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Table 8: Summary of the systematic uncertainties in the signal modelling. ‘PS/UE’ indicates parton shower/underlying
event. An ‘M+S’ symbol is used when a shape uncertainty includes a migration e�ect that allows relative acceptance
changes between regions. Instances where an uncertainty is considered independently in di�erent regions are detailed
in parenthesis. Where the size of an acceptance systematic uncertainty varies between regions, a range is displayed.

Signal

Cross-section (scale) 0.7% (@@), 25% (66)
� ! 11̄ branching fraction 1.7%
Scale variations in STXS bins 3.0%–3.9% (@@ ! ,�), 6.7%–12% (@@ ! /�), 37%–100% (66 ! /�)
PS/UE variations in STXS bins 1%–5% for @@ ! +�, 5%–20% for 66 ! /�

PDF+US variations in STXS bins 1.8%–2.2% (@@ ! ,�), 1.4%–1.7% (@@ ! /�), 2.9%–3.3% (66 ! /�)
<11 from scale variations M+S (@@ ! +�, 66 ! /�)
<11 from PS/UE variations M+S
<11 from PDF+US variations M+S
?
+

T from NLO EW correction M+S

parameters (NP), ). Most of the uncertainties discussed in Section 7 are constrained with Gaussian or
log-normal probability density functions. The normalisations of the largest backgrounds, CC̄, , + HF
and / + HF, can be reliably determined by the fit, so they are left unconstrained in the likelihood. The
uncertainties due to the limited number of events in the simulated samples used for the background
predictions are included using the Beeston–Barlow technique [120]. As detailed in Ref. [121], systematic
variations that are subject to large statistical fluctuations are smoothed, and systematic uncertainties that
have a negligible impact on the final results are pruned away region-by-region (treating signal and control
regions separately).

The global likelihood fit comprises 14 signal regions, defined as the 2- and 3-jet categories in the two
high-?+T (150 < ?

+

T < 250 GeV and ?
+

T > 250 GeV) regions for the three channels, and in the medium-?+T
region (75 < ?

+

T < 150 GeV) for the 2-lepton channel. The 28 control regions are also input as event
yields in all fit configurations.

Three di�erent versions of the analysis are studied, which di�er in the distributions input to the fit.

• The nominal analysis, referred to as the multivariate analysis, uses the BDT+ � multivariate
discriminant output distributions as the inputs to the fit. Three di�erent POI configurations are
studied. Firstly, a single-POI fit measures `

11

+ �
, the signal strength that multiplies the SM Higgs

boson +� production cross-section times the branching fraction into 11̄. Secondly, a two-POI fit is
undertaken, which jointly measures the signal strengths of the ,� and /� components. Finally, a
five-POI fit version measures the signal cross-section multiplied by the � ! 11̄ and + ! leptons
branching fractions in the five STXS regions (see Table 4).

• The dÚet-mass cross-check analysis uses the <11 distributions, instead of the BDT+ � distributions,
as inputs to a single-POI fit to measure `

11

+ �
.

• The diboson validation analysis, a measurement of the signal strength of the ,/ and // processes,
uses the BDT+ / output distributions. The SM Higgs boson is included as a background process
normalised to the predicted SM cross-section with an uncertainty of 50%, which conservatively
encompasses the previous measurement and uncertainty [33]. Two POI configurations are evaluated,
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Figure 3: Example of transverse momentum distributions in (a) and (b) and invariant mass
distributions in (c) and (d) for VH production in the SM at the LHC with

p
s = 13 TeV and

MH = 125 GeV; (a,c) Comparison of W
+
H (green), W

�
H (blue) and ZH production (red)

created with MCFM 8.0.1; (b,d) Comparison of full ZH (red), gluon-induced (magenta)
and bottom-induced ZH (cyan) production. All results are obtained at O(↵2

s), apart from
bb̄ ! ZH which is calculated at LO.
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Overview of pp → ZH

HAWK (NLO QCD + NLO EW)
Denner, Dittmaier, Kallweit, Mück 14

vh@nnlo (NNLO QCD + NLO EW)
Harlander, Klappert, Liebler, Simon 18;  
Brein, Harlander, Zirke 12

Drell-Yan piece ( )NNLO
Brein, Djouadi, Harlander 03; 
Ferrera, Grazzini, Tramontano 14;  
See also: Kumara, Mandal, Ravindran 14

Available in various codes:

GENEVA (NNLL′+NNLO with PS)
Alioli, Broggio, Kallweit, Lim, Rottoli 19
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"(α2
s ): DY, GF

LO: bb̄

Harlander, 
Klappert, 
Liebler, 
Simon 18

Gluon-fusion piece   piece ( )bb̄ NNLO
H

G0

Z
Z Z

H H

Ahmed, Ajjath, Chen, Dhani, 
Mukherjee, Ravindran 19 

+  piece with closed top loops (1-3%)qq̄

b

b̄

MCFM (NNLO QCD)
Campbell, Ellis, Williams 16

ZH production modes
[Harlander, Klappert, Liebler, Simon 18]

NNLO: Brein, Djouadi, Harlander 03 
N3LO:  Baglio, Duhr, Mistlberger, Szafron 22

NNLO
Ahmed, Ajjath, Chen, Dhani,
Mukherjee, Ravindran 19

quark-initiated production
known with high accuracy:

Gluon-induced production:
• Contribution to to total cross section ~10%
• Large scale uncertainties 

NNLO: Brein, Harlander, Wiesemann, Zirke; Ferrera, Grazzini, Somogyi, 
Tramontano; Campbell, Ellis, Williams; Gauld, Gehrmann-De Rideer, 
Glover, Huss, Majer
NLO EW(+QCD): Ciccolini, Denner, Dittmaier, Kallweit, Krämer, 
Mück; Granata, Lindert, Oleari, Pozzorini; Obul, Dulat, Hou, Tursun, 
Yulkun
N3LO: Baglio, Duhr, Mistlberger, Szafron 22

10.11.22



Introduction – gg à ZH:  Calculations at LO and NLO
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ZH in Gluon Fusion

Full leading order  (loop induced)
Dicus, Kao 88; Kniehl 90

NLO in the limit of    (            ) 
(asymptotic expansion)

mt → ∞

Altenkamp, Dittmaier, Harlander, H. Rzehak, Zirke 12

NLO expansion around large top quark mass

Hasselhuhn, Luthe, Steinhauser 17
(  ) + Padé approx1/m8

t

NLO expansion around small top quark mass

Davies, Mishima, Steinhauser  20

H

G0

Z
Z Z

H H

K ≈ 2

(  &  ) + Padé approx1/m10
t m32

t

Virtual Correction:

Full numerical result
Chen, Heinrich, SPJ, Kerner, Klappert, Schlenk 20
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mt ! 1

Virtual corrections with      dependence
• Expansion in large     , up to         , improved by Padé approx.

