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Point-like impurities in space are line defects in space-time. 
Historically the Kondo problem led to the RG, and to progress on 
integrability, phase transitions etc. Line defects have also played a 
pivotal role in high-energy physics, especially Wilson lines.
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Assume: Bulk d+1 dimensional theory is CONFORMAL (CFT). 

The possible infrared fates of line defects in CFTs:  

• A nontrivial conformal line defect preserving   
 
                             

• A topological or trivial line defect. 

• More exotic infrared scenarios?! 
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General considerations
• If we have a 1-form symmetry, a charged line operator cannot flow 

in the infrared to a trivial line. And if the one-form symmetry 
surfaces can be cut open, it cannot flow to a topological line 
either. 
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• For special bulk CFTs, one might be able to prove that no 
nontrivial conformal line defects exist whatsoever. See [Lauria-
Liendo-Van Rees-Zhao ; Herzog-Shrestha] for results of this type 
for free bulk theories. 



• An interesting observable is the defect entropy:  
 
 
 
 
 
This expectation value is ambiguous; even as the cutoff is 
removed,               can have an arbitrary linear in      real  term and 
an arbitrary     independent imaginary term (only in d=1). They  
arise from the c.c. and extrinsic curvature on the line defect. 
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Since the extrinsic curvature term exists only in d=1, we will ignore it. 
We therefore see that 
 
 
 
 
is well defined. We call this the defect entropy. This is a sort of zero-
temperature measure of the degrees of freedom on the defect. It is    
independent for conformal defects. It is possible that             .
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The central property of the defect entropy is that (unitarity and locality are 
assumed) 
 
 
 
Increasing the radius is tantamount to flowing to the infrared of the defect. 
The defect entropy is independent of exactly marginal operators and when 
there is a flow triggered by a relevant operator  
 
 
We will see some nice applications of this theorem. This extends the result of 
[Affleck-Ludwig; Friedan-Konechny, Casini-Salazar Landea-Torroba] from d=1 
to any d. 
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Screening
We say that a line defect is screened if the infrared is trivial. Then 

This notion of screening is more refined than the familiar perimeter/
area criterion. (Line defects in CFTs always obey a perimeter law.)
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Apply localized 
staggered external field 
in an anti-ferromagnet 
(pinning field defect) 

 
 
 
 
 
 
[Polkovnikov-Vojta-
Sachdev]

 
 
Consider a relevant 
deformation of the         
trivial line defect 
 
 
From the general 
theorem,               and 
hence the pinning field 
cannot be screened!   
    

Cond-Mat O(N) model
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For the ordinary Wilson-Fisher fixed point with              there is indeed a 
nontrivial conformal line defect, and we solved it exactly in the large N 
limit. We found that for the lowest neutral nontrivial defect operator 
 
 
 
which agrees very nicely with various simulations by [Parisen Toldin-
Assaad-Wessel; Allais..] which also suggest                          . 
 
A similar exactly solvable line defect in tensor models was considered by 
[Popov-Wang].   

<latexit sha1_base64="OlbV8CO9csqrz4+YYoozj1PPF9Q=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBZBPJRERD1J0YvHCvYD2lA220m7dLMJuxuhhP4ILx4U8erv8ea/cdvmoK0PBh7vzTAzL0gE18Z1v53Cyura+kZxs7S1vbO7V94/aOo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDf1W0+oNI/loxkn6Ed0IHnIGTVWag162dnkxu2VK27VnYEsEy8nFchR75W/uv2YpRFKwwTVuuO5ifEzqgxnAielbqoxoWxEB9ixVNIItZ/Nzp2QE6v0SRgrW9KQmfp7IqOR1uMosJ0RNUO96E3F/7xOasJrP+MySQ1KNl8UpoKYmEx/J32ukBkxtoQyxe2thA2poszYhEo2BG/x5WXSPK96l1Xv4aJSu83jKMIRHMMpeHAFNbiHOjSAwQie4RXenMR5cd6dj3lrwclnDuEPnM8fokKPHA==</latexit>

