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Outline

. Tutro to Amplituhedron, max winding wumber

, arbitrary winding wumber
=product of amplitudes

. Sauared amplituhedron: non unit max residues

. Reason? Iuterval boundaries

. weighted positive geometries and deepest cut, problem and
solutiow




The amplituhedron

Toy model: polygouns in ?2) s "

‘ ¥ to the right
L Y 0 PV]OM@OV] of line (i i+1)
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Natural Gevneralization

(physics
A Nk A WM=4)

k
5 &r (k/ L —\—ij K-planes i

M ec i Bis GRS

S Pz S ?w k-1 lines  n
< N4> DM ) )H>>0
1=1..1

<M > has
One siogn flip

(m=4)

‘—’—> M1 221> has ksign flips (max possible)

Polygons v Pl /AM)\ 2 amplituhedron
- J



L-Loop amplituhedron = the amplituhedron
together with L lives L, =1, L. € Gr (2, M)

Mt

i

Sl ) D
Ll
loop flipping number,




Amplituhedron, Amplituhedron-like geometries

Awmplituhedron:

'<lz3+1jj+1>>0 1<i<j—1<n-2
(Yii+-11ln) (-=1)F >0 1<i<n-—1
{(Y'123:) } has k sign flips as i = 4,..,n

for Z € Gr-(k+4,n).

Ay = {1 e Grk, k+4)

Amplituhedron-like:

(}H+1)J—l—1)>0 I1<i<j—1<n-—2
ti+11n) (—1 O\/<i<n-—1

A =Y € Grk,k+4)| (Y
{(Y123i)}

O<S<k

We ouly consider

/Z:/\~l(_

Loop versions also [k«



Amplituhedron -> amplitudes

Amplituhedron-like -> products of amplitudes

Wain claim:

e | oop Version tool



K1+k2 plane

. sekof ordee]

RURA M e/eﬁw’-\lf in I




?VOO]CS (are hard!)
(amplituhedron-like -> products of amplitudes)

of amplituhedrou-like (avalogue of original
amplituhedron definition via a positive C wmatrix =C.Z but now C splits into +wo
pieces )

. Partial proof of equivalence of definitions (prove defint contains defu2,
assuming eduivalevce of amplituhedron definitions)

. Prove give a tessellation of
amplituhedron-like geometries (defu2 )

. Tree level only. Similar proof should work for loops. Not dove in
general but nteresting special cases.




‘sduared amplituhedron”

e Simpler object (to describe);

e physical negualities

e o flipping constraint

o ic union over all flipping constraints

17 ¢ . 3 | n . 77 e 7 o+ —
Squared amplituhedron: Hopn—a] = Jifnn 4 /"i‘n —

Yii+1jj+1) >0 1<i<j—1<n-—2
+ (} u+11n> >0 1<i<n-—1
Y, (AB)1, .., (AB); | (Y (. zz—i—l) >0 Vj Vi=1,.,n—1
:I:( B);jln) > O vV
VAB) A ~0 Ni;
for Z € Gr-(k+4,n)




MNP~ SR o a3 ., el " e~ L S ) O ST CACE B S il €= R o W SRl e D il N e oL . -

gsalmmal amplituhedron = union of amplituhedron-like

24

squared
amplituhedrou

Sauared amplituhedron -> Sqauare of amplitude!




Correlanedron

Geometry \/(,Q,[MA/‘M/W) (V)(,’XJ')?O = ané

correlahedron — 92 ——— correlator

\ il

freeze/project [freeze/project .-

/1 /1)

squared amplituhedron cylindrical decomp ) amplitudé .

e Correlanedrovn gives — half BPS siwgle trace correlators
o  correlators = new observationll Conseduence from
o previously thought just stress-—tensor multiplet




Problewm:

