
New exact solutions of non relativistic,
viscous hydrodynamics
TAMÁS CSÖRGŐ,  GÁBOR KASZA

ZIMÁNYI SCHOOL 2021,  BUDAPEST

6/12/2021 PARTIALLY SUPPORTED BY:
NKFIH K-133046, FK-123842, FK-123959

EFOP 3.6.1-16-2016-00001
THOR,COST Action CA15213



Introduction
New, exactsolutionsof relativistic viscoushydrodynamicshavebeenfound recently

Ą SphericallysymmetricHubble-flow: greatamountof freedomof dissipativecoefficients

Ą Perfectfluid attractor: how to extractthe effect of bulkviscosityin final statemeasurments?

Ą Indirectdescriptionof experimentaldatahas beensuccesfullydone

Ą The non relativisticlimit leadsnewexactsolutionof viscous, non relativistichydro
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T. Csörgő, G. K.:
manuscriptin 
preparation

Motivation of this work

ÁThe sameeffectscanbe understoodin a muchsimplerformalism

ÁPerfectfluid attractor: is it a generalpropertyof hydro?

ÁThe basicequationsof non relativistic, viscoushydroare fully clarified

T. Csörgő, G. K.:
arXiv:2003.08859

https://arxiv.org/abs/2003.08859


Non relativistic, viscous hydrodynamics
Local conservationof the particlenumber, energyand momentum:

Balanceequationof entropy:

where:
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Toclosethe equation
system: 

EoS: ε=κp

ζ: bulkviscosity
η: shearviscosity



Interpretation of κ
Relationshipto the speedof sound

Ąκ is constant:

Ąκ is temperaturedependent(lQCD):
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Interpretation of κ
Relationshipto the speedof sound

Ąκ is constant:

Ąκ is temperaturedependent(lQCD):
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γ(T): temperaturedependentadiabaticindex

γ: adiabaticindex



Interpretation of κ
Relationshipto the speedof sound

Ąκ is constant:

Ąκ is temperaturedependent(lQCD):

Relationshipto the heat capacities

Ąκ is constant:

Ąκ is temperaturedependent(lQCD):
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γ: adiabaticindex

γ(T): temperaturedependentadiabaticindex



Interpretation of κ
Evenif the massis temperaturedependent, the formulaeremainunchanged:

Conjecturefor multicomponenthadronicmatter: 

Thisconjecturebasedon the resultsof 
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arXiv:1610.02197

https://arxiv.org/abs/1610.02197


Spherically symmetric fireball

Hubble flow:

The scaleof the fireball:

Selfsimilarity

and scalevariable:
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Spheroidally symmetric, rotating fireball
Velocityfield:

Hubble flow:

Rotationalterm:

The scalesof the fireball:

Angularvelocity:

Scalevariable:
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Ellipsoidally symmetric, rotating fireball
Velocityfield:

Hubble flow:

Rotationalterm:

The scalesof the fireball: Averagetransversescale:

Angularvelocity:

Scalevariable:
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General form of the new solutions
The temperatureand particledensitycanbe givenin a „symmetryindependent” form:

Theseexpressionsarevalidonly forŎƻƴǎǘŀƴǘ ˁ

The fT(t) functioncarriesthe symmetryand includesthe dissipativeeffects
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Spherically symmetric, dissipative fireball solution
- with homogeneous pressure -
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If the pressureis homogeneous, then (˄s)̱ (s)=1, CE=0 sothe Euler equationand y  are:

With that, the energyconservationbecomes:

If the bulkviscosityis linear in pressure:

Latetime approximation:

perfect fluid asymptote

τ0 << τ



Spherically symmetric, dissipative fireball solution
- with inhomogeneous pressure -
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If the pressureis inhomogeneous, thenʸ has to be linearin pressure:

Assumption:

With that, the energyconservationbecomes:

The Euler equationis: effectof bulkviscosity

effectof bulkviscosity



Spheroidally symmetric, dissipative fireball solution
- with inhomogeneous pressure -

If the pressureis inhomogeneous, thenʸ and ́ has to be linearin pressure:

Assumption:

With that, the energyconservationbecomes:

The Euler equationis: effect of bulkviscosity effectof shearviscosity

effectof bulkand shearviscosity
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Spheroidally symmetric, dissipative fireball solution
- with inhomogeneous pressure and rotation -

If the pressureis inhomogeneous, thenʸ and ́ has to be linearin pressure:

Assumption:

With that, the energyconservationbecomes:

The Euler equationis: effect of bulkviscosity effectof shearviscosity

effectof bulkand shearviscosityeffectof rotation
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Ellipsoidally symmetric, dissipative fireball solution
- with inhomogeneous pressure and rotation -

Pressureis inhomogeneousĄʸ and ́ are linearin pressure:

Assumption:

With that, the energyconservationbecomes:

The Euler equationis (whereR=(X+Z)/2):
effectof bulkviscosity the onlyeffect of shearviscosity

for spheroidallysymmetricfireball
effect of rotation, ifη≠0

effectof rotation, bulkand shearviscosityeffectof rotation effectof rotation

effectof shearviscosityfor ellipsoidallysymmetricfireball
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Ellipsoidally symmetric, dissipative fireball solution
- with inhomogeneous pressure, rotation, and Tdependentˁό¢ύ -

Pressureis inhomogeneousĄʸ and ́ are linearin pressure:

No assumptionfor fT(t) and we definethe scalevolume:

The energyconservationbecomes:

The Euler equation:

effectof bulkviscosity the onlyeffectof shearviscosity
for spheroidallysymmetricfireball

effect of rotation, ifη≠0

effect of rotation, bulkand shearviscosityeffectof rotation effectof rotation

effectof shearviscosityfor ellipsoidallysymmetricfireball
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Spherically symmetric, dissipative fireball solution
- with inhomogeneous pressure -
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Spherically symmetric, dissipative fireball solution
- with inhomogeneous pressure -
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Spherically symmetric, dissipative fireball solution
- with inhomogeneous pressure -
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Summary
An applicationof our newrelativistic, viscoussolutions: 

ĄNew, analytic, exactsolutionsof non relativistic Navier-Stokesequationswith Hubble-flow

Onlyacademicresults, not planto describemeasurements

The effectsof viscositiesand rotation arevanishingfor late times

The solutionsareasymptoticallyperfectboth for a finite and vanishingμ

These exact solutionstend to perfect fluid solutions
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Thankyouforyourattention!


