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A new quantum number-Hypercharge

Usually the multiplets of an isospin group di�er by their
electric charges from Qmax to Qmin.

Some isospin states like ∆++,∆+,∆0,∆− are not spaced
symmetrically about the Q = 0 axis. This usually happens
when Qmax + Qmin 6= 0.

One can de�ne the center of charge of any multiplet in terms
of hypercharge Y de�ned as
Y
2

= Qmax+Qmin

2
.

Charge of any member of the multiplet can be now de�ned in
terms of the center of charge
Q = I3 + Y

2
[Gell-Mann & Nishijima].

The hypercharge can be written in terms of baryon number B ,
strangeness S as
Y = S + B + ..
All of them are conserved in strong interactions!
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Enlarging the symmetry group to SU(3)

The charge of any hadron cannot be determined by isospin
alone. Hence we need two quantum numbers to denote the
states |I3,Y >.

Hence we need a symmetry group which has two commuting
generators → SU(3).

The SU(3) group has 8 generators Fi , i = 1, .., 8 which satisfy
[Fi ,Fj ] = fijkFk .

Assignment: Construct these generators by using the Pauli
matrices and also considering the fact that SU(2) is a
subgroup of SU(3)

One can show that there are 2 generators of SU(3) which are
diagonal and commute with each other

I3 = F3 =
1

2

1 0 0
0 −1 0
0 0 0

 , Y =
F8√
3

=
1

3

1 0 0
0 1 0
0 0 −2

 .
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SU(2) subgroups

Once can show that there are three di�erent SU(2)
sub-algebra for SU(3) Lie algebra. One can construct

I± = F1 ± iF2 , U± = F6 ± iF7 , V± = F4 ± iF5

These I ,V ,U form three SU(2) sub algebra

[I+, I−] = 2I3 , [U+,U−] = 2U3 , [V+,V−] = 2V3 .

Assignment: Show that 2U3 = 3

2
Y − I3 and 2V3 = 3

2
Y + I3

These also satisfy the important algebra with respect to the
commuting generators, for e.g.,

[Y ,V±] = ±V± , [I3,V±] = ±1

2
V± , [Y , I±] = 0 .
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Visualizing U,V , I multiplets

One can construct a SU(3) multiplet in terms of I -spin and also
U,V -spin multiplets.

The U3 = 0, V3 = 0 and the I3 = 0 axes are at angles 1200 to each
other.

Due to equivalence of these 3 sub-algebras the SU(3) multiplets in
the I3 − Y plane have to be regular hexagons or triangles.
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Lowest irreducible representation of SU(3)

The smallest representation must contain a U,V , I -spin doublet.
The smallest isospin representation is for I = 1

2
.

If the three states are denoted by ψ1,2,3 they should satisfy

I3ψ1,2 = ±ψ1,2 , I3ψ3 = 0 , U3ψ1 = 0

Using the fact that 2U3 = 3

2
Y − I3, one can show that Yψ1 = 1

3
ψ1.
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Lowest irreducible representation of SU(3)

One can also calculate the electric charge of these states using
Gell-Mann and Nishijima formula Q = I3 + Y

2
.

Qψ1 =
2

3
ψ1 , Qψ2 = −1

3
ψ2 , Qψ3 = −1

3
ψ3 .

Since these states carry fractional charges Gell-Mann named then
quarks and Zweig called them aces. There is also another distinct
3̄-representation for the anti-quarks.
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Constructing mesons out of the fundamental representations

Due to advent of cyclotron a large number of baryons and mesons
were discovered → particle zoo!. Is there a way to classify them
according to their symmetries.

For mesons it was observed that particles and anti-particles are
members of same SU(3) multiplet and carry same spin. Hence
unlike baryons it has B = 0 and consists of quark, anti-quark. These
can be constructed using [3]⊗ [3̄] = [8]⊕ [1].
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Success of Gell-Mann's quark model

Baryons carry half-integral spin so can be constructed out of three
quarks. You can show that [3]⊗ [3]⊗ [3] = [10]⊕ [8]⊕ [8]⊕ [1].

The Ω−(sss) was predicted and later con�rmed experimentally →
one of the most successful predictions of quark model! It was
predicted that one needs color quantum number to explain existence
of such a state [Oscar Greenberg].
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Predictions from quark model

Since [Q,U3] = 0, the U-spin states carry same charge.
Furthermore only states with multiplicity one could be eigenstate of

U-spin. Hence for I3 = 0 one has χ = 1

2
Σ0 +

√
3

2
Λ as its eigenstate.
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Predictions from quark model

Mass di�erence along U3 = 0 is O(100) MeV! However since charge
is same for U-spin states the electromagnetic corrections to the
mass are the same which leads to Coleman-Glashow relation,

Mn −MP + MΞ− −MΞ0 = MΣ− −MΣ+ .
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Predictions from quark model

If there were only strong interactions and u, d , s quark masses were
degenerate then states in these multiplets should be degenerate.
Since the amount of isospin breaking is small one can account for
the mass di�erences using the mass formula of Gell-Mann and
Okubo

M = a+ bY + c[I (I + 1)− Y 2

4
] ⇒ Mn +MΞ0 ' 3

2
MΛ0 +

1

2
MΣ0 .
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