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Based on

• Earlier work with Asger Ipsen and Leo Zippelius, arXiv:1812.08794.

• Earlier work with with Changrim Ahn, arXiv:2010.14515.

• Main work with Changrim Ahn and Luke Corcoran, arXiv:2112.04506.

• Upcoming work with Changrim Ahn (this week).
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Luke Corcoran’s scientific work at SAGEX

• L. Corcoran and M. Staudacher, The dual conformal box inte-

gral in Minkowski space, Nucl. Phys. B 964 (2021), 115310,
arXiv:2006.11292.

• L. Corcoran, F. Loebbert, J. Miczajka and M. Staudacher, Minkowski

Box from Yangian Bootstrap, JHEP 04 (2021), 160, 2012.07852.

• C. Ahn, L. Corcoran and M. Staudacher, Combinatorial solution of

the eclectic spin chain, JHEP 03 (2022), 028, arXiv:2112.04506.

• L. Corcoran, F. Loebbert and J. Miczajka, Yangian Ward iden-

tities for fishnet four-point integrals, JHEP 04 (2022), 131,
arXiv:2112.06928.
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Motivations

• There has been some recent interest in strongly twisted planar N=4
Super Yang-Mills Theory. This is a non-unitary yet still conformal and
integrable quantum field theory. It was proposed that the model is
simpler than the undeformed theory, and that its integrability can be
more easily understood.

• We looked into this in the simplest possible setting: The one-loop
dilatation operator. We found that curious novel challenges arise for
the integrability program.
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Strongly Twisted N=4 Super Yang-Mills Theory, I

Start from planar, integrable, three-parameter γ-deformed N=4 SYM.

Perform double-scaling limit: [ O. Gürdoğan, V. Kazakov ‘15; Sieg, Wilhelm ‘16; Kazakov et.al. ‘18 ].

g =

√
λ

4π
−→ 0 and qj = e−iγj/2 −→ ∞ or qj = e−iγj/2 −→ 0

such that for each j = 1, 2, 3 either g qj or else g q−1
j is held fixed.

This yields 23 = 8 different strong twisting limits: Write qj := ε∓1 ξ±j ,
replace g → ε g, and take ε to zero. For (q1, q2, q3) = (∞,∞,∞):

Lint = −g2N Tr
(

(ξ+3 )
2 φ†1φ

†
2φ

1φ2 + (ξ+2 )
2 φ†3φ

†
1φ

3φ1 + (ξ+1 )
2 φ†2φ

†
3φ

2φ3
)

−g N Tr

(

i

√

ξ+2 ξ
+
3 (ψ

3φ1ψ2 + ψ̄3φ
†
1ψ̄2) + cyclic

)

Gauge fields “decouple”.
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Strongly Twisted N=4 Super Yang-Mills Theory, II

Look at the other 7 cases. For (q1, q2, q3) = (0, 0, 0) one has the equivalent

Lint = N Tr
(

(ξ−3 )
−2 φ†2φ

†
1φ

2φ1 + (ξ−2 )
−2 φ†1φ

†
3φ

1φ3 + (ξ−1 )
−2 φ†3φ

†
2φ

3φ2
)

+Tr
(

i(ξ−2 ξ
−
3 )

−1
2(ψ2φ1ψ3 + ψ̄2φ

†
1ψ̄3) + cyclic

)

The other six limits are different, but once again equivalent to each other.
For example, for (q1, q2, q3) = (∞,∞, 0) we have

Lint = N Tr
(

(ξ−3 )
−2 φ†2φ

†
1φ

2φ1 + (ξ+2 )
2 φ†3φ

†
1φ

3φ1 + (ξ+1 )
2 φ†2φ

†
3φ

2φ3

+

√

ξ+2
ξ−3

(

ψ̄1φ
1ψ̄4−ψ1φ†1ψ

4
)

−

√

ξ+1
ξ−3

(

ψ̄4φ
2ψ̄2−ψ4φ†2ψ

2
)

−i

√

ξ+1 ξ
+
2

(

ψ̄2φ
†
3ψ̄1+ψ

2φ3ψ1
))