g⇤ > 0

<latexit sha1_base64="7lLY2aYC72cyVGV7b8ryiTXuxIo=">AAACBnicbVDJSgNBEO2JW4xb1KMIjUGIl2EmxOUiBPXgMYJZIBNCT6eTadLTM3TXCGHIyYu/4sWDIl79Bm/+jZ3loIkPCh7vVVFVz48F1+A431ZmaXlldS27ntvY3Nreye/u1XWUKMpqNBKRavpEM8ElqwEHwZqxYiT0BWv4g+ux33hgSvNI3sMwZu2Q9CXvcUrASJ38oXfDBJCiFxDAXhzwE3yJXfu0XLJtG3fyBcd2JsCLxJ2RApqh2sl/ed2IJiGTQAXRuuU6MbRTooBTwUY5L9EsJnRA+qxlqCQh0+108sYIHxuli3uRMiUBT9TfEykJtR6GvukMCQR63huL/3mtBHoX7ZTLOAEm6XRRLxEYIjzOBHe5YhTE0BBCFTe3YhoQRSiY5HImBHf+5UVSL9nume3elQuVq1kcWXSAjlARuegcVdAtqqIaougRPaNX9GY9WS/Wu/Uxbc1Ys5l99AfW5w9xFpXh</latexit>

�(�̂) = 1.542...

<latexit sha1_base64="iAaxntEMTKx+TrC5me6s/ShUwto=">AAACCXicbVDLSsNAFJ3UV62vqks3g0Wom5CIr2VRFy4r2Ac0oUymk2boTBJmboQSunXjr7hxoYhb/8Cdf+P0sdDWAxcO59zLvfcEqeAaHOfbKiwtr6yuFddLG5tb2zvl3b2mTjJFWYMmIlHtgGgmeMwawEGwdqoYkYFgrWBwPfZbD0xpnsT3MEyZL0k/5iGnBIzULWPvhgkgVS8igL004see5hK79pmXSuzYbrdccWxnArxI3BmpoBnq3fKX10toJlkMVBCtO66Tgp8TBZwKNip5mWYpoQPSZx1DYyKZ9vPJJyN8ZJQeDhNlKgY8UX9P5ERqPZSB6ZQEIj3vjcX/vE4G4aWf8zjNgMV0uijMBIYEj2PBPa4YBTE0hFDFza2YRkQRCia8kgnBnX95kTRPbPfcdu9OK7WrWRxFdIAOURW56ALV0C2qowai6BE9o1f0Zj1ZL9a79TFtLVizmX30B9bnD0DWmB8=</latexit>

�(�̂) ⇠ 1.5± 0.1



 
For the multi-critical point (free field theory) with                the  
infrared is again not screened, but it does not end up in a conformal line 
defect. Instead we have                               , which is some sort of never-
ending flow for d<4. 

<latexit sha1_base64="Px2LI0F4u3IJfopAqgfPqLq8l3Y=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBZBPJRERL0IRS8eK9gPaEPZbCft0s0m7G6EEvojvHhQxKu/x5v/xm2bg7Y+GHi8N8PMvCARXBvX/XYKK6tr6xvFzdLW9s7uXnn/oKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0d3Ubz2h0jyWj2acoB/RgeQhZ9RYqTXoZWeTG7dXrrhVdwayTLycVCBHvVf+6vZjlkYoDRNU647nJsbPqDKcCZyUuqnGhLIRHWDHUkkj1H42O3dCTqzSJ2GsbElDZurviYxGWo+jwHZG1Az1ojcV//M6qQmv/YzLJDUo2XxRmApiYjL9nfS5QmbE2BLKFLe3EjakijJjEyrZELzFl5dJ87zqXVa9h4tK7TaPowhHcAyn4MEV1OAe6tAABiN4hld4cxLnxXl3PuatBSefOYQ/cD5/AKC9jxs=</latexit>

