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Outline

1. Thermal  gas: recall + resonances and phase-shift formula

2. Lee Hamiltonian: a QM model for QFT 
(using a simple example: the rho meson)

3. Two resonances: f0(500) at nonzero T

4. Bound state at nonzero temperaturę

5. Conclusions
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Part 1: thermal gas + resonances
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Heavy-ion collisions

At the freeze-out, the emission of hadrons is well described by thermal models. 
Question: how to include resonances, such as the rho meson? 
Does the f0(500) and his brother, the light k, play a role? 
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Theoretical description of a thermal gas

The stable part is “easy”: 
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Theoretical description of a thermal gas

The stable part is “easy”: 

Yet, how to threat the unstable states (the resonances) ?
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(Simplified) Thermal gas in QCD

It is well known that the ‘dominant’ term is given by pions 

(since these are the lightest mesons). 

For simplicity, let us first consider only the pions 

and the rho meson. 

The question is: how to treat the rho meson? 
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In the pion gas one performs the sum over all occupation number

(Simplified) Thermal gas in QCD – the pions
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(Simplified) Thermal gas in QCD –the rho /1

In the easiest possible approximation, just neglect the 
fact that the rho is a resonance… treat it as stable

Use, for instance, the PDG mass for the rho meson
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(Simplified) Thermal gas in QCD –the rho /2

But one can do better. We may take 
into account that the rho meson is 
described by a mass distribution

As a parameterization of dρ(M) one may use BW, relativistic BW, or even 
more advanced function. (The best is as the imaginary part of the propagator).
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One can go even further

Instead of the spectral function or energy distribution, use the (derivative of 
the) phase-shit. 
In the example that we study, consider the pion-pion scattering data in the rho-
channel

Result in agreement with the scattering theory of QM and by TD potential in QFT
in the low density approximation
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Thermal gas: connection to scattering data 

The density function can be directly extracted from two-body 
scattering data (phase shifts).

This is a model-independent way of taking the resonances into account.

Indeed, it is a justification of the validity of thermal gas models (but…).

It is actually even more general, since it allows also to include any other 
reaction and even repulsions in some channels. 
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Important point

These two quantities are not equal. They are actually very often similar,
Sometimes very similar…but they are not the same. The equal sign only 
holds in the BW limit.

The reason is that the two-pion states are also modified.
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Part 2: the Lee Hamiltonian 

and 

its application to thermodynamics
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|S> is the initial unstable state, coupled to an infinity of final states |k>. 
(Poincare-time is infinite. Irreversible decay). General approach, similar 
Hamiltonians used in many areas of Physics. (Jaynes-Cummings approach, 
Friedrichs model.) 

In our example: rho-meson decay. |S> represents a rho meson, |k> 
represents a two-photon state (flying back-to-back). The quantity k is the 
three-momentum of one of the outgoing pion. 

Lee Hamiltonian

F.G J.Phys.Conf.Ser. 1612 (2020) 1, 012012, 2001.07781
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Lee Hamiltonian

Used in many areas of physics…also called Jaynes-Cummings Hamiltonian 
or Friedrichs model
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Application to TD

We consider that also the state |k> (the two-pion state) is

modified by the presence of the interaction. Not only the 

rho is modified (quite “expected”), but the pions are not any 

longer ‘free’.
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Application to TD

We consider that also the state |k> (the two-pion state) is

modified by the presence of the interaction. Not only the 

rho is modified (quite “expected”), but the pions are not any 

longer ‘free’.

Rho spectra function
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Application to TD

We consider that also the state |k> (the two-pion state) is

modified by the presence of the interaction. Not only the 

rho is modified (quite “expected”), but the pions are not any 

longer ‘free’.

Phase-shift’s derivative formula
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Numerical example

Contributions/T^4
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Part 3: Resonances f0(500) and K0*(700)
based on W. Broniowski, F.G., V. Begun,

Cancellation of the sigma meson in thermal models
Phys. Rev. C 92 (2015) no.3, 03490

[arXiv:1506.01260 [nucl-th]]. 
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Inclusion fo two additional channels

For the various channels:

Simple and model-independent procedure: just use scattering data!

f0(500) K0*(700)rho-meson
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In the scalar channel

What to do? 
Simple…phase shifts

M. Soltysiak, T. Wolkanowski and F. G.,
K0*(700) as a companion pole of 

K0*(1430),'
Nucl. Phys. B 909 (2016) 418
[arXiv:1512.01071 [hep-ph]].
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The f0(500) spectral function and the isotensor 
repulsion/1

The total contribution from J=0 

is the red curve: lnZ(0,0) + lnZ(2,0)

lnZ(0,0)  is the contribution of f0(500). It is indeed nonzero and even non-negligible,
but it is almost exactly cancelled by the isotensor repulsion. Thermal models however 
usually neglect repulsions.

Either you take into account both I=0 and I =2, or –simply- you neglect both of them!

M [GeV]
arxiv: 1506.01260
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Part 4: how to deal with bound states
based on S. Samanta, F.G,

QFT treatment of a bound state in a thermal
Phys.Rev.D 102 (2020) 116023

[arXiv:2009.13547 [nucl-ph]]

and

Thermal role of bound states and resonances in scalar QFT,
[arXiv:2110.14752 [hep-ph]].

Various states could be hadronic bound states: X(3872), a0(980), …



QFT with quartic interaction term
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+…

Recall: 
λ > 0 repulsion
λ < 0 attraction

One-loop resummed 
unitarization scheme,
one subtraction with  

arxiv: 2009.13547



Pressure of the system
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Bound state contribution 

Interaction contribution



Pressure vs T
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arxiv: 2009.13547



Interacting part of the pressure (without BS) as 
function of λ >0 
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arxiv: 2009.13547



Role of the bound state
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2009.13547

See also:

Ortega et al.,

Counting states and the Hadron Resonance Gas: 

Does X(3872) count?

PLB 781 (2018) arxiv: 1707.01915
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Conclusions

For resonances: mass distribution is important, but 
sometimes not sufficient.

If you have scattering data, easy to use them!

Bound states are relevant, especially if the mass is just 
below the threshold of constitutents. Yet, the answer is: it 
is complicated!
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Thank You
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Part 5: Intermediate resonance and 

bound state



Resonance S
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QM derivation of the phase-shift formula
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Phase shift formula - recall

Recall from scattering theory:
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Additional results with the Lee model
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Rho, pion, and sigma: the trace anomaly
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1506.01260

The scalar kaonic resonace K0*(700): 
(partial) cancellation in thermal models

cancellation is evident: 
easiest thing to do is to forget about the k.
(Eventually, visible in correlations).

The total contribution from is the red curve: 

lnZ(1/2,0) + lnZ(3/2,0)

arxiv: 1506.01260



Phi^4 theory, some more details
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Tree-level phase shift
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Phase shift

Francesco Giacosa Levinson’s theorem

Arxiv: 2009.13547



Unitarized phase shift (extension below threshold)
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Pressure as function of the coupling λ
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The pressure is continuous also at the critical value!

arxiv: 2009.13547



Loop and 
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Unitarized phase shifts
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Resonance case, unit. 
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