[Hasselhuhn, Luthe, Steinhauser 17] 
• expansion in small and large     , up to                  + Padé approx.

[Davies, Mishima, Steinhauser 20]
• numerical evaluation using pySecDec

[Chen, Heinrich, Jones, MK, Klappert, Schlenk 20]

• expansion in small       up to 
[Alasfar, Degrassi, Giardino, Gröber, Vitti 21]

• combine expansions in small      and small  
[Bellafronte, Degrassi, Giardino, Gröber, Vitti 22]

<latexit sha1_base64="aPbOFwziqJxKDclbnhpi8GBit1c="></latexit>mt

<latexit sha1_base64="h9Pbi/eIwKlZwHPNL41aKUyNJ7k="></latexit>

1/m8
t
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1/m10
t ,m32

t

<latexit sha1_base64="1M724qxbGuxpVUGO7BKpYZykS+U="></latexit>pT
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p4T
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Full NLO results:

Chen, Davies, Heinrich, Jones, MK, 
Mishima, Schlenk, Steinhauser 22

Degrassi, Gröber, Vitti, Zhao 22

•

•

• small              expansion
Wang, Xu, Xu, Yang 21

Matthias Kerner — Top quark mass effects in Higgs physics               Radcor 2017 — September 28, 2017 19

Challenges (far) ahead

future plans to extend the calculation

•effects of top width 
•bottom quark mass effects 
→ large mass ratios  
→ numerical integration  
    might be challenging 

•combine with parton shower

} requires reduction with  
full mh and mt dependence 
→ more complicated coefficients

<latexit sha1_base64="hbanyyr07i5uSqI+bZVo061DD1s="></latexit>mZ , mH
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Introduction – ZH in Gluon Fusion
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Figure 1: Diagrams contributing to gg ! ZH at leading order. Diagrams related by

crossings are not shown.

The leading order amplitude can be expressed in terms of seven form factors [11] con-

taining one-loop three- and four-point functions. Some of the form factors can be

related by crossing p1 $ p2 such that only four form factors remain to be calculated.

However we choose not to express our amplitude in terms of these form factors, as will

be explained in Section 2.1.1.

In the mt ! 1 limit the amplitude simplifies considerably and is given by [16]

M0 = �
↵s↵

sin2
✓w cos2 ✓w mZ

�
ab
✏("1, "2, p1, p2)

p4 · "
⇤
Z

s
, (2.3)

where ✏ is the totally antisymmetric Levi-Civita symbol with ✏(a, b, c, d) ⌘ ✏
µ⌫⇢�

aµb⌫c⇢d�

and "1, "2 are the polarisation vectors of the incoming gluons, carrying colour indices

a and b, while "
⇤
Z
is the polarisation vector of the outgoing Z-boson. The spin- and

colour-averaged Born matrix element then can be written as

|M0|
2 =

↵
2
s
↵
2

256 sin4
✓w cos4 ✓wm4

Z

�(s,m2
Z
,m

2
H
) , (2.4)

where � denotes the Källén function, �(a, b, c) = a
2 + b

2 + c
2
� 2ab � 2ac � 2bc.

We calculate using conventional dimensional regularisation (CDR) with D = 4 � 2✏.

For the treatment of �5 within dimensional regularisation we use the ’t Hooft–Veltman

scheme [43, 44] in the variant of Refs. [45, 46], i.e. we use

�5 =
i

4!
✏µ⌫⇢��

µ
�
⌫
�
⇢
�
�
,

1

2
(�µ�5 � �5�µ) =

i

3!
✏µ⌫⇢��

⌫
�
⇢
�
� (2.5)

and add finite renormalisation terms to restore chiral symmetry in the massless quark

limit, see Section 2.2.3. The contraction of two ✏-symbols leads to linear combinations

of metric tensors which are treated as D-dimensional.

– 4 –
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LO

only top-quark contributing triangle contributions vanish for mass-degenerate quark doublets
à contributions by b- and t-quark

NLO virtual

Schematically: 

Amplitudes

+
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Rational functions 
Large num. terms/ high degree 
Handled with specialist symbolic 
manipulation programs

Feynman integrals 
Analytically: Involved special functions 
(Polylogs, Elliptic…) 

In this work, we will compute them 
numerically

ℳμνρ = ∑
i

AiTμνρ
i , Ai = ∑

k
Ci,k Ik

10

ℳμνρ ∼

13

Diagrams: gg → ZH

H

G0

Z
Z Z

H H

Leading Order (1-loop) Diagrams

Box Triangle Goldstone

NLO Order (2-loop) Virtual Diagrams

t t, b t

Box
Triangle & 
Goldstone

1PR 
(start at 2-loop)

We compute in Feynman Gauge 

Keep the dependence on all EW 
couplings symbolic (can be varied)  

Set  mb = 0
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Figure 3: Representative Feynman diagrams for the real correction amplitudes ggZHg

and qq̄ZHg, with nf = 5 massless quarks and a massive top quark running in the

closed fermion loops. We calculate in the Feynman gauge and so also include the set

of diagrams in which the Z-boson propagators are replaced by Goldstone bosons.