g⇤ = 0

<latexit sha1_base64="9oO6AW3CqHeqjx94QgXBG86b4Yw=">AAACAHicbZDLSsNAFIYn9VbrLerChZvBItSFJRFRl0U3LqvYCzShTKaTduhkEmZOhBK68VXcuFDErY/hzrdx2mahrT8MfPznHM6cP0gE1+A431ZhaXllda24XtrY3NresXf3mjpOFWUNGotYtQOimeCSNYCDYO1EMRIFgrWC4c2k3npkSvNYPsAoYX5E+pKHnBIwVtc+0JV7D2KPyxBGJ4ZOZ9i1y07VmQovgptDGeWqd+0vrxfTNGISqCBad1wnAT8jCjgVbFzyUs0SQoekzzoGJYmY9rPpAWN8bJweDmNlngQ8dX9PZCTSehQFpjMiMNDztYn5X62TQnjlZ1wmKTBJZ4vCVGCI8SQN3OOKURAjA4Qqbv6K6YAoQsFkVjIhuPMnL0LzrOpeVN2783LtOo+jiA7REaogF12iGrpFddRAFI3RM3pFb9aT9WK9Wx+z1oKVz+yjP7I+fwCOR5Zk</latexit>

s(R ! 1) ! �1

<latexit sha1_base64="iCaTuiUw6DQYiFWLWo9oG73CPbY=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoJViEilgSFfUiFL14rGI/oI1ls9m0SzebsLsRaugv8eJBEa/+FG/+G7dtDtr6YODx3gwz87yYUals+9vILSwuLa/kVwtr6xubRXNruyGjRGBSxxGLRMtDkjDKSV1RxUgrFgSFHiNNb3A99puPREga8Xs1jIkboh6nAcVIaalrFuXl3UN6cuSPcNk/dA66Zsmu2BNY88TJSAky1LrmV8ePcBISrjBDUrYdO1ZuioSimJFRoZNIEiM8QD3S1pSjkEg3nRw+sva14ltBJHRxZU3U3xMpCqUchp7uDJHqy1lvLP7ntRMVXLgp5XGiCMfTRUHCLBVZ4xQsnwqCFRtqgrCg+lYL95FAWOmsCjoEZ/bledI4rjhnFef2tFS9yuLIwy7sQRkcOIcq3EAN6oAhgWd4hTfjyXgx3o2PaWvOyGZ24A+Mzx+9LZHX</latexit>

s = R3�dc(d+ 1)

<latexit sha1_base64="nW/h9ybijB40gQZrIXX0GFqBFQU=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsquFPVY9OKxgv2AdinZNNuGJtklyYpl6V/w4kERr/4hb/4bs+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbR0litAWiXikugHWlDNJW4YZTruxolgEnHaCyW3mdx6p0iySD2YaU1/gkWQhI9hkEqk+nQ/KFbfmzoFWiZeTCuRoDspf/WFEEkGlIRxr3fPc2PgpVoYRTmelfqJpjMkEj2jPUokF1X46v3WGzqwyRGGkbEmD5urviRQLracisJ0Cm7Fe9jLxP6+XmPDaT5mME0MlWSwKE45MhLLH0ZApSgyfWoKJYvZWRMZYYWJsPCUbgrf88ippX9S8y5p3X680bvI4inACp1AFD66gAXfQhBYQGMMzvMKbI5wX5935WLQWnHzmGP7A+fwBacKN1A==</latexit>

c(x)

<latexit sha1_base64="8yaoKCskarkczxuKjVJDmOoaVJQ=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomIeix68diC/YA2lM120q7dbMLuRiyhv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtR1Sax/LejBP0IzqQPOSMGivVn3qlsltxZyDLxMtJGXLUeqWvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7WezQyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDaz7hMUoOSzReFqSAmJtOvSZ8rZEaMLaFMcXsrYUOqKDM2m6INwVt8eZk0zyveZcWrX5SrN3kcBTiGEzgDD66gCndQgwYwQHiGV3hzHpwX5935mLeuOPnMEfyB8/kD6DGNAg==</latexit>x



Another important class of line operators in such Landau-Giznburg models 
are the spin impurities. These are natural generalizations of the Kondo 
problem to higher d. Consider the O(3) model with field        ,                    . 
 
