + g2

# \We need to expand the 1-loop amplitude up to O(q?)
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# We also need to project out the spin singlet color singlet S-wave component [Bodwin and Petrelli, 2002]
AR = B(p2) Xai(pr) — Tr(I1{V X)
with
1c

VN

1 _ 1
' 8V2E2(E +m,)

(p, +m)(P +2E)7"(p, — me) ®

and use

2 " pr
w4 (g PP
o T (P

# Traces with 4% in dim reg: use the t'Hooft-Veltman-Breitenlohner-Maison scheme
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# Final result

™

8 4 2 2 2
G(150) = — 2 [HCTS (ﬂ_ﬁ_ln Z )]

2
F(*So) = 2meba’ {1 + Gros (“— - 5)}

® | et us see how we can reproduce this using FEYNONIUM!
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