C (amplitude from
amplituhedron) means max residues = 0, +/-1

e the maximal residues of the squared amplituhedrou
are not ouly +/- 1

Qﬁ' (At)é,z. :Z’AM,L I Aéﬂ A
G

max residues = 0, +/-2, +/-4




evew worsel

has max residues different from +/-1 Il

(A1 By A1) (41 By By) (A Bad” A >< 2 Bac 2JB’-2><1234>3

MHV(2) = x

1 1
YIRS I C IV -V AB AsBs .
g [<4413134><Aszl2> " (4413123)(4433214)] t oAb & Aaby

e Parametrise 4x4 Z = (Z1Z5757,4) as identity and the loops as

}1 i o 1 a i 0 — bz
B;)] \0 ¢ 1 d;) -

Then (omitting the differential)

Cl.‘)dl -+ (lldz -+ b)C'l -+ blcg

A ( ) GlfbgblbgchTledZ ((al — Q: ) (dl o d)) (bl B bz) (Cl o CQ-))




Now we take the residues in by = 0,¢1 = 0,090 = 0,¢c5 =0

complicated pole factorises revealing new pole

a2d1 + Cl1d2
ajazdyds (al — CI»2) (dl — dz) |

Now take the residue in a1 at a1 = a9

B (d1 —+ dg)
asdyds (dy — da)

Now take residue in d; at di = do,
max res=2.

2)

a2d2 ’




c « Loop amplituhedrov # positive geometryll??

Examive the above residues geometrically

Start with amplituhedron. Carefully take boundaries
corresponding to each of the above residues:

asdy + a1ds

O\( ) 7 L/&/// &/L 2203 (0(( > ﬂ{)(ﬂp‘ ~//L,)<O arasdids (a1 — asz) (dy — ds)
|

Ry :={ay,as.dy,dy | ay > ay > 0Ady > dy > 0}
Ry :={ay,as,dy.dy | ag > ay > 0Ady > dy > 0}

LR same orientation




&KL‘&/( -0 boundary,
N

A -Q
i
"internal boundary) separativg two regions of orientation

Previously unnoticed feature:

The (loop) amplituhedron contains internal boundariest




Propose geveralized canonical form with recursive def:

lim fQ = df N (Wext + 2Wint)
f—0 |

/ \
| cononical form of
canonical form of

wtervnal
standard (external) boundary regjiov
bonndary reaiov




2dx dy

-+ bt+rac
rylr+y—1) yle+y+1)(z—y—1) Gust sulbtract

+he +wo

triangle
Tuterval V]@ 5)

boundary

) 1
lim y Q) = dx (

y—0 - T

e Agrees with the formula External Tuterval
boundary boundary




Sugaested further aeneralisation:

(WP&G) assigw constant

welght for every region

e Define aeometry by a piecewise constant Z-valued weight fumction w (and
orientation form O )
(w,0) ~ (sign(\)w, A\O') N#0

Additive structure
(w1, 01) & (wa, Oz) = (wy + sign(A)ws, Oy)




Residue of canonical form is canonical form of
the projection:

RescQ(w, O) = Qe (w, O))




Anything that tesselates n WPGs is a WPGH

 not true for positive geometries

=)




Deepest cuts

o All loop proposal for a wmultiple (2.L-3)-dim residue of loop amplitudes

o (eometrical configuration: All loop lives intersect v a common point

A=A

L;=(A15i)

o Cavonical form of this configuration can be written down at arbitrary loop order




Bt

o multiple residues to reach this configuration don't give this result!

e Tustead one obtains two regions with opposite orientation separated by
an interval bonndary

o Tf this boundary were absent we would get the deepest cut result




At higher loops the deepest cut is also not unigue

e NB, in general multiple residues depend on the order you take single residues
e Analogons statement +true for boundaries - overlooked feature?

| (Boundary component of)"k geormetry

£
!
i
!
i

Codimension k boundary componenrt of geometry

Codimension 2 boundary = [(A,C]
Boundary of sloping roof boundary = [B,C]
Boundary of flat roof boundary = [APB]




Nevertheless

o Ove can avwalyse the boundary of boundary ... Corresponding o
multiple residues +o very high loop order

e No explicit all loop formula but very quick algoritihm!
e Obtaiv huge amounts of info about the amplitude

e Determine higher 4-point amplitude/correlator to even higher loop
order?