6



Dilatation Operator and Non-Hermitian Spin Chains

As in ordinary N=4 SYM, the one-loop dilatation operator yields a nearest
neighbor spin chain Hamiltonian Ĥ:

D = D0 + g2 Ĥ+O(g4)

Dropping all fermions, and regarding only chiral composite ops
Trφj1φj2φj3 . . ., one gets for (q1, q2, q3) = (∞,∞,∞)

Ĥ =
L
∑

!=1

P̂
!,!+1 acting on C

3 ⊗ C
3 ⊗ · · ·⊗ C

3

where the strongly twisted permutation op P̂ acts on sites ", "+ 1 as

P̂ |11〉 = 0 P̂ |22〉 = 0 P̂ |33〉 = 0

P̂ |12〉 = 0 P̂ |23〉 = 0 P̂ |31〉 = 0

P̂ |21〉 = ξ+3 |12〉 P̂ |32〉 = ξ+1 |23〉 P̂ |13〉 = ξ+2 |31〉
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The Hypereclectic Spin Chain

Specializing to ξ+1 = ξ+2 = 0, ξ+3 = 1 one gets the hypereclectic model:

H =
L
∑

!=1

P!,!+1 acting on C
3 ⊗ C

3 ⊗ · · ·⊗ C
3

︸ ︷︷ ︸

L− times

with periodic boundary conditions, and where P acts on sites ", "+ 1 as

P |11〉 = 0 P |22〉 = 0 P |33〉 = 0

P |12〉 = 0 P |23〉 = 0 P |31〉 = 0

P |21〉 = |12〉 P |32〉 = 0 P |13〉 = 0 .

Could there be a simpler spin chain Hamiltonian?
As we shall see, this model is integrable, but has not yet been exactly
solved. We will also see that its “spectrum” is actually more complicated
than the one of the eclectic model with “generic” parameters ξ+1 , ξ

+
2 , ξ

+
3 .
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Integrability of the Eclectic Spin Chain, I

The R-matrix of the eclectic model reads

R̂(u) =



















1
1

ξ+2 u 1
1 ξ+3 u

1
1

1
1 ξ+1 u

1



















It satisfies the Yang-Baxter equation:

R̂
12(u− u′)R̂13(u)R̂23(u′) = R̂

23(u′)R̂13(u)R̂12(u− u′)
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Integrability of the Eclectic Spin Chain, II

In standard fashion, the quantum monodromy matrix is then built as

M̂
a,L(u) = R̂

a,L(u) · R̂a,L−1(u) · . . . · R̂a,2(u) · R̂a,1(u)

Also satisfies the YBE. The transfer matrix is T̂(u) := Tra M̂(u), while

Ĥ = U
−1 d

du
T̂(u)

∣
∣
∣
∣
u=0

with the shift operator U = T̂(0)

It thus encodes a tower of commuting charges, including the Hamiltonian:

[T̂(u), T̂(u′)] = 0 and hence [Ĥ, T̂(u′)] = 0

This renders the eclectic spin chain integrable by two of the possible defi-
nitions of quantum integrability: Quantum YBE and charges in involution.
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Integrability of the Hypereclectic Spin Chain

The R-matrix of the hypereclectic model reads

R(u) =



















1
1

1
1 u

1
1

1
1

1



















Being just the special case ξ+1 = ξ+2 = 0, ξ+3 = 1 of the eclectic model, the
above construction works in the very same way. This proves the model’s
quantum integrability. But is it also exactly solvable?
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Non-Diagonalizability of the (Hyper)eclectic Model

For hermitian Hamiltonians H, we know that there must be j = 1, . . . , 3L

linearly independent eigenstates |ψj〉 satisfying, with ωL := e
2πi
L ,

H |ψj〉 = Ej |ψj〉 where U |ψj〉 = ω
kj
L |ψj〉 and kj ∈ {0, . . . , L− 1}

For the eclectic model, the eigenvalue equation has to be replaced by

(

Ĥ− Ej
)mj

|ψmj
j 〉 = 0 with mj = 1, . . . , lj

The |ψmj
j 〉 are generalized eigenstates with generalized eigenvalues Ej.

