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Introduction

New, exact solutions of relativistic viscous hydrodynamics have been found recently 2&?37535365 ';-;359

— Spherically symmetric Hubble-flow: great amount of freedom of dissipative coefficients

—> Perfect fluid attractor: how to extract the effect of bulk viscosity in final state measurments?
- Indirect description of experimental data has been succesfully done

— The non relativistic limit leads new exact solution of viscous, non relativistic hydro

Motivation of this work
= The same effects can be understood in a much simpler formalism

= Perfect fluid attractor: is it a general property of hydro? T. Csorgd, G. K.:
manuscript in
preparation

= The basic equations of non relativistic, viscous hydro are fully clarified



https://arxiv.org/abs/2003.08859

Non relativistic, viscous hydrodynamics

Local conservation of the particle number, energy and momentum:

on+V(nd)=0

1 To close the equation
Oy + V() 4+ pVi = (VD) +2n {Tr (Dz) — = (V@’)z] system:

] E0S: e=Kp

o

(e +p) (0 +TV)T+ Vp=CV (VD) +n [Aﬁ’+ %V(Vﬁ)

Balance equation of entropy:
(: bulk viscosity

2 1
Oro + V(o) = %(Vﬁf + Tﬂ [Tr(Dz) ~3 (V'E’)Ql >0 n: shear viscosity
. 1 6’011 &vk
where: D= 7 (8’@, + Or )



Interpretation of K

Relationship to the speed of sound T
a(T)=(1+r"") =
- K is constant: s - m

T
— K is temperature dependent (IQCD): cg(T) = —
m

1+ ﬁ:—I—Td—H -
dT




Interpretation of K
y: adiabatic index

Relationship to the speed of sound ]

2 I

- K is constant: c;(T) = (1 +hE) — .
d T
> k is temperature dependent (IQCD):  c2(T) = |1+ [k + T— " —
drl’ m

|
v(T): temperature dependent adiabatic index



Interpretation of K

Relationship to the speed of sound , v: i‘a\diaba‘\ti%index
- K is constant: ;(T)=(1+x") .
- K is temperature dependent (IQCD): Cg(T) — |1+ (H n Tj—;) 1 Z
\ ' J "
Relationship to the heat capacities v(T): temperature dependent adiabatic index
- K is constant: ¥ = g—i =14+k"

C,(T dr\
- K is temperature dependent (IQCD): ’Y(T) = p( ) =1+ (h} + T—)




Interpretation of k

Even if the mass is temperature dependent, the formulae remain unchanged:

1+ n+Td—K -
dT

»  Gp(I) T
S Cy(T) m(T)

T

(T)

C

Conjecture for multicomponent hadronic matter:

2 GT) T
S Cy(T) (m(T))
~ 2 nami(T)
(m(1)) = =52

This conjecture based on the results of arXiv:1610.02197



https://arxiv.org/abs/1610.02197

Spherically symmetric fireball

Hubble flow: 7=

The scale of the fireball:  R(t)

Self similarity (0 +9V)s=0

and scale variable: S = —




Spheroidally symmetric, rotating fireball

Velocity field: T=10g 4 Vot

v (7 t) = Er ZT ET‘
Hubble flow: HAL Y =\ Rlroy v p'=
Rotational term: Vot (T, 1) = w(rz, 0, —74)

The scales of the fireball: R(t), Y (t)

Angular velocity: P =wl(t)

M. I. Nagy, T. Csorg6: arXiv:1309.4390
M. I. Nagy, T. Csorg6: arXiv:1606.09160
T. Csorgb, M. |. Nagy, |. F. Barna: arXiv:1511.02593

Scale variable: S = R2 + V2



https://arxiv.org/abs/1309.4390
https://arxiv.org/abs/1606.09160
https://arxiv.org/abs/1511.02593

