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Overview

e Motivation
e Yang-Mills equations

e Stability of constant fields in classical chromodynamics: Abelian vs. non-Abelian
configurations

e Summary
Based on https://arxiv.org/abs/2111.11396
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Motivation

e The earliest phase of heavy-ion collisions is described in terms of classical fields.
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e It was found, that early configurations are not stable, but the character of the
instabilities is not clear (p. Romatschke and R. Venugopalan, Phys. Rev. Lett. 96, 062302 (2006)).

e We want to find a difference between solutions in Abelian and non-Abelian
configurations.
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Yang-Mills equations & linearized QCD

Yang-Mills equations in adjoint representation

OuFLY +gfobeALFY = Ju, i = 0mAY — 0¥ Al + gfot-AL A
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Yang-Mills equations & linearized QCD

Yang-Mills equations in adjomt representatlon

8 F,LLV o gfabcAb FW/ — JV’ — 8[_LAI./ 8VAM o gfabcAMAu

Linearized QCD

AR (t,r) = AL (t,r) + ak(t,r), where |A(t,r)| > |a(t, )]
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Yang-Mills equations & linearized QCD

Yang-Mills equations in adjomt representatlon
8 F,LLV o gfabcAb FW/ — JV’ — 8[_LAI./ 8VAM o gfabcAMAu

Linearized QCD

AR (t,r) = AL (t,r) + ak(t,r), where |A(t,r)| > |a(t, )]

Background gauge condition

DM ap,aa + gfabcAM =0
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Yang-Mills equations & linearized QCD

Yang-Mills equations in adjomt representatlon
8 F,LLV o gfabcAb FW/ — JV’ — 8[_LAI./ 8VAM o gfabcAMAu

Linearized QCD

AR (t,r) = AL (t,r) + ak(t,r), where |A(t,r)| > |a(t, )]

Background gauge condition

ngaz = Otay, + gfabcAgafL =0

Mills equations in the background gauge

9" (DyD?) , +29f ™ |ag = Jt
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Stability of Abelian chromomagnetic configuration

S. J. Chang and N. Weiss, Phys. rec. D 20, 869 (1979), P. Sikivie, Phys. Rev. D 22, 877 (1979)

Constant homogeneous chromomagnetic field

Af(t,r) = (0,0,0,yB)5*!
Potential A% (t,r) satisfies YM equations with vanishing current

The color component a; satisfies Abelian equation and decouples from the remaining
two components: [af =0
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Stability of Abelian chromomagnetic configuration

S. J. Chang and N. Weiss, Phys. rec. D 20, 869 (1979), P. Sikivie, Phys. Rev. D 22, 877 (1979)

Constant homogeneous chromomagnetic field

Af{ (t7 I‘) :_(0> 0,0, yB)6a1
Potential A% (t,r) satisfies YM equations with vanishing current

The color component a; satisfies Abelian equation and decouples from the remaining
two components: [af =0

af(t,2,y,2) = e {Wimker=k=2) af (y)

e colors 2 and 3 — T*(y) = ay(y) £ ia(y),
e coordinates y and z — UE(y) = YT (y) £iZ T (y)

Sylwia Bazak UJK, Kielce

Instabilities in Classical Chromodynamics



Chromomagnetic field
Stability of Abelian chromomagnetic configuration

2

d
(7w2+k§f—2+(kz+gBy)2$2gB)Wi=O
dy
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Stability of Abelian chromomagnetic configuration

d2
(7w2+k§ -2 +(kz+gBy)2I2gB)Wi =0
dy

Non-relativistic Schrodinger equation of harmonic oscillator
( —2m€ +m2@?(yo —y)2 — L, )sO(y) =0
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Stability of Abelian chromomagnetic configuration

d2
(7w2+k§ -2 +(kz+gBy)2$2gB)Wi =0
dy

R S — ()

Non-relativistic Schrodinger equation of harmonic oscillator

2
(= 2me +m?@%(wo - v)* — L )ply) =0

IR U )
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Unstable solution
w2 =k2 —gB<O0forgB>k2 — a~ eVIB—kGt

@

Nielsen Olesen instability

The result is purely classical!
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Stability of non-Abelian chromomagnetic configuration

T. N. Tudron, Phys. Rev. D 22, 2566 (1980)

Constant homogeneous chromomagnetic field

0 0 0 0 0 0 0 0
Al =10 0 0 B/g |, Jy=|0 0 0 gB3
0 0 B/g 0 0 0 9gB3 0

al{—;(t7 X) — a.g:e—i(wt—kx)

Matrix equations

12x12 matrix in block form — 2 equal matrices 3x3 and one 6x6

The equations are homogeneous, so the solution exists if matrix’'s determinant is equal
to zero.
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Stability of non-Abelian chromomagnetic configuration

R R —w? + k% 424242 —2ig Ak, 2ig Ak
Mg, = Mp, = 2ig Ak, —w? + k% 44242 0
—2ig Ak, 0 —w? 4+ Kk? +g2A2

det Mp=(—w® + k> + ngz)(of‘ — W2 (2K + g2 A?) + g2 A%(3K% — 2k3) + K + 2g4A4):o,

kr = /k2 + k2,  kr =ksing

Solutions B

ow2:k2+gB

o wi =k®+ 3gB + 1,/169Bk2 + g2B2

The solutions are stable. 0
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Stability of non-Abelian chromomagnetic configuration

—w24k24242 42 —QigAki, 2igAk, 0 0 0
2ig Aky —w24k24g%2 A2 0 0 0 —2g242
i _ —2igAk. 0 —w24K2442 42 0 29242 0
By,z 0 0 0 —w24k24242 42 721‘9Ak§, 2igAky
0 0 292 A2 2igAky —w24k24g%2 42 0
0 —2g242 0 —2igAk, 0 —w24k2442 42
- 6 2 4 4 2 2 252, 2
det Mp,, = (7&) + (3k% + 4gB)w* — (3k* + 8gBK® — 4gBk2 + ¢>B*)w

2
+ (k® + 4gBK* + ¢®B?K® — 4gBK*k2 — 49 BK2 — 69333))
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Chromomagpnetic field
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Cubic equation

z3 + agz? +aix+ag =0,

where as, a1, ag are real numbers.