Note that the Hamiltonian Ĥ is still block-diagonal w.r.t. sectors of fixed
numbers L−M of fields φ1, M −K fields φ2, and K fields φ3. And the
|ψmj

j 〉 may still be chosen to be eigenstates of U with eigenvalues ω
kj
L .
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Chiral XY-Model

For K = 0 (no fields φ3) the non-hermitian Hamiltonian is actually diago-
nalizable, either by Bethe ansatz, or else a Jordan-Wigner transformation:

E =
M
∑

m=1

1

u−
m

and ωk
L =

M
∏

m=1

1

ξ+3 u−
m

where, in the sector of M fields φ2, one has

(ξ3 u
−
m)L = 1 for m = 1, . . .M

One easily checks the completeness of all the
(L
M

)

states of this sector.
This clearly leads to the completeness of all 2L states with K = 0.
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Jordan Normal Form

For K != 0 the Hamiltonian Ĥ is not diagonalizable. It turns out that all
generalized eigenvalues are E = 0. Define l × l Jordan blocks by

Jl :=










0 1 0
0 1

0 . . .
. . . 1

0 0










.

The best one can do is to bring Ĥ into Jordan Normal Form (JNF) by a
similarity transform S, composed of b blocks of sizes lj:

S ·Ĥ·S−1 =






Jl1 0
. . .

0 Jlb




 := l1l2 . . . lb with l1+. . .+lb = 3L−2L
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Bethe Ansatz: Intricate, but Failing, I

Integrable spin chains are usually solved by Bethe ansatz. Applying it
directly to the eclectic spin chain, it algebraically fails. Before taking
ε→ 0 in the twisted model with qj = ε−1ξ+j it works perfectly:

E = εL+ ε

M
∑

m=1

(
1

um
− 1

um + 1

)

with the Bethe equations (ξ := ξ+1 ξ
+
2 ξ

+
3 )

(
um + 1

um

)L

= ε3K−L ξ+L
3

ξK

M
∏

j=1
j "=m

um − uj + 1

um − uj − 1

K
∏

i=1

um − vi − 1

um − vi

1 = ε3M−2L ξL−M

ξ+L
1

M
∏

j=1

vl − uj + 1

vl − uj

K
∏

i=1
i"=l

vl − vi − 1

vl − vi + 1

Clearly very singular. Still, their limit may in most cases be analyzed.
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Bethe Ansatz: Intricate, but Failing, II

E.g. for a rather generic (L,M,K) sector with L > 3(M −K) fractional
scaling solutions maybe found explicitly:

(I) uj = εα u−
j , j = 1, · · · ,M −K

(II) ul+M ′ = −1 + εβ u+
l , l = 1, · · · ,K

(III) vl = −2 + εβ u+
l + εγ v̂l, l = 1, · · · ,K

One may explicitly find the scaled roots u−
j , u

+
l , v̂l and the exponents

α =
L− (M +K)

L− (M −K)
β =

L− 3(M −K)

L− (M −K)

γ = 2L− 3M − L− 3(M −K)

L− (M −K)
(K − 1)

Proves E = 0. But all Bethe states collapse to a trivial “locked” state:
|φ1 . . .φ1 φ2 . . .φ2 . . .φ3 . . .φ3〉 := |1 . . . 1 2 . . . 2 3 . . . 3〉. JNF ???
However, see linear combinations approach of [ Nieto Garćıa, Wyss ‘21, Nieto Garćıa ‘22 ].
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Universality Hypothesis for the Eclectic Spin Chain

For the eclectic chain, the JNF is identical for almost all ξ+1 , ξ
+
2 , ξ

+
3 . For

the hypereclectic chain, the JNF is identical to the one of the generic

eclectic chain, as long as the following filling conditions are satisfied:

L−M ≥ M −K ≥ K ⇔ L ≥ 2M −K and M ≥ 2K.