Figure 4: Representative Feynman diagrams for the class of real corrections excluded

in this work; we exclude diagrams in which the Z boson couples to the external quark

line.

2.2 Computation of the real radiation contributions

The real radiation matrix elements are calculated using the one-loop amplitude gen-

erator GoSam [54, 55] together with an in-house C++ code, similar to the one used

in Refs. [53, 56], where the IR singularities are subtracted in the Catani-Seymour

scheme [52], supplemented by a dipole phase-space cut parameter ↵cut [57]. We have

checked that our implementation of the dipoles reproduces the matrix element in the

soft and collinear limits and that our results are independent of ↵cut for 0.2  ↵cut  1.

To check the numerical precision of our real matrix elements we use several rotation

tests (i.e., we perform azimuthal rotations about the beam axis and recompute the

phase-space point). We first compute the matrix element at a given phase-space point

and a rotated phase-space point in double precision. If the results do not agree to

10 digits, we compute the phase-space point in quadruple precision and check if it
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In the mt ! 1 limit the amplitude simplifies considerably and is given by [16]

M0 = �
↵s↵

sin2
✓w cos2 ✓w mZ

�
ab
✏("1, "2, p1, p2)

p4 · "
⇤
Z

s
, (2.3)

where ✏ is the totally antisymmetric Levi-Civita symbol with ✏(a, b, c, d) ⌘ ✏
µ⌫⇢�

aµb⌫c⇢d�

and "1, "2 are the polarisation vectors of the incoming gluons, carrying colour indices

a and b, while "
⇤
Z
is the polarisation vector of the outgoing Z-boson. The spin- and

colour-averaged Born matrix element then can be written as

|M0|
2 =

↵
2
s
↵
2

256 sin4
✓w cos4 ✓wm4

Z

�(s,m2
Z
,m

2
H
) , (2.4)

where � denotes the Källén function, �(a, b, c) = a
2 + b

2 + c
2
� 2ab � 2ac � 2bc.

We calculate using conventional dimensional regularisation (CDR) with D = 4 � 2✏.

For the treatment of �5 within dimensional regularisation we use the ’t Hooft–Veltman

scheme [43, 44] in the variant of Refs. [45, 46], i.e. we use

�5 =
i

4!
✏µ⌫⇢��

µ
�
⌫
�
⇢
�
�
,

1

2
(�µ�5 � �5�µ) =

i

3!
✏µ⌫⇢��

⌫
�
⇢
�
� (2.5)

and add finite renormalisation terms to restore chiral symmetry in the massless quark

limit, see Section 2.2.3. The contraction of two ✏-symbols leads to linear combinations

of metric tensors which are treated as D-dimensional.
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Overview of Calculation

5

Virtual Corrections using 2 methods:

Numerical evaluation using pySecDec
[Chen, Heinrich, Jones, MK, Klappert, Schlenk 20]

ü valid for arbitrary kinematics

✗ evaluation challenging in HE region

✗ masses fixed during integral reduction

→ can only use OS mass

High-energy expansion
[Davies, Mishima, Steinhauser 20]

✗ only valid in HE region

ü fast evaluation

ü arbitrary masses

→ We combine these calculations at histogram level, using pT = 200 GeV as a threshold

Real-radiation amplitudes generated with GoSam [Cullen et.al.]

ZH production in gluon fusion, Matthias Kerner10.11.22



Overview of Numerical Calculation

610.11.22 ZH production in gluon fusion, Matthias Kerner

1) Write amplitude using linear polarizations [L. Chen 19]

2) Use IBP-reduction to reduce all integrals to minimal set of master integrals
• using Kira [Klappert, Lange, Maierhöfer, Usovitsch] with Firefly [Klappert, Klein, Lange]

• simplification: fix 

• choice of masters:
- (quasi-) finite basis [von Manteuffel, Panzer, Schabinger 14]
- simple denominators factors 
- with d-dependence factorized [Smirnov, Smirnov `20; Usovitsch `20]
- …

3) Sector decompose integrals using pySecDec 

4) Numerical integration using a Quasi-Monte Carlo using GPUs

2.1.1 Tensor structures and projection to a basis of linear polarisations

We define the tensor amplitude Aµ1µ2µ3 by extracting the polarisation vectors from the

amplitude of process (2.1),

A = "
µ1
�1
(p1) "

µ2
�2
(p2) ("

µ3
�3
(p3))

?
Aµ1µ2µ3 , (2.6)

where the "µi
�i

denote the polarisation vectors. The Lorentz tensor structures appearing

in the amplitude Aµ1µ2µ3 were discussed in Ref. [11]. However, we do not use form

factors related to these Lorentz structures here, but rather use projections based on the

momentum-basis representations of the linear polarisation vectors of external particles

as suggested in Ref. [47]. We also use the fact that only one axial current is involved

in the QCD corrections to this amplitude, therefore all relevant Lorentz structures

contain only a single Levi-Civita symbol. In addition, conditions such as transversality

and Bose symmetry regarding the two external gluons further constrain the possible

Lorentz structures.

Following the procedure of Ref. [47], we define the following normalised linear polari-

sation vectors, where the frame that has been used is shown in Fig. 2,

"
µ

x
= Nx (�s23p

µ

1 � s13p
µ

2 + s12p
µ

3) ,

"
µ

y
= Ny

�
✏
µ

µ1 µ2 µ3
p
µ1
1 p

µ2
2 p

µ3
3

�
,

"
µ

T
= NT

��
�s23(s13 + s23) + 2m2

Z
s12

�
p
µ

1 +
�
s13(s13 + s23) � 2m2

Z
s12

�
p
µ

2

+s12(�s13 + s23) p
µ

3 ) ,

"
µ

l
= Nl

�
�2m2

Z
(pµ1 + p

µ

2) + (s13 + s23) p
µ

3

�
, (2.7)

with s12 ⌘ 2p1 · p2 = s , s13 ⌘ 2p1 · p3 = s + t � m
2
H
, s23 ⌘ 2p2 · p3 = m

2
Z

� t.

