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31. Introduction: Why Optimal Transport & What is OT?

Optimal Transport is a well-developed mathematical theory 
defining a family of metrics between two distributions. 

Goal: Want a way to quantify the distance 
between collider events/jets.
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1. Introduction: Why OT as the Metric? 4

Consider two particles with unit energy.

OT preserves the underlying geometry!
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51. Introduction: EMD & Its Generalization

EMD Definition for Jets: 

Conditions:

fij: the amount of energy moved 
from particle i to particle j.  

E: Event E with total energy E
E’: Event E’ with total energy E’

E = E’

Ei: Energy of particle i in event E
E’j: Energy of particle j in event E’

Standard EMD

thetaij: ground 
distance 
between 
particles i and j
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61. Introduction: EMD & Its Generalization

EMD Definition for Jets: 

Conditions:

fij: the amount of energy moved 
from particle i to particle j.  

E: Event E with total energy E
E’: Event E’ with total energy E’

E = E’

Ei: Energy of particle i in event E
E’j: Energy of particle j in event E’

Standard EMD

thetaij: ground 
distance 
between 
particles i and j

One Possible 
Generalization 
when E ≠ E’

Same as Standard EMD
Extra piece to 
account for the 
unequal total energy

Different conditions for the unbalanced caseP. Komiske, E. Metodiev, J. Thaler 
[1902.02346]
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Credit: L. Chizat, G. Peyré, B. Schmitzer, F-X. Vialard 
on G. Peyré’s Github.

Balanced OT: Mass can only be transported, not created or destroyed.
=> Total mass has to be equal.

Unbalanced OT: Mass can be transported, created and destroyed.
=> Total mass can be unequal.

2. Theory of Optimal Transport

https://github.com/gpeyre/2017-MCOM-unbalanced-ot


Department of Physics

82. Theory of OT: Balanced & Unbalanced

p-Wasserstein Distance
p=1: EMD
p=2: Monge-Kantorovich Distance 
(W2); has a (weak) Riemannian 
structure, thus can be linearized.
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92. Theory of OT: Balanced & Unbalanced

p-Wasserstein Distance
p=1: EMD
p=2: Monge-Kantorovich Distance 
(W2); has a (weak) Riemannian 
structure, thus can be linearized.

Hellinger-Kantorovich (HK) Distance:
The unbalanced generalization for W2 distance; also enjoys a Riemannian structure.  

ζ=0: No source => W2 Distance
ζ≠0: With source => HK Distance Intrinsic length scale 𝛋>0 

controls the relative 
importance of the 
transport part of the cost 
and the 
creation/destruction part.  

∞
��

0

Hellinger distance (~Euclidean)
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Unbalanced HK on 
unnormalized 
measures can be 
obtained from HK from 
normalized measures. 

Local mass 
discrepancies more 
important than the 
differences in the total 
mass of the measures.

In analysis, first normalize all 
samples before computing HK, 
then recover the total mass 
difference via Eq 3.14. 

HK Distance: Unnormalized vs. Normalized Measures 

Three Approaches to use OT:
1. Normalize, then balanced W2
2. Normalize, then unbalanced HK
3. Unbalanced HK directly

T. Cai, J. Cheng, B. Schmitzer, M. Thorpe  
[2102.08807]
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A dataset with N jets
TOT: Time to compute one pair of 
OT distance (~ 0.1 secs)
T2: Time to compute one pair of 
Euclidean distance (~ 10-3 secs)

OT for the whole dataset takes time 
~ N(N-1)/2 * TOT.
=> Too long for large datasets!

Introduce a linear version that only 
takes time ~ N* TOT + N(N-1)/2 * T2.

Compute the OT distance 
between 100k events takes 

~16 years on a desktop.

Linearized Optimal Transport!

2. Theory of OT: Practical Limitation of Exact OT
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● Project onto 2-Wasserstein tangent plane at a 
chosen reference event. 

● Compute the Euclidean distance between the 
projections.

● Refer to papers for the linearization of HK 
distances. 

Source: Fig 1, S. Kolouri et al. / Pattern 
Recognition 51 (2016) 453–462

2. Theory of OT: Linearized Optimal Transport
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Optimal transports between the 15*15 uniform reference measure (blue) and a typical 
QCD jet (green), or a W jet (red), using W2 and HK with 𝛋 = 100, 10, 1, 0.1. 

The total OT distances between the jets are similar for 𝛋  = +∞, 100, 10, the transport 
regime.

3. LOT for Jet Tagging: OT Plots
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143. LOT for Jet Tagging: W v.s. QCD task using Linearized 
W2 and HK distances with various 𝛋
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153. Pileup Effect: Is OT relatively insensitive to Pileup?