 
 
For odd     we have projective rep of SO(3). See also   
[Liu-Shapourian-Vishwanath-Metlitski].                               . 
 
 

<latexit sha1_base64="BC+32pjKr+5UXFEBDK5/te7Xf0k=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Rj04jGCeUCyhNnJbDJmdmaZ6RVCyD948aCIV//Hm3/jJNmDJhY0FFXddHdFqRQWff/bW1ldW9/YLGwVt3d29/ZLB4cNqzPDeJ1pqU0ropZLoXgdBUreSg2nSSR5MxreTv3mEzdWaPWAo5SHCe0rEQtG0UmNTjoQXdotlf2KPwNZJkFOypCj1i19dXqaZQlXyCS1th34KYZjalAwySfFTmZ5StmQ9nnbUUUTbsPx7NoJOXVKj8TauFJIZurviTFNrB0lketMKA7sojcV//PaGcbX4VioNEOu2HxRnEmCmkxfJz1hOEM5coQyI9ythA2ooQxdQEUXQrD48jJpnFeCy0pwf1Gu3uRxFOAYTuAMAriCKtxBDerA4BGe4RXePO29eO/ex7x1xctnjuAPvM8fhf6PGQ==</latexit>

�a
<latexit sha1_base64="4zUlK7h6+i7Z+0GlrALTZTaoLGc=">AAAB7nicbVA9SwNBEJ2LXzF+RS1tFoNgEcJdFLURgjaWEYwJJEeY2+wlS/b2jt09IYT8CBsLRWz9PXb+GzfJFZr4YODx3gwz84JEcG1c99vJrayurW/kNwtb2zu7e8X9g0cdp4qyBo1FrFoBaia4ZA3DjWCtRDGMAsGawfB26jefmNI8lg9mlDA/wr7kIadorNTEa69cLZ91iyW34s5AlomXkRJkqHeLX51eTNOISUMFat323MT4Y1SGU8EmhU6qWYJ0iH3WtlRixLQ/np07ISdW6ZEwVrakITP198QYI61HUWA7IzQDvehNxf+8dmrCK3/MZZIaJul8UZgKYmIy/Z30uGLUiJElSBW3txI6QIXU2IQKNgRv8eVl8liteBcV7/68VLvJ4sjDERzDKXhwCTW4gzo0gMIQnuEV3pzEeXHenY95a87JZg7hD5zPH21zjlI=</latexit>

a = 1, 2, 3
<latexit sha1_base64="PLPwUVB9xyy35NjZRtcBRruAPAg="></latexit>

Tr2`+1[P exp

✓
�

Z
dt �aT

a

◆
]

<latexit sha1_base64="OtFut2t1oeeBbCZBcPqXrEbV6x4=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cK9gPaUDbbSbt0swm7G6GE/gUvHhTx6h/y5r9x0+agrQ8GHu/NMDMvSATXxnW/ndLa+sbmVnm7srO7t39QPTxq6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWByl/udJ1Sax/LRTBP0IzqSPOSMmlzqoxCDas2tu3OQVeIVpAYFmoPqV38YszRCaZigWvc8NzF+RpXhTOCs0k81JpRN6Ah7lkoaofaz+a0zcmaVIQljZUsaMld/T2Q00noaBbYzomasl71c/M/rpSa88TMuk9SgZItFYSqIiUn+OBlyhcyIqSWUKW5vJWxMFWXGxlOxIXjLL6+S9kXdu6p7D5e1xm0RRxlO4BTOwYNraMA9NKEFDMbwDK/w5kTOi/PufCxaS04xcwx/4Hz+AA9ejkE=</latexit>

`

Recently observed in MC [Weber-Vojta]