o Construct the relevant f-graphs (rather thaw using a basis)




All loop order restored

All loops restored: All in one point AND all n one plave configuration’

CLATW: ANY way you reach configuration gives the same answer (up o
a vumerical factor = number of iuterval boundaries crossed)




All loop Canonical form:

(1234)(Ad®A) o (APAP)(APAP)(AW; Wi 3)
A234)(A341)(A412) T T APW,  WAPW, ) (APW; 5)

. <4“ | 'i.p+lB(lB> <4“ | .1'.[1+l " 'p‘ | 'i./)+2>
(AW, p+1BW; ) (AW 541 BW; 512)




Conclnsions
e Amplituhedron-like=products of amplitudes (max wilp)

e Sum of amplituhedron-like = squared amplituhedron =
imi+ of correlahnedrow

o Squnared amplitude contains non unit max residues
® So does loop amplitude, not a positive geometry!

o Tnternal boundaries (weighted positive aeometries)

e Deepest cut investigated and fixed




Tuture:

e Non max vilpoteut amplituhedron-like

e Correlanedron
e Ise deepest cut to determine amplitude [ correlator

o Applications of weighted positive geometry - cosimological
polytope?
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Stress tensor correlators in N=4 SYW

stress tensor multiplet: (analytic superspace)

Gjk = <Qu%/07- L\ﬂk\é?f o< Fs n-te

New: All half BPS correlators @@mcmmd from thesel

All half BPs correlators described by correlanedron!

compare with amplitudes in momentum superspace

/A\V\’ 2 5= kf”-lﬁ

)




Loop level = +ree level

Gt , [2€ C”“L) ket

J

it

Ovly two parameter-family /()m, k

versus 3 parameter family M/




Correlator [amplitude duality

Liglht-like limit of correlators = Wilsow loop (adjoint rep)
Wilson loop (fundamental) = amplitude

: - S : 2
Light-like limit of correlators = (amplitude)

2, parameters 3, parameters

L

Gyt (N S Auibop

* S0 ovie tree correlator contains wmang combinations of amplitudes
o by taking different light-like limits.




(4-pt) correlator

i Q V\) pjn# : C“H o i 1 parameter family.
hrw( m//m‘p‘\ﬁ =3 Lg-/o}v\" (=n-y [ao/.

h-L
(CJ, l"wv)

o Superspace dependence Factorises (like WHV)

e Hiddew Su (mixes loops and points)
o Known explicitly o u=14 (4-pnt ten loops)
o All amplitudes can be extracted even from this simplest correlator?
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Loops tooll

(ni! =!Y, ( A B) 1y s ( A B) !

’ -:+1\ >0,

Y (AB), ( 4B)j> >0

(f3l')

'”nn 4,1 -

7C ‘n,n— 4!

) > 0,
1)A+1

Y, Vi=1,
0 Vy

has k+2 flips as 7 = 2, ..
>0 Vi # 7

,n—1

,n, Vg

for Z € Gr-(k +4,n)

Vi, Vi=1,.,n-1
f: >0 Vj
has f; flips as i = 2,

Vi # j

,n, Vg

for Z € Gro(k +4,n)
flippiug # £ for each loop.

ntegrand, symmetrise over
nteqration variables.




Loop-level claim:

! -1

(fif 42, /42, 0 f) : :
Hy oot = Ay sy (ABy, -+ JABp) % Ay p—ag—v(ABpyq, -, AB))

n,n—4,l

or equivalently, wmore compactlyl

(individual terms i
squared amplitude)




Canonical form

o Amplitude=canonical Form of amplituhedrow.

o Cavonical %rffvﬁ s Volume form with log ali\/@r@@mc@s
OV &\VV\P[i‘l'(A\/]@dI”OV] lﬁO(/W]OMI’i@S (and vo diveraewces elsewhere)

o Canovical Form defined recursively Via it's
residues,

boundary on £=0

i R@gﬂ g lim fQ = df A W]
Residue at =0 g /I~