Ellipsoidally symmetric, rotating fireball

Velocity field: U="0p +Vrot
(% cos? ¥ + % sin? 19) Ty P sin(29) r
e A Y Zz_=
Hubble flow: rnO=| vy +(z X) W
(Y sin” 1} + 7 cos 1?)1‘2 *
. T, (i cos? 9+ Z sin? 15‘) T, - Ty
Rotational term: @ t)=9| 0 |+ 7 0 +1‘9(£ _E) sin(20) 7
—ry —(% sinQﬁH—% cos? 19)?},,3 z X 2 —T:
. X+ 7
The scales of the fireball:  X(t), Y(¢), Z(¢ Average transverse scale: R = ——
2
. 2 M. I. Nagy, T. Csorg6: arXiv:1309.4390
Angular velocity: = @ = “o R;'Q M. I. Nagy, T. Csorg6: arXiv:1606.09160
2 2 R(1) T. Csorg6, M. I. Nagy, I. F. Barna: arXiv:1511.02593
2 2 2
Scale variable: s=to w4 T (L - L) 02— 02)sin? 9 4 . sin(20)]
: X Y A Z X


https://arxiv.org/abs/1309.4390
https://arxiv.org/abs/1606.09160
https://arxiv.org/abs/1511.02593

General form of the new solutions

The temperature and particle density can be given in a ,symmetry independent” form:
n(r,t) = nof%/ﬁ(t)V(s)
T(7,t) = To fr ()T (s)
p(7,t) = pofy = (£)V(s)T (s)

These expressions are valid only for constant k

The f{t) function carries the symmetry and includes the dissipative effects



Spherically symmetric, dissipative fireball solution
- with homogeneous pressure -

If the pressure is homogeneous, then v(s)t(s)=1, C.=0 so the Euler equation and { are:

R=0 — R=const. — R:Rt—l—Roth

_ Late time approximation:
C=((p(t)) perfect fluid asymptote
With that, the energy conservation becomes: P
2 0
ouin( )4 4 SO d 10~1s(7) 7
If the bulk viscésit ifl(i?eaizin ressure: _¢, PO to A(1+5)
e bu y P ure. C(p(t))—gop—o p(t) ~pa (?>

5 2
T(t,s):To(t—O) exp( s [1—@])7'(3)
t Kkpoto t PA = Po €XP

- d(1+1) d2( o 2
p()_po(?) exp(ﬁpgto[ —7]) T <<T . TA:TUGXp(dCO)




Spherically symmetric, dissipative fireball solution
- with inhomogeneous pressure -

p(t,s)
Po

If the pressure is inhomogeneous, then { has to be linear in pressure: ((t,s) =y

Assumption: a4
0 =gr(0)( )

With that, the energy conservation becomes:

) 2
gr C0d2 E
ar |f"ﬂpo R :
The Euler equation js: effect c!f bulk viscosity

) Ty [ Ry =
RR:OE—O(—O) gr(t)
m\ R \_'_;

effect of bulk viscosity



Spheroidally symmetric, dissipative fireball solution
- with inhomogeneous pressure -

If the pressure is inhomogeneous, then {and n has to be linear in pressure: G(t,s) _n(t,s) _p(t,s)

1 Co 7o Po
B R3Yp\ "

Assumption:

With that, the energy conservation becomes:

: N\ 2 : . : N\ 2
gr _ Go 2R+Y +2n0 232+Y2 1 2R+Y
gr kpo\ R Y kpo | B2 Y2 3\ R Y
| )\ l
The Euler equation is:  effect of bulk viscosity effect of shear viscosity
S Ty R(%Y[} &
RR—YY—OEm (RQY) gT(t)

effect of bulk and shear viscosity



Spheroidally symmetric, dissipative fireball solution
- with inhomogeneous pressure and rotation -

If the pressure is inhomogeneous, then {and n has to be linear in pressure: G(t,s) _n(t,s) _p(t,s)

1 Co 7o Po
B R3Yp\ "

Assumption:

With that, the energy conservation becomes: i

N . . . N2
gr  Co (QR Y) +2770 2R? Y? 1(2R Y)
J |

gr  Kpo R+Y kpo | R2 Y2 3\ R Y

\
. | !
The Euler equation is:  effect of bulk viscosity effect of shear viscosity

m \ R2Y

effect of rotation effect of bulk and shear viscosity

1
) ) To { R2Yy\ *
RR— R*?=YY =Cjg “( 0 0) gr(t)



Ellipsoidally symmetric, dissipative fireball solution
- with inhomogeneous pressure and rotation -

.. . . t,s t,s t,s
Pressure is inhomogeneous = ¢ and n are linear in pressure: Stys) _nitys) _ pltss)