<latexit sha1_base64="ehphYFBbd2ge5hkG2CCTpewze6c=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoMgHsKuiIogBL14jGAemCxhdtKbDJmdXWZmhbDkL7x4UMSrf+PNv3HyOGhiQUNR1U13V5AIro3rfju5peWV1bX8emFjc2t7p7i7V9dxqhjWWCxi1QyoRsEl1gw3ApuJQhoFAhvB4HbsN55QaR7LBzNM0I9oT/KQM2qs9NjrZCeja5dckU6x5JbdCcgi8WakBDNUO8WvdjdmaYTSMEG1bnluYvyMKsOZwFGhnWpMKBvQHrYslTRC7WeTi0fkyCpdEsbKljRkov6eyGik9TAKbGdETV/Pe2PxP6+VmvDSz7hMUoOSTReFqSAmJuP3SZcrZEYMLaFMcXsrYX2qKDM2pIINwZt/eZHUT8veedm7PytVbmZx5OEADuEYPLiACtxBFWrAQMIzvMKbo50X5935mLbmnNnMPvyB8/kD0AOPsw==</latexit>

g⇤ = 0 : Also: a non-perturbative prediction for             for any d 
both for               and                         
— yet to be confirmed in MC or experiment.

<latexit sha1_base64="59x6AirwOBjdC6Abmwy0hKtQywc=">AAAB9HicbVBNS8NAEN3Ur1q/qh69LBbBU0lE1GPRi8cK9gOaUDbbTbt0sxt3J4UQ+ju8eFDEqz/Gm//GbZuDtj4YeLw3w8y8MBHcgOt+O6W19Y3NrfJ2ZWd3b/+genjUNirVlLWoEkp3Q2KY4JK1gINg3UQzEoeCdcLx3czvTJg2XMlHyBIWxGQoecQpASsFPhPCB+VzGUHWr9bcujsHXiVeQWqoQLNf/fIHiqYxk0AFMabnuQkEOdHAqWDTip8alhA6JkPWs1SSmJkgnx89xWdWGeBIaVsS8Fz9PZGT2JgsDm1nTGBklr2Z+J/XSyG6CXIukxSYpItFUSowKDxLAA+4ZhREZgmhmttbMR0RTSjYnCo2BG/55VXSvqh7V3Xv4bLWuC3iKKMTdIrOkYeuUQPdoyZqIYqe0DN6RW/OxHlx3p2PRWvJKWaO0R84nz8v3pJg</latexit>

` ! 1
<latexit sha1_base64="fNIbqc/58JY8GoN0/nVvQojW6pc=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBZBPJRERL0IRS8eK5i20Iay2W7bpZtN2J0IJfQ3ePGgiFd/kDf/jds2B219MPB4b4aZeWEihUHX/XYKK6tr6xvFzdLW9s7uXnn/oGHiVDPus1jGuhVSw6VQ3EeBkrcSzWkUSt4MR3dTv/nEtRGxesRxwoOIDpToC0bRSv6ge3bjdssVt+rOQJaJl5MK5Kh3y1+dXszSiCtkkhrT9twEg4xqFEzySamTGp5QNqID3rZU0YibIJsdOyEnVumRfqxtKSQz9fdERiNjxlFoOyOKQ7PoTcX/vHaK/esgEypJkSs2X9RPJcGYTD8nPaE5Qzm2hDIt7K2EDammDG0+JRuCt/jyMmmcV73LqvdwUand5nEU4QiO4RQ8uIIa3EMdfGAg4Ble4c1Rzovz7nzMWwtOPnMIf+B8/gDaSY4P</latexit>