Example: L = 7,M = 3,K = 1. Generic eclectic chain: JNF = 1 5 9.
For the hypereclectic chain, we have in the cyclic 15× 15 sector

JNF = 15 9 for permutations of |1111223〉 and |2222113〉
JNF = 12 3 4 5 for permutations of |1111332〉 and |2222331〉
JNF = 16 23 3 for permutations of |3333112〉 and |3333221〉

How to prove this hypothesis?
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Example: Hypereclectic JNF for M = 5, K = 1

L Sizes of Jordan Blocks

8 1 5 7 9 13

9 1 52 92 11 13 17

10 1 52 7 92 11 132 15 17 21

11 12 52 7 93 11 133 15 172 19 21 25

12 1 53 7 93 112 133 152 173 19 212 23 25 29

13 12 53 7 94 112 134 152 174 192 213 23 252 27 29 33

14 12 53 72 94 112 135 153 174 193 214 232 253 27 292 31 33 37

15 12 54 7 95 113 135 153 176 193 215 233 254 272 293 31 332 35 37 41

16 12 54 72 95 113 136 154 176 194 216 234 255 273 294 312 333 35 372 39 41 45

17 13 54 72 96 113 137 154 177 195 217 234 257 274 295 313 334 352 373 39 412 43 45 49

18 12 55 72 96 114 137 155 178 195 218 236 257 275 297 314 335 353 374 392 413 43 452 47 49 53

Quite involved, even though when staring at it, one sees some structure
. . .
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From Anti-Locked to Locked States: An Example

Example: L = 7,M = 3,K = 1. Hypereclectic chain: JNF = 1 5 9.

Anti-locked state: |65〉 := |2211113〉 Locked state: |21〉 := |1111223〉

Clearly H|65〉 = |64〉 = |2121113〉 and H|21〉 = 0. Acting by H, we get

|65〉 "→ |64〉 "→ |63〉+ |54〉 "→ |62〉 + 2|53〉 "→ |61〉 + 3|52〉 + 2|43〉 "→
4|51〉+ 5|42〉 "→ 9|41〉+ 5|32〉 "→ 14|31〉 "→ 14|21〉 "→ 0 , the 9× 9 block.

Ansatz:a|63〉+b|54〉 "→ a|62〉+(a+b)|53〉 "→a|61〉+(2a+b)|52〉+(a+b)|43〉
"→ (3a + b)|51〉 + (3a + 2b)|42〉 "→ (6a + 3b)|41〉 + (3a + 2b)|32〉 "→
(9a+ 5b)|31〉 "→ 0 for a = 5, b = −9. This is the 5× 5 block!
2. Ansatz: a′|61〉+ b′|52〉+ c′|43〉 "→ (a′ + b′)|51〉+ (b′ + c′)|42〉 "→ 0 for
c′ = −b′ = a′. This is the, remaining, 1× 1 block!

We can encode this structure into the following generating function:

Zcyc
7,3,1 = q−4 + q−3 + 2q−2 + 2q−1 + 3q0 + 2q + 2q2 + q3 + q4
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Partition Function Approach, K = 1

We think this procedure works in generality. Tested extensively. Its validity
is based on our non-shortening conjecture. If true, the JNF is encoded in

Zcyc
L,M,1(q) = TrcycL,M,1 q

Ŝ′
with Ŝ′ = Ŝ − 1

2
Ŝmax

Ŝ counts the # of 1s (with multiple counts) to the right of the 2s. Then

Zcyc
L,M,1(q) =

∞
∑

j=1

Nj [j]q

where Nj is the # of length-j Jordan blocks, and [j]q is a q-number

[j]q =
qj/2 − q−j/2

q1/2 − q−1/2
=

j−1
2∑

k=−j−1
2

qk

In our example above we have Zcyc
7,3,1(q) = [1]q + [5]q + [9]q.
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Gaussian binomial coefficients, and on to K > 1

We managed to compute the K = 1 partition functions exactly. This
yields Gaussian binomial coefficients, a.k.a. q-binomials [ C. Ahn, MS, L. Corcoran ‘21 ]:

Zcyc
L,M,1(q) =

[
L− 1

M − 1

]

q

with

[
!+m

m

]

q

:=
m
∏

k=1

q
!+k
2 − q−

!+k
2

q
k
2 − q−

k
2

This nicely encodes all of the JNFs I showed you earlier in the table!