The normalisation factors Ni for i 2 {x, y, T, l}, associated with each of these space-

like polarisation vectors in Eq. (2.7), can be determined from their (negative) norm

squares "2
i
, i.e. Ni = 1/

p
�"

2
i
, which we choose to include only at the very end of the

calculation.

The physical meaning of these vectors is apparent in the center-of-mass frame of p1
and p2, where the beam axis determined by {~p1, ~p2} is taken as the z-axis and the

plane determined by {~p1, ~p3} defines the x-O-z plane, as illustrated in Fig. 2. Then

the polarisation vector "x is orthogonal to the beam axis and lies within the x-O-z

plane, while "y is perpendicular to this plane. The vector "T lies within the x-O-z

plane but points to a direction orthogonal to ~p3, and "l, the longitudinal polarisation

of the Z-boson, points along the direction of ~p3 in the center-of-mass frame.

Our projectors are given by products of three linear polarisation vectors,

"
µ1
i
"
µ2
j
"
µ3
k

with i , j 2 {x, y} and k 2 {T, y, l}, (2.8)
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<latexit sha1_base64="yxWinmdcZ3yzCYUAC9bNoBz7JL0="></latexit>

mZ = 91.18GeV, mH = 125.1GeV, mt = 173.21GeV→
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N(s, t, d)

D1(d)D2(s, t)

Matthias Kerner — Top quark mass effects in Higgs physics               Radcor 2017 — September 28, 2017 19

Challenges (far) ahead

future plans to extend the calculation

•effects of top width 
•bottom quark mass effects 
→ large mass ratios  
→ numerical integration  
    might be challenging 

•combine with parton shower

} requires reduction with  
full mh and mt dependence 
→ more complicated coefficients

• avoid spurious poles & cancellations 
• reduced file sizes of expressions:

- amplitude: factor of 5
- most complicated coefficient:

150 MB → 5 MB 



Numerical evaluation of loop integrals with pySecDec
[Borowka, Heinrich, Jahn, Jones, MK, Langer, Magerya, Põldaru, Schlenk, Villa]

• Sector decomposition  [Binoth, Heinrich 00]
factorizes overlapping singularities

• Subtraction of poles & expansion in 𝞮
• Contour deformation [Soper 00; Binoth et.al. 05,

Nagy, Soper 06; Borowka et al. 12]

à Finite integrals at each order in 𝞮
à Numerical integration possible

Matthias Kerner — Higgs boson pair production in gluon fusion at NLO  — Karlsruhe — June 7, 2016 19

Sector Decomposition

• sector decomposition
Binoth, Heinrich 00

y

x

−→ + −→(2)

(1)

+

y

x

t

t

Figure 1: Sector decomposition schematically.

+

∫ 1

0
dy y−1−(a+b)ε

∫ 1

0
dt t−1−aε

(

1 + (1 − y) t
)−1

. (2)

We observe that the singularities are now factorised such that they can be read off
from the powers of simple monomials in the integration variables, while the polynomial
denominator goes to a constant if the integration variables approach zero. The same
concept will be applied to N -dimensional parameter integrals over polynomials raised
to some power, where the procedure in general has to be iterated to achieve complete
factorisation.

3 The algorithm for multi-loop integrals

3.1 Feynman parameter integrals

A general Feynman graph Gµ1...µR

l1...lR
in D dimensions at L loops with N propagators

and R loop momenta in the numerator, where the propagators can have arbitrary, not
necessarily integer powers νj , has the following representation in momentum space:

Gµ1...µR

l1...lR
=

∫ L
∏

l=1

dDκl
kµ1

l1
. . . kµR

lR
N∏

j=1
P

νj

j ({k}, {p}, m2
j)

dDκl =
µ4−D

iπ
D
2

dDkl , Pj({k}, {p}, m2
j) = (q2

j − m2
j + iδ) , (3)

where the qj are linear combinations of external momenta pi and loop momenta kl.
Introducing Feynman parameters according to

1
∏N

j=1 P
νj

j

=
Γ(Nν)

∏N
j=1 Γ(νj)

∫ ∞

0

N
∏

j=1

dxj x
νj−1
j δ

(

1 −
N

∑

i=1

xi

) 1
[
∑N

j=1 xjPj

]Nν
, (4)

where Nν =
N

∑

j=1

νj , leads to

Gµ1...µR

l1...lR
=

Γ(Nν)
∏N

j=1 Γ(νj)

∫ ∞

0

N
∏

j=1

dxj x
νj−1
j δ

(

1 −
N

∑

i=1

xi

)
∫

dDκ1 . . .dDκL

kµ1

l1
. . . kµR

lR





L
∑

i,j=1

kT
i Mij kj − 2

L
∑

j=1

kT
j · Qj + J + i δ





−Nν

, (5)
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Z 1
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dx1

Z 1

0
dx2

1

(x1 + x2)2+"

=

Z 1

0
dx1

Z 1

0
dx2

1

(x1 + x2)2+"
[✓(x1 � x2) + ✓(x2 � x1)]

=

Z 1

0
dx1

Z x1

0
dx2

1

(x1 + x2)2+"
+

Z 1

0
dx2

Z x2

0
dx1

1

(x1 + x2)2+"

=

Z 1

0
dx1

Z 1

0
dt

x1

(x1 + tx1)2+"
+

Z 1

0
dx2

Z 1

0
dt

1

x1+"
2 (1 + t)2+"

overlapping singularities

singularities factorized

• subtraction of poles
Z 1

0
dxx�1�"g(x, ") = �1

"
g(0, ") +

Z 1

0
dxx�1�" (g(x, ")� g(0, "))

• expansion in ɛ

→ finite integrals for each order in ɛ → numeric integration possible

→ finite

Sector Decomposition – pySecDec 

7

New release:

- expansion by regions
- automated reduction of contour-def. parameter
- automatically adjusts FORM settings
- evaluation of linear combinations of integrals, 

with automated optimization of sampling points N
per sector, based on

pySecDec integral libraries can be directly linked to amplitude code

Available at
github.com/gudrunhe/secdec

ZH production in gluon fusion, Matthias Kerner10.11.22

http://github.com/gudrunhe/secdec
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Fig. 1. (Left panel) A d = 2 dimensional R1SL with n = 55 points, generating
vector z = (1, 34) and random shift �0. (Right panel) A R1SL produced with three
additional random shifts, as used to estimate the mean-square error.