g⇤ = 0
<latexit sha1_base64="/ogp2oc7P5vGim9TWB/RQQlXbtY=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSKIh5KIqMeiF48V7Ie0oWy2k3bpZhN3N0IJ/RVePCji1Z/jzX/jts1BWx8MPN6bYWZekAiujet+O0vLK6tr64WN4ubW9s5uaW+/oeNUMayzWMSqFVCNgkusG24EthKFNAoENoPhzcRvPqHSPJb3ZpSgH9G+5CFn1Fjpod897Uh8JG63VHYr7hRkkXg5KUOOWrf01enFLI1QGiao1m3PTYyfUWU4EzgudlKNCWVD2se2pZJGqP1sevCYHFulR8JY2ZKGTNXfExmNtB5Fge2MqBnoeW8i/ue1UxNe+RmXSWpQstmiMBXExGTyPelxhcyIkSWUKW5vJWxAFWXGZlS0IXjzLy+SxlnFu6h4d+fl6nUeRwEO4QhOwINLqMIt1KAODCJ4hld4c5Tz4rw7H7PWJSefOYA/cD5/AMH2j7o=</latexit>

g⇤ 6= 0

<latexit sha1_base64="UMRPq1cx6XxqxV+Us3RGdanRA/o=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1ItQ9OKxov2ANpTNZtou3WzC7kYooT/BiwdFvPqLvPlv3LY5aPXBwOO9GWbmBYng2rjul1NYWl5ZXSuulzY2t7Z3yrt7TR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbqZ+6xGV5rF8MOME/YgOJO9zRo2V7sOr01654lbdGchf4uWkAjnqvfJnN4xZGqE0TFCtO56bGD+jynAmcFLqphoTykZ0gB1LJY1Q+9ns1Ak5skpI+rGyJQ2ZqT8nMhppPY4C2xlRM9SL3lT8z+ukpn/pZ1wmqUHJ5ov6qSAmJtO/ScgVMiPGllCmuL2VsCFVlBmbTsmG4C2+/Jc0T6reedW7O6vUrvM4inAAh3AMHlxADW6hDg1gMIAneIFXRzjPzpvzPm8tOPnMPvyC8/ENvn+Ncg==</latexit>

d = 3

<latexit sha1_base64="C/fCneMVDuf/X5Nxe5kEvJqn7dc=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9SIUvXisaD+gDWWzmbRLN5uwuxFK6U/w4kERr/4ib/4bt20O2vpg4PHeDDPzglRwbVz321lZXVvf2CxsFbd3dvf2SweHTZ1kimGDJSJR7YBqFFxiw3AjsJ0qpHEgsBUMb6d+6wmV5ol8NKMU/Zj2JY84o8ZKD+F1tVcquxV3BrJMvJyUIUe9V/rqhgnLYpSGCap1x3NT44+pMpwJnBS7mcaUsiHtY8dSSWPU/nh26oScWiUkUaJsSUNm6u+JMY21HsWB7YypGehFbyr+53UyE135Yy7TzKBk80VRJohJyPRvEnKFzIiRJZQpbm8lbEAVZcamU7QheIsvL5NmteJdVLz783LtJo+jAMdwAmfgwSXU4A7q0AAGfXiGV3hzhPPivDsf89YVJ585gj9wPn8AvPuNcQ==</latexit>

d = 2



Wilson Lines

<latexit sha1_base64="maY5H75yoLbHAJO0Qagak9JdQn8=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomIeix68diC/YA2lM120q7dbOLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtJ1Sax/LejBP0IzqQPOSMGivVH3ulsltxZyDLxMtJGXLUeqWvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7WezQyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDaz7hMUoOSzReFqSAmJtOvSZ8rZEaMLaFMcXsrYUOqKDM2m6INwVt8eZk0zyveZcWrX5SrN3kcBTiGEzgDD66gCndQgwYwQHiGV3hzHpwX5935mLeuOPnMEfyB8/kD3ZWM+w==</latexit>q

Wilson Lines describe point probe 
charges in a representation R of the 
gauge group 

 
 
 
There is no free parameter in the defect 
action. But that DOES NOT mean that it is 
a conformal line operator for all reps!

<latexit sha1_base64="WEH+E/VAYIFVkAw4uDr4Y0xjtvE="></latexit>

W = TrR


P exp
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◆�



Wilson lines are labeled by representation in the sense of their ultraviolet 
definition. The infrared behavior of such probe charges is highly nontrivial.  
Let us demonstrate that in massless scalar QED in 3+1 dimensions.  
 
