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Classification of mesons

Hadrons

 Baryons [qqq]

Mesons [q̄q]

qq̄ nonets JPC Flavor states

Scalar (S) 0++ a±,00 , K∗±,0,0̄0 , σN, σS (f L0 , fH0 ∗)
Pseudoscalar (P) 0−+ π±,0, K±,0,0̄, ηN, ηS (η, η′)

Vector (Vµ) 1−− ρ±,0, K∗±,0,0̄, ωN, ωS (ω, φ).

Axial-vector (Aµ) 1++ a±,01 , K±,0,0̄1,A , fN1,A, f S1,A (f1, f ′1 ).

Pseudovector (Bµ) 1+− b±,01 , K±,0,0̄1,B , fN1,B, f S1,B (h1, h′1).

Table: Examples of nonets of conventional mesons, their spin and parity, and the flavor
states. * means that the physical states are unknown

QCD predicts also exotic mesons as tetraquarks (q̄q̄qq) and glueballs
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Glueballs

Gluons carry color charge and interact strongly with each other
Several lattice QCD simulations of glueballs [arXiv:nucl-th/0309068, Morningstar,Peardon].
Possible state that is predominantly a glueball state is the resonance
f0(1710) [arXiv:1408.4921v1 [hep-ph], Janowski et al.]

σN ≈ (ūu + d̄d)/
√

2
σS ≈ (s̄s)
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We worked with a single scalar glueball with mG = 1.7 GeV.
Below: plot from Lattice QCD: a glueball spectrum is found.

Y. Chen et al, Phys. Rev. D73, 014516 (2006)
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Scattering of two scalar glueballs: Tree-level

Now only the YM sector of QCD will be considered.

Ldil =
1
2 (∂µG)2 − V(G) =

1
2 (∂µG)2 − 1
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A. A. Migdal and M. A. Shifman, “Dilaton E�ective Lagrangian In Gluodynamics,” Phys. Lett.B114, 445 (1982)

5 18



TL Amplitude

Taylor expansion around min V(G = ΛG ≈ 0.4 GeV)
V(G) = V(ΛG) + 1
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l-th scattering length

k = 1
2

√
s− 4m2

G: 3-momentum of any particle in the center of mass. sth ≡ 4m2
G
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1
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A0(s) = −11m
2
G

Λ2
G
− 25

m4
G

Λ2
G

1
s−m2

G
+ 50

m4
G

Λ2
G

log
(

1 +
s−4m2

G
m2
G

)
s− 4m2

G

al =
Al(4m2

G)

32πmGk2l
l=0≡ 1

32πmG

92m2
G

3Λ2
G

a0(sth) =
23mG

24πΛ2
G

(al = 25(l!)24l−2

π (2l+1)(2l)!
1

Λ2
Gm

2l−1
G

, for l ≥ 2)
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phase shift

δl(s) =
1
2arg

(
1 +

i
√
s− 4m2

G

16π
√
s

Al
)
.
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ΛG = 0.4 (pink) and 0.8 (blue) GeV
∆δ0 := δ0(s→∞)− δ0(4m2

G) 6= nπ→ unitarization
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schematic representation of the unitarization through loops
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Unitarization (s,d,g wave)

Loop function Σ(s) in such a way to:
-preserve the pole corresponding to s = m2

G
-Aunitl (s = 3m2

G) =∞: the branch point s = 3m2
G is generated by the single

particle pole for m2
G along the t and u channels.

It follows that:
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The unitarized amplitude is so given by:

Aunitl (s) = [A−1
l (s)− Σ(s)]−1

Now:

δunitl (s) =
1
2arg

[
1 + 2i

√
s
4 −m

2
G

16π
√
s

Al(s)unit
]

and

aU
0(sth)

(
=

1
32πmG

AU
0(s)

)
s=sth

=
1

32πmG

1
3Λ2

G
92m2

G
− 0.0028715

.

With our value of mG:

a0(sth) =∞↔ ΛG = ΛG,crit ≈ 0.504 GeV
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Remarks on the unitarization scheme

Twice-subtracted loop (s = m2
G, 3m2

G): single-particle pole and branch
point fixed to the ones of TL amplitude.
Once-subtracted loop (s = m2

G): ghost with negative norm
Results depend not only on the chosen subtraction, but also on the
applied unitarization scheme (overall phenomenology expected similar)
Multiparticle states contribute to the imaginary part: ImΣ not valid up to
∞→ Cuto� function (form not known) interpretable as G wf overlap: this
would introduce a model dependence on the result.
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The Glueballonium
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Mass of the glueballonium as
function of ΛG

For mG = 1.5 and 1.7 GeV:
ΛG,crit ∼ 0.445 and 0.504 GeV.