The rank of the rule denotes the minimal number of generating vectors re-
quired to generate the lattice rule. In this work we will consider only rank-1
lattices i.e. those generated by a single generating vector. The estimate of the
integral depends on the number of lattice points n and the number of random
shifts m. The shift vectors �k 2 [0, 1)d are d-dimensional vectors with compo-
nents consisting of independent, uniformly distributed random real numbers
in the interval [0, 1). The generating vector z 2 Zd is a fixed d-dimensional
vector of integers coprime to n. The curly brackets indicate that the fractional
part of each component is taken, such that all arguments of f remain in the
interval [0, 1).

A reliable estimate of the integral can be obtained even without random shifts
provided that the lattice is su�ciently large, however, the random shifts allow
the remaining error to be estimated. More precisely, an unbiased estimate of
the mean-square error can be obtained from the random shifts of the lattice
according to

�
2
n,m

[f ] ⌘ Var[Q̄n,m[f ]] ⇡
1

m(m� 1)

m�1X

k=0

(Q(k)
n
[f ]� Q̄n,m[f ])

2
. (3)

In typical applications only 10-20 random shifts are required to obtain a reli-
able estimate of the error.

In Figure 1 an example shifted lattice is shown. In the left panel a single
lattice is displayed, the zeroth point is shifted from the origin by the random
shift vector �0 and further points are generated by adding z/n and wrapping
back into the unit square as necessary, the lattice displayed contains a total of
n = 55 points. In the right panel three additional shifted lattices are displayed,
they are generated by shifting the original lattice and can be used to produce
an estimate of the integration error as described above.

4

Quasi-Monte Carlo Integration

8

28

Scaling

Monte Carlo scaling

Better than ``guaranteed” 
         scalingn�1
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Example:  
Sector Decomposed HJ Integral 
(Note: example stolen from previous calculation)

Limited by machine 
precision (double)

ggàHg

Limited by double precision arithmetic

Our preferred integration algorithm is a 
Quasi-Monte Carlo using rank-1 shifted lattice rule

I[f ] ⇡ Ik =
1

N
·

NX

i=1

f(xi,k), xi,k =

⇢
i · z
N

+�k

�
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fractional part (→ )

randomized shifts
→ different estimates of Integral
→ error estimate of result

generating vector
constructed component-by-component [Nuyens 07]
minimizing worst-case error 

{. . .} =

�k =
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→ integration error scales as            or better 
<latexit sha1_base64="lGb7VVjbvMLKZWLCuFNvTNJrTbY="></latexit>

O(n�1)

ZH production in gluon fusion, Matthias Kerner10.11.22

http://github.com/mppmu/qmc


(a) (b)

Figure 3: Results for F̃+
3 as a function of

p
s for fixed ✓ = ⇡/2 (a) and for fixed pT (b).

In (a) dashed and solid lines correspond to the imaginary and real parts, respectively.
The red curves in (a) represent the Padé results. In (b) only the real part is shown,
and the Padé results are shown as green dashed lines. The high-energy expansions up to
order m30

t
and m

32
t

are shown in blue. The widely-separated pair of curves correspond to
pT = 400 GeV.

Padé-based approximation reproduces the expansion. However, it also produces reliable
results for smaller values of

p
s, as can be expected from the comparison with the LO

result shown in Fig. 2(a).

In Fig. 3(b) we show F̃
+
3 for the fixed values of pT = 200, . . . , 800 GeV. The blue (dashed

and dotted) curves correspond to the high-energy expansions and the green (dashed)
curves to the Padé results. For all Padé curves we also show the corresponding uncertainty
band, which for pT = 200 GeV is relatively large but for pT = 250 GeV the uncertainty
band is already quite small; it is completely negligible for higher values of pT . Note that
the high-energy expansions are only shown for pT � 400 GeV; for lower pT values the
curves lie far outside of the plot range. For pT ⇠

> 450 GeV the expansions converge and
are very close to the Padé results. For pT = 400 GeV, while the expansions initially agree
with each other and the Padé close to

p
s = 800 GeV, they diverge for larger values of

p
s. We recall here that the high-energy expansion is an expansion in m

2
t
/s, m2

t
/t and

m
2
t
/u. For a fixed value of pT , increasing

p
s can lead to values of t or u which are not

large enough for convergence.

In Section 6 we will apply the Padé procedure to the virtual finite cross-section, in order
to compare our results with a state-of-the-art numerical evaluation at NLO [33].

10

(a)

(b) (c)

Figure 2: (a) LO squared amplitude and (b) ratio of expansions to the exact result.
Plot (c) is a zoomed-in version of (b). Note that for better readability in (a) no quartic
corrections are shown; the black curve in (a) refers to the exact result and the blue curve
(and associated uncertainty band) is the result obtained from Padé approximation.

harder to compute, however, so in the NLO results we will restrict the approximation to
the quadratic corrections only. The solid blue curve and associated uncertainty band
in Fig. 2(a) shows the result of a procedure to improve the expansions based on Padé
approximants, which is discussed in more detail in Section 5. Here it is based on the
expansion to quadratic order in mH and mZ , confirming that our computation of the
NLO amplitude only to this order is su�cient.