 
 
One can think of it as a massive external nucleus in massless QED.   
 
 
 

<latexit sha1_base64="CKEp2x0esqNzaJWsIjg+KEISXpk=">AAACEnicbVDJSgNBEO1xjXGLevTSGITkEmZE1IsQ9eIxglkgE0JPpyZp0rPYXSOGId/gxV/x4kERr568+Td2loMmPih4vFdFVT0vlkKjbX9bC4tLyyurmbXs+sbm1nZuZ7emo0RxqPJIRqrhMQ1ShFBFgRIasQIWeBLqXv9q5NfvQWkRhbc4iKEVsG4ofMEZGqmdK9bPKzR1VUDhIR66EnwsiDvqihBpB+lF26auEt0eFtu5vF2yx6DzxJmSPJmi0s59uZ2IJwGEyCXTuunYMbZSplBwCcOsm2iIGe+zLjQNDVkAupWOXxrSQ6N0qB8pU+aUsfp7ImWB1oPAM50Bw56e9Ubif14zQf+slYowThBCPlnkJ5JiREf50I5QwFEODGFcCXMr5T2mGEeTYtaE4My+PE9qRyXnpOTcHOfLl9M4MmSfHJACccgpKZNrUiFVwskjeSav5M16sl6sd+tj0rpgTWf2yB9Ynz/95pxq</latexit>

W = P exp

✓
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Z
dtA0

◆



The bulk now is not strictly conformal, but we take      to be small 
enough so that this is not an issue. Formally, one can take a double 
scaling limit in which the bulk becomes conformal and the 
dynamics remains nontrivial 
 
 
 
 
(Similar double-scaling limits exist for spin impurities and also 
extended defects, see also [Rodriguez Gomez ; Nahum; Rogriduez 
Gomez - Russo] and even for bulk CFTs [Badel-Cuomo-Monin-
Rattazzi…].)
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The operator        has bulk dimension 2, but as a defect operator it 
receives corrections 
 
 
 
The defect operator         therefore becomes marginal at               .  
Since it is neutral under all the symmetries one cannot consistently 
neglect it! One must therefore consider the more general line 
operator (this is an avatar of the [Pomeranchuk-Smorodinsky] effect 
for large nuclei.)    
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Conformal Line Operator with a relevant perturbation 
Stable Conformal Line Operator



One can also ask about the                limit which arises in the super-
critical regime as well as by deforming the unstable fixed point. One 
finds a boson condensate with an exponentially large scale!  
This is similar to the phenomenon of dimensional transmutation in 
QCD.
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This discussion for massless QED is actually very general and applies with 
technical differences (particularly with fermions) to all weakly coupled 
conformal gauge theories, including             SYM theory (see also 
[Beccaria-Giombi-Tseytlin]).  
 
Similar issues arise for Wilson lines in 2+1 dimensions as well. We have 
considered QED in 2+1 dimensions with      flavors. The Wilson lines which 
are unscreened have 
 

For Chern-Simons theories, [Gabai-Sever-Zhong] have found a similar 
picture, too.  We also found 2+1 dimensional theories which admit no 
unscreened Wilson lines altogether. 
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• Is there a minimal possible     given a bulk theory with no moduli space? 
([Friedan-Konechny-Schmidt Colinet, Collier-Mazac-Wang] in 1+1 
dimensions) 

• ’t Hooft lines and electric-magnetic duality.  

• Testable predictions in 2+1 dimensional de-confined critical points. 

• Interplay with the planar limit and holography? 

• In theories with one-form symmetries, large rep Wilson lines are not 
always completely screened. How does this come about? 

• The unstable conformal fixed point has more than one relevant 
perturbation as         is decreased. What is the full phase diagram in QED? 

• What is the relation between EE and     and the monotonicity theorem? 

• Progress from the bootstrap and Integrability? See [Giombi et al, Komatsu 
et al., Agmon-Wang, Barrat-Grau-Liendo]
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