For ΛG > ΛG,crit, @ bound state.
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Phase shift
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∆δU0 → −2π → Levinson theorem fulfilled
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Other glueballs effect: heavy scalar

H: other glueball entering the s-channel (heavy scalar and non-scalar)

L = Ldil +
1
2 (∂µH)2 − α

2 G
2H2 − βH4

No terms GH3 and G3H: symmetry (G,H)→ (−G,−H) required (scalar).

No 3-leg interaction terms (H2G,...): break dilatation invariance (only ln
∣∣∣∣ GΛG

∣∣∣∣
does it in the proper way).

No ln
∣∣∣∣ HΛH

∣∣∣∣: another scale would be needed (not done here).

The interaction term proportional to G2H2 a�ects the scattering via the an
intermediate HH loop, relevant at (2mH)2 ∼ 36 GeV2, far from threshold.
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NON SCALAR JPC

No J > 2 for dilaton invariance.

P C

0−+ 7 3

0+− 7 7

0−− 3 7

1++ 7 3

1−+ 3 3

1+− 7 7

1−− X 7

Table: Symmetries for XG2 terms involving a heavy nonscalar glueball X and two scalar
glueballs G.

The term in L corresponding to the coupling XG2, X ≡ 1−+, is equivalent to
(∂µG)2G2, which breaks dilatation invariance.
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Conclusions

TL is not enough.
Unitarized amplitudes for the l-th waves (l=0,2,4).
The evaluated scattering lengths and phase shifts could be simulated on
the lattice, hence a comparison is possible.
Emergence of a 2 scalar glueball bound state, that we named
"glueballonium", could be found on the lattice and/or in experiments
(PANDA).
mB(ΛG). ∃ bound state if ΛG < ΛG,crit ' 0.504 GeV if mG = 1.7 GeV
Other glueballs are not expect to sizably a�ect the results.
FOR FUTURE: scattering of other glueballs or using other unitarization
schemes.
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Decay G→ ππ takes the form (inserting a nonzero pion mass):

ΓG→ππ = 6

√
m2
G

4 −m2
π

8πm2
G

(
m2
σ

2ΛG

)2

.

For mG ' 1.7 GeV, mσ ' 1.3 GeV (' f0(1370)), ΛG ' 0.4 GeV: ΓG→ππ ' 0.310 GeV.
SU(3) extension:

ΓG→KK = 8

√
m2
G

4 −m
2
K

8πm2
G

(
m2
σ

2ΛG

)2

, ΓG→ηη = 2

√
m2
G

4 −m2
η

8πm2
G

(
m2
σ

2ΛG

)2

.

ΓG→KK ' 0.340 GeV and ΓG→ηη ' 0.080 GeV.
The sum of the 3 pseudoscalar channel: 0.729 GeV.
⊕ G→ ρρ→ 4π, expected sizable,cannot be determined within this simple
approach (using V(G, σ,π)).
Such a glueball would have a total decay of about 1 GeV: would not be
observable.



YM field

LYM = − 1
4G

a
µνGa,µν , Gaµν = ∂µAaν − ∂νAaµ + g0f abcAbµAcν

gluonic quantum fluctuation: dilatatation symmetry
g0

trace−−−−→
anomaly

g(µ)

=⇒ ∂µJµdil = (Tµµ)YM = β(g)
2g GaµνGa,µν 6= 0, β(g) = ∂g/∂ lnµ

At one loop (β(g) = −bg3 & b = 11Nc/(48π2)):
g2(µ) = 1

2b ln(µ/ΛYM)
, ΛYM ≈ 250 MeV

Nonvanishing expectation value of the trace anomaly:〈
Tµµ
〉
YM = − 11Nc

24

〈αs
π
GaµνGa,µν

〉
= − 11Nc

24 C4



Glueball field

Gluons −−−−−−→
confinement

not the asymptotic states of the theory
Scalar field G describing scalar glueball & trace anomaly at the composite level
Ldil = 1

2 (∂µG)2 − V(G)

∂µJµdil = 4V − G ∂GV ∝ G4 only if V(G) =
1
4
m2
G

Λ2
G

(
G4ln

∣∣∣∣ GΛG

∣∣∣∣− G4

4

)

ΛG ' 0.4 GeV:

[
∂µJµdil = − 1

4
m2
G

Λ2
G
G4

]
=©
〈
Tµµ
〉
YM: Dilaton field saturates the trace of

the dilatation current.