In Fig. 2 and in the following sections, we use the following parameter values:

mZ = 91.1876 GeV, mt = 172.9 GeV, mH = 125.1 GeV, GF = 1.16638⇥10�5GeV�2
.(14)

8

High-Energy Expansion

9

Davies, Mishima, Steinhauser 20

Scale hierarchy in high-energy region:

𝑚! , 𝑚" < 𝑚# ≪ 𝑠, 𝑡

1) Use Taylor series expansion in 𝑚! , 𝑚"
→ remaining integrals only depend on 𝑚# , 𝑠, 𝑡

2) Solve differential equations using ansatz

3) Boundary conditions using [see Mishima 18]
• expansion-by-regions [Beneke, Smirnov; Jantzen]
• Mellin-Barnes techniques

4) Series convergence improved using Padé approximants:

At one-loop order we obtain the minimal set of ten master integrals simply by applying
FindRules[] to the master integrals of the three one-loop families. The additional two-
loop reduction relations are applied to the FIRE reduction relations before we create the
FORM TableBase which we apply to the amplitude and to the right-hand-side of differential
equations (see Subsection 5.1).

The computation of these master integrals is described in Section 5.

5 Calculation of master integrals

For the calculation of the master integrals we use the method of differential equations [31,
32]. We solve the differential equations using an appropriate ansatz which is described
in Subsection 5.1. The boundary conditions (see Subsection 5.2) are fixed by evaluating
the master integrals in the limit mt → 0. In some cases it is sufficient to evaluate the
integrals in this limit for fixed t = s = −1.

5.1 Differential equations

We compute the master integrals in an unphysical region where two Mandelstam variables
(s and t) are negative and u is positive. In this region, the integrals which we compute are
real valued. We can analytically continue results obtained here into the physical region.

For each master integral we have three differential equations which are obtained by taking
derivatives w.r.t. m2

t , s and t. The derivatives are computed using LiteRed. Note
that only two of the three differential equations are needed to construct the result. The
third provides a consistency check. The generation of the system of differential equations
requires the extension of the FIRE reduction tables. Note, however, that the additional
integrals which are required are not difficult to reduce.

Differentiating the vector of master integrals, (MI), w.r.t. x = t,m2
t and applying the

reduction tables to the result leads to systems of equations

d

dx
(MI) = Kx · (MI) , (12)

where Kx is a square matrix.

To solve the differential equations we follow two approaches. In the first, we make an
ansatz for each master integral which is suitable to describe the solution in the limit
mt → 0. Guided by asymptotic expansion we use (see also Refs. [18, 33])

I =
∞
∑

n1=nmin
1

∞
∑

n2=nmin
2

2l+n1
∑

n3=0

c(I, n1, n2, n3, s, t) ε
n1

(

m2
t

)n2
(

log(m2
t )
)n3 , (13)
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Im

Re

Padé

• Next we apply the replacements4 m
2k

t
! m

2k

t
x
k and m

2k�1

t ! m
2k�1

t x
k for the odd

and even powers of mt. We insert the numerical value for mt and consider VN

fin
as

an expansion in x. In Ref. [9] terms up to order m16

t
were presented. Since then the

expansion has been extended to m
32

t
which implies that VN

fin
is available up to x

16.
The analytic results for the form factors can be obtained from [48].

• Next we construct Padé approximants of VN

fin
in the variable x which means that we

write Eq. (18) as a rational function of the form

V
N

fin
=

a0 + a1x+ . . .+ anx
n

1 + b1x+ . . .+ bmx
m

⌘ [n/m](x) , (19)

where ai and bi are determined by comparing the coe�cients of xk after expanding
the right-hand side of Eq. (19) in x.

As an alternative approach one can construct Padé approximations for V
N

fin
� V0,

which have a0 = 0 and di↵erent values for the remaining coe�cients. Both ap-
proaches lead to very similar final results, so in our analysis we concentrate on the
one outlined in Eq. (19).

• For N = 32, Padé approximations with n + m = 16 can be constructed. We
restrict our analysis to Padé approximants which are close to “diagonal” (where
n = m). We require |n�m| 2. Furthermore, we demand that expansions include
at least terms up to order m

30

t
. This leads to a list of five Padé approximants

Q = {[7/8], [8/7], [7/9], [8/8], [9/7]}.

• We aim for an approximation of Vfin in the two-dimensional
p
s–pT plane where for

each point a separate Padé approximant is constructed. Due to the structure of
the ansatz (Eq. (19)), the Padé approximants may develop poles in the complex x

plane. Poles close to x = 1 might lead to unphysical results. For this reason we
assign a weight to each Padé approximant, which depends on the distance of the
closest pole to x = 1, and use this information to construct for each pair (

p
s, pT ) a

central value and an estimate of the uncertainty. In detail, we proceed as follows

– For each phase-space point (
p
s, pT ) we compute for all Padé approximants in

Q (see above) the value at x = 1 and the distance of the closest pole which we
denote by ↵i and �i, respectively.

– We introduce a re-weighting function, which reduces the impact of values ↵i

from Padé approximations with poles close to x = 1. We define

!i =
�
2

iP
j
�
2

j

, (20)

and assign !i to each value ↵i.

4
log mt terms are not replaced.

8
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Combination with Expansions

10

Comparison of numerical results with high-energy expansion

• expansion around small masses up to

• agreement at 0.1% level or better for pT>200 GeV

• terms required to reach this accuracy

<latexit sha1_base64="1bO14AGBsKBbB1vl/CXc8n9nD9o="></latexit>
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We switch from the numerical calculation 
to the expansion at pT=200
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Results – Total Cross Section & Invariant Mass
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is 2.7% larger than ours; we have verified that this is due only to the di↵erent choice of

PDFs and masses (mZ , mH and mt). At NLO their result is 2% larger than ours, we

ascribe this di↵erence again to the di↵erent choice of PDFs and masses. In Ref. [33]

the scale uncertainty is assessed via a 3-point scale variation by a factor of 3; adopting

this procedure we agree with their scale uncertainty of +27%
�21% at NLO.

p
s LO [fb] NLO [fb]

13 TeV 52.42+25.5%
�19.3% 103.8(3)+16.4%

�13.9%

13.6 TeV 58.06+25.1%
�19.0% 114.7(3)+16.2%

�13.7%

14 TeV 61.96+24.9%
�18.9% 122.2(3)+16.1%

�13.6%

Table 1: Total cross sections at LO and NLO with full top-quark mass dependence,

evaluated at the scale µR = µF = mZH . The upper and lower values resulting from a

7-point scale variation are also shown.