LOT-W2 and LOT-HK on 10k WQCD jets with different PUs (Poisson 
distributions with mean NPU =  20, 80, 140) compared with 𝜏21 on 
pruned jets in the same dataset. 
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- Optimal transport provides a natural metric on the space of collider 
events with ideal properties.

- Useful for geometrization of LHC data, event classification, unifying 
description of collider observables...

- … and now computable on your laptop using Linearized Optimal 
Transport.

4. Summary

……
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Thank you!
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Tianji Cai
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Balanced OT

p-Wasserstein Distance
p=1: EMD
p=2: Monge-Kantorovich 
Distance (W2); has a (weak) 
Riemannian structure, thus 
can be linearized.

Kantorovich formulation (static):

No source/sink
Charge conservation

⍴: charge density
ω: current density

Benamou-Brenier formulation (dynamic):
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Unbalanced OT

Hellinger-Kantorovich (HK) Distance:
The unbalanced generalization for W2 distance; also enjoys a (weak) 
Riemannian structure, thus can be linearized.  

Benamou-Brenier-type formulation (dynamic):

With source

Additional term:

Additional term:
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21Linearized Optimal Transport for W2

Difference between LOT-W2 
and W2 distances for 500 W 
and QCD jets.



Department of Physics

LOT for W2: Computation 22

Fig 5, Wei Wang et al. / Int J Comput Vis (2013) 101:254–269

Ref Jet:

Jet 1:

Jet 2:

Compute Barycenters:

Compute OT plans f and g with 
respect to the ref jet where the 
ground metric is the Euclidean 
distance squared in the y-phi plane.

LOT distance between Jet 1 and 2:

Linear Coord for Jets:

Where a’s are the barycenters of the jet.

Our Default Uniform Ref Jet:
225 (15*15) constituent particles 
Jet pt = 525 GeV
|y| <= 1.7 
|phi| <= pi/2

Normalize jet pT to 1.
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Jet Tagging: Procedure 23

❖ Goal:
➢ Study the performance of LOT-W2 distance 

paired with various ML models on a number 
of different jet tagging tasks. 

➢ Study the effect of the length scale 𝛋 in 
[0.01, 100] of LOT-HK distances on the 
tagging task of W and QCD discrimination.
  

❖ Tagging Tasks:
➢ W v.s. QCD jets (primary)
➢ t v.s. QCD, t v.s. W
➢ Higgs v.s. QCD, Higgs v.s. W

➢ BSM v.s. QCD, BSM v.s. W

❖ Data Generation:
➢ MadGraph 2.6.7: pp collisions at √s = 14 TeV
➢ Pythia 8.243: Hadronization, multiparton 

interactions on with default tuning and 
showering parameters. No detector 
simulation.

➢ FastJet 3.3.2: anti-kt (R=1.0). Up to three jets 
with pT in 500-550 GeV and |y|<1.7 are 
kept.

❖ Jet Preprocessing:
➢ Centering the jet axis
➢ Rotation: vertically align the 

principal component of the 
constituent pT in the y-phi plane.

❖ LOT Computation: with a uniform ref 
jet of 15*15 particles

❖ ML Models:
➢ LDA: Supervised Classification & 

Visualization
➢ kNN: Supervised Classification 

■ k in [10, 1000], increment 10
➢ SVM: Supervised Classification

■ C, γ in [10-5, 105], increment 
10

Full datasets: 140k jets in total 
for each task (balanced).
Sample datasets: 10k jets for 
each task (balanced). Used to 
pick hyper-parameters of ML 
models for LOT-W2, but as the 
full datasets for LOT-HK.
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140k jets 
whose pT is in 
500-550 GeV, 
using 15*15 
uniform 
reference

Comparison 
with other 
methods

OT for Jet 
Tagging: 
ML with LOT-W2for 7 tasks
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Model TPR FPR Approx. Run Time

kNN 0.803 0.112 4 hours

SVM 0.845 0.108 6 hours

LDA 0.716 0.308 seconds

On Full Dataset (140k jets):

Model AUC Best Hyper-param

kNN 0.819 k=20

SVM 0.841 C=1, gamma=100

LDA 0.690 N/A

On Sample Dataset (10k jets):

Jet Tagging: ML with LOT-W2 for W v.s. QCD

Jet Tagging: LDA Visualization with LOT-W2 for t v.s. W

10k jets
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26Jet Tagging: ML with LOT-HK of various 𝛋 for W v.s. QCD

Results for the WQCD1 (10k jets)dataset 
using the uniform reference jet 

Results for three WQCD datasets using 
the uniform or the QCD-average 

reference jet 

[10, 200]