To treat the case of general K, we propose that one still has

Zcyc
L,M,K(q) = TrcycL,M,K qŜ

′
=

∞
∑

j=1

Nj [j]q

where now Ŝ′ =
∑K

j=1 Ŝ
′
k, and Ŝ′

k counts as above within each of K bins.
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Partition Function Approach, K > 1

However, this does not just result in a sum of K products of q-binomials:
We need to take into account all non-trivial symmetries under cyclic shifts.
The method of choice it the Pólya enumeration theorem. To apply it, an

Idea: Replace the spin chain of length L, with spins in {1, 2, 3}, by a shorter
chain of length K, with spins in A = {3, 13, 23, 113, 123, 213, 223, . . .}.
Note that A ⊂ ⊕∞

L=1

(

C3
)⊗L

. Now define the “one-site” (i.e. K = 1)
“grand canonical” partition function

bin(x, y, z, q) :=
∞
∑

L,M=1

Zcyc
L,M,1(q)x

L−MyM−1z

Its natural generalization involves in addition a sum over all K:

Zcyc(x, y, z, q) =
∞
∑

L,M,K=1

Zcyc
L,M,K(q)xL−MyM−KzK
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Pólya Enumeration Theorem and General K

Pólya’s theorem then yields

Zcyc(x, y, z, q) = −
∞
∑

n=1

φ(n)

n
log (1− bin(xn, yn, zn, qn))

Here φ(n) is Euler’s totient function, defined as the number of positive
integers less than n that are coprime to n (i.e. the number of those
elements of {1, . . . , n−1} whose only divisor common with n is 1).

Actually, there also exists an elegant way to rewrite

bin(x, y, z, q) = z

∞
∑

m=0

ym
m
∏

!=0

1

1− q!−
m
2 x

= z

∞
∑

!=0

x!
!
∏

m=0

1

1− qm−!
2y

The above should be the complete solution for the spectrum of the
(Hyper)eclectic chain in the cyclic sector relevant to quantum field theory.
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One last example: L=9, M=6, K=3

Using Mathematica™, our solution yields within seconds

Zcyc
9,6,3(q) = q−9/2+q−7/2+4q−3+4q−5/2+8q−2

+18q−3/2+18q−1+26q−1/2+28q0+26q1/2+18q

+18q3/2+8q2+4q5/2+4q3+q7/2+q9/2 .

This is quickly expressed through q-numbers as

Zcyc
9,6,3(q) = 10 [1]q+8 [2]q+10 [3]q+14 [4]q+4 [5]q+3 [6]q+4 [7]q+[10]q

One then reads off immediately

JNF = 110 28 310 414 54 63 74 10
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Conclusions

• Inspired by strongly twisted N=4 SYM, we considered novel classes of
non-diagonalizable spin chains: The Eclectic and Hypereclectic models.

• We proved their quantum integrability by deriving their R-matrices.

• We showed that the Bethe ansatz equations make sense, and can even
be partially solved explicitly, exhibiting rather non-trivial scaling beha-
vior. However, vexingly, they appear to be quite clumsy for determining
the “spectrum” of Jordan Normal Forms.

• Still, with a combination of linear algebra methods and combinatorics,
and under two conjectures, we derived exact solutions for this spectrum.
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To Do

• Prove the two key assumptions: The universality hypothesis, and the
non-shortening conjecture.

• How to use the integrability of the (Hyper)eclectic model? Appearance
of q-numbers and q-binomials is very suggestive: quantum groups?

• Derive the consequences of the JNF on strongly twisted N=4 SYM.
Should be very non-trivial examples of four-dimensional non-unitary
logarithmic quantum field theories.

• Non-perturbative solutions via the quantum spectrum curve (QSC)
have been proposed, largely ignoring the JNF structure. Implications?

• Higher loops, strong coupling, and dual “Fish Chain”? [ N. Gromov, A. Sever ‘19 ]
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