Di↵erential results for the invariant mass mZH = (pZ +pH)2 of the Z-Higgs system

are shown in Fig. 5 for the central scale choices mZH and HT , with

HT =
X

i=H,Z

q
m

2
i
+ p

2
T,i

+
X

k

|pT,k|, (3.1)

where the sum runs over all final state massless partons k. For the fully-inclusive case

(left), the K-factor is relatively flat with a value of about two, except at very low in-

variant masses where threshold corrections are significant. The kink in the distribution

at mZH ' 350 GeV is related to the tt̄-production threshold. Only a small reduction

of the scale uncertainty is observed going from LO to NLO. Note that the quark-gluon

channel for this process first opens up at the NLO level. The cuts pT,H � 140 GeV,

pT,Z � 150 GeV (Fig. 5 (right)) somewhat decrease the K-factor.

The Z-boson transverse momentum distributions at LO and NLO are shown in

Fig. 6. In the left plot we observe a K-factor which rises with increasing pT,Z , reaching

a value of almost 5 at pT,Z = 1 TeV, it is only slightly tamed by the cuts on pT,H and

pT,Z (right plot).

Fig. 7 shows the Higgs-boson transverse momentum distributions with and without

pT cuts. In the inclusive case (left) an extreme rise of the K-factor with increasing pT,H ,

up to values of about 20 towards pT,H = 1 TeV, is observed. The cuts pT,H � 140 GeV,

pT,Z � 150 GeV decrease this K-factor by a factor of about 3 at large pT,H values.

The cuts have such a large e↵ect on the K-factor of this distribution as they remove

configurations with a hard jet recoiling against a relatively hard Higgs while the Z boson

is soft, this configuration dominates the tail of the distribution but is not present at

– 9 –

Figure 3: Representative Feynman diagrams for the real correction amplitudes ggZHg

and qq̄ZHg, with nf = 5 massless quarks and a massive top quark running in the

closed fermion loops. We calculate in the Feynman gauge and so also include the set

of diagrams in which the Z-boson propagators are replaced by Goldstone bosons.

Figure 4: Representative Feynman diagrams for the class of real corrections excluded

in this work; we exclude diagrams in which the Z boson couples to the external quark

line.

2.2 Computation of the real radiation contributions

The real radiation matrix elements are calculated using the one-loop amplitude gen-

erator GoSam [54, 55] together with an in-house C++ code, similar to the one used

in Refs. [53, 56], where the IR singularities are subtracted in the Catani-Seymour

scheme [52], supplemented by a dipole phase-space cut parameter ↵cut [57]. We have

checked that our implementation of the dipoles reproduces the matrix element in the

soft and collinear limits and that our results are independent of ↵cut for 0.2  ↵cut  1.

To check the numerical precision of our real matrix elements we use several rotation

tests (i.e., we perform azimuthal rotations about the beam axis and recompute the

phase-space point). We first compute the matrix element at a given phase-space point

and a rotated phase-space point in double precision. If the results do not agree to

10 digits, we compute the phase-space point in quadruple precision and check if it

– 7 –

can bet attributed to
gg → ZH  or  DY

has been studied as 
part of NNLO 𝑞"𝑞 → ZH production
see e.g. Brein, Harlander, Wiesemann, Zirke 12
included in independent
calculation of gg → ZH production
(formally N3LO of DY type)
Degrassi, Gröber, Vitti, Zhao 22

• NLO/LO ≈ 2
• NLO scale uncertainty: ±15%
• K-factor relatively flat for 𝑚!" > 400GeV

larger effects at top-pair threshold and below

ZH production in gluon fusion, Matthias Kerner10.11.22
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Results – pT distributions

12

large corrections at high pT

caused by new kinematic region in real radiation:

already observed in ZHj@LO
Hespel, Maltoni, Vryonidou 15; Les Houches 19
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difference of eikonal factors:

soft Z emission:

soft H emission:
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Mass Scheme Dependence

13

The results presented so far use OS renormalization of mt,
we can change to MS renormalization 
(using the high-energy expansion where mt is not fixed in reduction)

25

Mass Scheme Uncertainty

Can assess impact of changing top quark mass renormalisation scheme 
for  using full B + full R + expanded virtualspT,H ≥ 140 GeV & pT,Z ≥ 150 GeV

Convert  using 4-loops, then use RGE at 5-loops with   
Gives      

Go from OS to  mass counter term using: 

  

Study 3 different renormalisation scales: 

 

mt → mt(mt) nf = 6
mt = 173.21 GeV → mt(mt) = 163.39 GeV

MS

mt → mt(μt) 1 + αs(μR)
4π

CF 4 + 3 log [ μ2
t

mt(μt)2 ]
μt = mZH,

μt = HT = ∑
i=H,Z

m2
i + p2

T,i + ∑
k

|pT,k |

μt = mt(mt)

The MS result is significantly smaller than OS result:

LO: ~ factor 2.9
NLO: ~ factor 1.9
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LO   NLO

at 𝑚!" = 1 TeV
If taken as uncertainty, it is much 

larger than scale dependence

ZH production in gluon fusion, Matthias Kerner10.11.22



Mass Scheme Dependence

14

Leading HE contributions in gg → HH and gg → ZH production

the HH case where the two schemes had a similar shape but a di↵erent normalisation.

For the pT,Z distribution the pattern of K-factors for the di↵erent schemes is broadly

the same as for the invariant mass distribution, but in all cases the K-factors rise with

pT,Z reaching up to K = 5 for dynamic µt choices at pT,Z = 1 TeV.

Comparing the results obtained here for gg ! ZH to other loop-induced processes,

such as o↵-shell Higgs production, Higgs pair production and Higgs plus jet production,

we note that the ZH process has a larger mass scheme dependence at LO. For o↵-shell

Higgs production and Higgs pair production going from LO to NLO approximately

halves the uncertainty due to the mass scheme choice; in the ZH case we also observe

a reduction in the uncertainty, but by less than a factor of 2.