Co U Po
Assumption: m
" Fr(t) = go () [ K0YoZo
XY Z
With that’ the energy conservation becomes: effect of shear viscosity for ellipsoidally symmetric fireball
|
. : 2 ! - ) . . : N\ 2] ‘2
oG (X v 2\ X ve oz a(x v 2\ we otz (x 2
gT_|ﬁ:p0 X 'Y Z' Do X2 Y2 72 3\X Y Z '|4H3p0 (X+2)4 \ Z X'
effect of bLIk viscosity ) the only e¥fect of shear viscosity _ effect of ro!:ation if nz0
The Euler equatlon IS (Where R:(X"'Z)/Z): for spheroidally symmetric fireball
1
. . . To ( XoYoZo \ =
X(X—Rw2 — VY = Z(Z—sz = o (55 ) gr®)
effect of rotation effect of rotation effect of rotation, bulk and shear viscosity



Ellipsoidally symmetric, dissipative fireball solution
- with inhomogeneous pressure, rotation, and T dependent «(T) -

.. . . t,s t,s t,s
Pressure is inhomogeneous = ¢ and n are linear in pressure: Stys) _nitys) _ pltss)

Co U Po
No assumption for f{t) and we define the scale volume:
1
XoYoZo \ 7 3/2
Fot) = t t V=V(it)=02n)""XYZ
TEO=TofrTl)  frXor0)( S (1)=(2r)
The energy conservation becomes: effect of shear viscosity for ellipsoidally symmetric fireball
|
: . N2 | . . . NP o)
L N, V_G (V) 2w|X* v 22 1V nowo? (Xo+20)' (X Z
Y(T)—1) fr V_‘pg 1% o X2 y2 72 3\V | dpy (X+2)4 \Z X
| )
effect of bulk viscosity  the only effect of shear viscosity effect of rotat'ion, if n20

; for spheroidally symmetric fireball
The Euler equation: P y sy

X(X—Ruﬂ) — YV = Z(Z—sz) - CE%fT(t)

effect of rotation effect of rotation effect of rotation, bulk and shear viscosity



Spherically symmetric, dissipative fireball solution
- with inhomogeneous pressure -

300 - - - - - 300
o/po [MeV™] Co/po [MeV™]
—_— — 0
———=0.003 1 —===0.003
250 0007 250 0.007
e e (0.012 ~. = (0.012
200
;. ..........
NS Sl T,
S50 ONSL el
H -
~§~.‘
1007 7 —a50 Mev |
..... :rT'.'~,
Ry =5 fm R =5 fm A
50 | Ro =0 ] 50 | Ro =0
Kk =3 k=3
m =940 MeV m =940 MeV
0 : : : : : 0 : : : : :
5 10 15 20 25 30 5 10 15 20 25 30

t [fm/c] t [fm/c]




Spherically symmetric, dissipative fireball solution
- with inhomogeneous pressure -

20 T T T T T 20
Co/po [MeV™] J Co/po [MeV~]
I8 [ | e 3 I8 [ | e 0 y
—=—=0.003 —=—=0.003 7
16 + 0.007 16 + 0.007 Py
= 0.012 = 0.012
A 0.016 T 0.016
Ty =250 MeV T =250 MeV
Elz'Rozsfm Elz-ROA=5fm
S10F Ry=0 10 F RA =0
= k=3 = K =3
8r 8
m =940 MeV m =940 MeV
6r 6
__‘:4f‘
4 4 o
2r 2




Spherically symmetric, dissipative fireball solution
- with inhomogeneous pressure -

1 1 . :
Co/Po [Mev—l] Ty =250 MeV Co/Po [MeV_l] TOA —950 MeV
0.9 | o 0 1 0.9 | e 0
=5 f A _
———=0.003 }?O 5 fm —=—=0.003 Ry =5 fm
0.8 88(1); Ry =0 1 0.8 8-807 R =0
=== 0. = 0.012
........ 0.016 k=3 Lust] wrssasnn 0.016 K =3
0.7 F —940 MeV “‘_."‘ 1 0.7
m =9 RO m =940 MeV
0.6 T o=
‘o’;”:"‘

s




Summary

An application of our new relativistic, viscous solutions:

= New, analytic, exact solutions of non relativistic Navier-Stokes equations with Hubble-flow
Only academic results, not plan to describe measurements

The effects of viscosities and rotation are vanishing for late times

The solutions are asymptotically perfect both for a finite and vanishing p

These exact solutions tend to perfect fluid solutions

Thonts ?ow%o/b 701/1/2/ iMlerAion !