Character of the equation’s roots depends on discriminant’s value.

A = 18apajaz — 4aga0 + a%a% — 4a? — 27(13

There are three possibilities:

e if A>0, the roots are real and distinct;
e if A =0, the roots are real and at least two coincide;

e if A<O, one root is real and remaining two are complex.
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Cubic equation

For A>0 the solutions can be written in a Viéte's trigonometric form:

[ p 1 (3(1 —3) 2m(n — 1) a2
Tp = 24/ —— cos | — arccos | — -— -,
3 3 2p p 3 3

3a1—a 2a3 -9 27
where n =1,2,3 and p = a13 92 g= 22 a;;r‘— a0

When A<O0 the solutions can be found according to Cardano formula.
T = —%(u—s—v) + %(u— v) — tag,

3
1 i3 1
2 = —5(u+v) - “{(u—’u)—gag,
1
$3=u+07§a2,
where

3 2 3 3 2 3
= 9 9~ p = _a _ - b=
u= >tV t v= 2 Tt o7
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Stability of non-Abelian chromomagnetic configuration
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Stability of Abelian chromoelectric configuration

S. J. Chang and N. Weiss, Phys. rec. D 20, 869 (1979), P. Sikivie, Phys. Rev. D 22, 877 (1979)

Constant homogeneous chromoelectric field

AL (t,r) = (—xE,0,0,0)5%
Potential A% (t,r) satisfies YM equations with vanishing current

The color component a; satisfies Abelian equation and decouples from the remaining
two components: [af =0

ag (t, @y, 2) = e (WIhvy k=2 (z)

e colors 2 and 3 — T*(z) = af(z) £ iad(z),
e coordinates t and 2 — G*(z) =T+ (z) £ X (x)
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Chromoelectric field
0@0000000

Stability of Abelian chromoelectric configuration

d2
(—g212E2 + ki + K2 - E)Yi(m) =0
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Chromoelectric field
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Stability of Abelian chromoelectric configuration

d2
(—g212E2 + ki + kz - E)Yi(m) =0

Coincidence with non-relativistic Schrodinger equation
of inverted harmonic oscillator

Solutions

run-away solutions — unstable
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Chromoelectric field
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Stability of non-Abelian chromoelectric configuration

Constant homogeneous chromoelectric field

0 0 0 0 0 0 0 0
A= | JE/g 0 00|, J= 9E3 0 0 0
0 Elg 0 0 0 —/gE® 0 0

afi (t, %) = afie—(wt=1x)

Matrix equations

12x12 matrix in block form — 2 equal matrices 3x3 and one 6x6

The equations are homogeneous, so the solution exists if matrix’'s determinant is equal
to zero.
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Chromoelectric field
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Stability of non-Abelian chromoelectric configuration

. . —w? +k? —2igAk, —2igAw
Mg, = Mg, = | 2igAk, —w®+k*>+g°A% 0
2igAw 0 —w? + k% —g%A%
det Mg, =det Mp, = —w®+ (4gE + 3k*)w* — (3> E® + 4gB(k* — k2) + 3k*)w?

— 4gEk?K2 +4¢°F%k2 — ¢>°B%k2 + k5 =0
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Chromoelectric field
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Stability of non-Abelian chromoelectric configuration
8%

o w? Q_E
v 8 i

w?
1 i 2 =
w2 0.5 1.0 15 20 25 E 3.0 w2 ) 2 gE

n 35 a function of 0 for k? = £~ =2 as a function of k* for 6 =0

gE 2 gE

Instabilities in Classical Cl



Chromoelectric field
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Stability of non-Abelian chromoelectric configuration
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Domain of instability w?<0
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Chromoelectric field
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Stability of non-Abelian chromoelectric configuration

—w24k?2  —2igAky —2igAw 0 0 0
2igAky —w?+k24+g2 A2 0 0 0 —2g242
" | 2ig4w 0 —w24k2-g242 0 29242 0
Btz 0 0 0 —w24k2  —2igAky —2igAw
0 0 —29242 2igAky —w2+4k2492A2 0
0 292 A2 0 2igAw 0 —w24k2-g2 a2

det MEt,a:: (7w6+(4gE+3k:2)u47(792E2+49E(k27k:2c)+3k4)u2+3g2E2+492E2k274gEk2k§+k6)2 -0

Discriminant
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Stability of non-Abelian chromoelectric configuration
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Chromoelectric field
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Stability of non-Abelian chromoelectric configuration
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Summary

e We found complete spectra of fluctuation eigenmodes for Abelian and
non-Abelian constant and uniform chromoelectric and chromomagnetic fields.

e The spectra of Abelian and non-Abelian fields configurations are rather different.

e In each case there are unstable modes, which play crucial role of temporal
evolution of the system.

Summary
.
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Thank you for attention!
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