In the HH case, in the high-energy limit, the triangle contribution is suppressed

by a factor of 1/s w.r.t. the box form factors. Here, the leading high-energy behaviour

of the box form factors has the form [63, 70]

A
(0)
i

⇠ m
2
t
fi(s, t)

A
(1)
i

⇠ 6CF A
(0)
i

log


m

2
t

s

�
, (3.3)

where the log[m2
t
] term in A

(1)
i

is due to the renormalisation of mt, and the overall power

of m
2
t

comes from the Yukawa couplings. Converting to the MS scheme using Eq. (3.2)

results in a logarithm of the form log[µ2
t
/s]. In Ref. [63] it was argued that choosing

µ
2
t

⇠ s minimizes these logarithms and is thus the preferred central scale choice of the

Yukawa couplings. However, in the present ZH case, the structure is di↵erent. Firstly,

the triangle contribution is not suppressed w.r.t. the box form factors, and secondly

logarithms involving mt appear in the box form factors already at leading order. Unlike

in the HH case, where the overall power of m
2
t

in Eq. (3.3) comes entirely from the

top Yukawa couplings, in gg ! ZH one of the overall mt factors must come from the

top-quark propagators, hence the leading term in the small-mass expansion is already

power-suppressed by one power of mt. Similar, power-suppressed, mass logarithms

have been studied in the context of single Higgs production, see for example Ref. [71]

and references therein. The leading helicity amplitudes for ZH in the high-energy limit

have the form

A
(0)
i

⇠ m
2
t
fi(s, t) log2


m

2
t

s

�
,

A
(1)
i

⇠
(CA � CF )

6
A

(0)
i

log2


m

2
t

s

�
, (3.4)

Converting to MS generates terms of the form CF A
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HH ZH

the HH case where the two schemes had a similar shape but a di↵erent normalisation.

For the pT,Z distribution the pattern of K-factors for the di↵erent schemes is broadly

the same as for the invariant mass distribution, but in all cases the K-factors rise with

pT,Z reaching up to K = 5 for dynamic µt choices at pT,Z = 1 TeV.

Comparing the results obtained here for gg ! ZH to other loop-induced processes,

such as o↵-shell Higgs production, Higgs pair production and Higgs plus jet production,

we note that the ZH process has a larger mass scheme dependence at LO. For o↵-shell

Higgs production and Higgs pair production going from LO to NLO approximately

halves the uncertainty due to the mass scheme choice; in the ZH case we also observe

a reduction in the uncertainty, but by less than a factor of 2.

In the HH case, in the high-energy limit, the triangle contribution is suppressed

by a factor of 1/s w.r.t. the box form factors. Here, the leading high-energy behaviour

of the box form factors has the form [63, 70]
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where the log[m2
t
] term in A

(1)
i

is due to the renormalisation of mt, and the overall power

of m
2
t

comes from the Yukawa couplings. Converting to the MS scheme using Eq. (3.2)

results in a logarithm of the form log[µ2
t
/s]. In Ref. [63] it was argued that choosing

µ
2
t

⇠ s minimizes these logarithms and is thus the preferred central scale choice of the

Yukawa couplings. However, in the present ZH case, the structure is di↵erent. Firstly,

the triangle contribution is not suppressed w.r.t. the box form factors, and secondly

logarithms involving mt appear in the box form factors already at leading order. Unlike

in the HH case, where the overall power of m
2
t

in Eq. (3.3) comes entirely from the

top Yukawa couplings, in gg ! ZH one of the overall mt factors must come from the

top-quark propagators, hence the leading term in the small-mass expansion is already

power-suppressed by one power of mt. Similar, power-suppressed, mass logarithms

have been studied in the context of single Higgs production, see for example Ref. [71]

and references therein. The leading helicity amplitudes for ZH in the high-energy limit

have the form
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LO: one 𝑚# from 𝑦#
NLO: leading log(𝑚#

$) not coming
from mass c.t.

LO: 𝑚#
$ from 𝑦#$

NLO: leading log(𝑚#
$) from mass c.t.

converting to 𝑀𝑆 gives log(𝜇#$/𝑠)
motivating scale choice of 𝜇#$ = 𝑠

27

Mass Scheme Uncertainty

Comparing to , we see a different high-energy behaviourgg → HH

    with  Afin
i = asA(0),fin

i + a2
s A(1),fin

i + "(a3
s ) as = αs /4π

A(0)
i ∼ m2

t fi(s, t)

A(1)
i ∼ 6CF A(0)

i log [ m2
t

s ]
A(0)

i ∼ m2
t fi(s, t) log2 [ m2

t

s ]
A(1)

i ∼ (CA − CF)
6 A(0)

i log2 [ m2
t

s ]

HH ZH Davies, Mishima, Steinhauser 20

Would be interesting to further understand these structures, similar power-
suppressed mass logarithms were studied in single H

Davies, Mishima, Steinhauser, Wellmann 18; 
Baglio, Campanario, Glaus, Mühlleitner, Ronca, Spira, 
Streicher 20

LO:  from  
NLO: leading  from mass c.t. 
converting to  gives  
motivating scale choice of 

m2
t y2

t
log(m2

t )
MS log [μ2

t /s]
μ2

t ∼ s

Liu, Modi, Penin 22

LO: one  from  
NLO: leading  not 
coming from mass c.t. ( )

mt yt
log(m2

t )
CA

→ The leading contributions seem to have different origins for the 2 processes

It would be interesting to understand these logarithms in more detail.
(for some recent progress for off-shell H production, see Liu, Modi, Penin 21; Mazzitelli 22)
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Conclusion

NLO corrections to ZH production in gluon-fusion

Virtual corrections obtained from combination of 2 calculations 
• numeric evaluation using pySecDec
• high-energy expansion

Phenomenological results
• K-factor ≈ 2
• large corrections at high-pT due to new kin. configurations
• large dependence on top-mass renormalization scheme

15

Thank you for your attention!
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Size of this effect reduced 
with additional pT cuts,

but K-factor sill large, ~ 5


