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1 Introduction

There are a lot of works challenging
Flavor Problems of quarks and leptons
by using Modular Symmetries .
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\_

Flavor mixing
CP violation

Mass hierarchy

~

/

Successful results
are obtained for
quark / lepton sector.

Challenge SMEFT



2 Modular symmetry

Superstring Theor‘y 10D - The extra 6D
Our universe is should be compactified.

Torus compactification

Compactification 4
10D 4D
e A O ONS

We get 4D effective Lagrangian by integrating out over 6D.
5 = fd4xd6y Liop = fd4x Lefs

‘ L.¢e depends on the structure of @

» 4D effective theory depends on[internal space]

from T.H.Tatsuishi’s slides



2D torus (T?) is equivalent to
parallelogram with identification of confronted sides.

TZ

by Feruglio

Two-dimensional torus T2 is obtalned as
T2=1R2/ A

A is two-dimensional lattice,
which is spanned by two lattice vectors

(%,y)~ (X,y)+n,04+n,0; o,=2mR and o,=2nRT

T =a, /a, is a modulus parameter (complex).

The same lattice is spanned by other bases under the transformation.

ay \ [ a b (o ad-bc=1
o )\ c d aq a,b,c.d are integer SL(2,Z)
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‘ ad-bc=1

N\ ab,c,dare integer
T  ar+b

T =a,/a — 7 = .
27 T T cT 4+ d Modular transformation
Y,

Modular transf. does not change the lattice (torus)

-

4D effective theory (depends on 1)
must be invariant under modular transf.

{ e.g.) Legs D Y (7)Y, ]




The modular transformation is generated by Sand T .

¥ , ar—+b
T — T =
cT + d

G. = I':7—71+1
duality Dicrete shift symmetry

(29 )
r/




S

1
T ) , Duality
/T Fl

S? =1, (ST)* = 1.

+1 is identified

~

: T —> 7+ 1.  Dicrete shift symmetry

/

generate infinite discrete group

Modular group



Modular group
['~{S,T|S?=1,(5T)° =1}

Modular group has subgroups

Impose [(N) = (“‘b)eﬂ-z,z.(“b)=(lﬂ) mod N)
congruence condition M= ¢ a 22 ¢ 4 0 1 ( }

called principal congruence subgroups (normal subgroup)

'v= I'/T(N) quotient group finite group of level N

[ v ={S,T|S? =1,(ST)> =1, T" = ]I}J

‘_2 253 ‘_3 ~ A4 |_4 254 ‘_5 2A5

9 isomorphic



We can consider effective theories with 'y symmetry.

Losf E@q’)(l) q:)(n) £(1), D non-trivial rep. of Iy
modular form

In cases of My (N=2,3,45) ¥=S, T

explicit forms of f(T) have been obtained.
A

- ar + b o utomorphy factor
T T =T = o+ d fi(m) — fi(y7) =|(cT + d)f fj
Modular transformation modular forms of weight k _
r'epr'esen’ra’rlon matrix
Kis modu{lr weight
Chiral superfields (o“)),(r) . [((:T + )k (0(1))j(r)

Modular forms are explicitly given if weight k is fixed.
On the other hand, chiral superfields are not modular forms and

10 we have no restriction on the possible value of weight A7, a priori.
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Consider  fi(1) ¢V H

Automorphy factor

vanishes if k = kg + kj

(cr + d)*(er + d) ¥ (et + d) ™% = (er + d)FFr=k

et IS modular invariant if sum of weights satisfy ¥ A=k

Modular invariant kinetic terms of matters

f

.

Simplest
Kahler potential

}{mat ter

i(F =

L

\

J




A, Modular symmetry

[N = (S, T|S2=1,(ST)® =1,T" =1}
Taking T3=1, we get A, modular group ( I3 ).

# of modular forms is k+1 (for N=3) k: weight

There are 3 linealy independent modular forms for weight 2,

which forms A, triplet.

Fundamental domain of T on SL(2,Z) e 5
O 1{
" s=z(2 -1 2
e 2 2 -1
51 0
E 1 0 O
0.5 I'=10 w 0
ool L 0 0 w?
~1.0 -0.5 0.0 05 1.0

12
Re[tau]



A, triplet of modular forms with weight 2

F. Feruglio, arXiv:1706.08749

oy (1R A D/E) | (+2)/3) 27 (37)
(r) = ('n('r/3)+ (( )/3)+ (7 +2)/3) n(BTJ)
(’r+1)/u)+wn((’r+2)/3))

i -) ]

n(r) =q¢"/*][(1—¢") Dedekind eta-function Y7 +2Y1Y; =0

"=t n(=1/7)=V=irn(r).  n(r+1) = ()
. )

Yi(7) 1 +12g +36¢* + 12¢° + . .. 5
Yo(7) | = | =6¢3 (1 +T7q+842+...) [ qg=¢€ ’“T]
A\ )

—18¢*3(1 4+ 29+ 5¢* + . .. )

13 Modular forms with higher weights k=4, 6 ... are constructed by them.
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3 Modular invariant flavor model

We can construct quark / lepton mass matrices
in the framework of modular symmetry.
Non-Abelian Discrete Symmetry | A4 group

Irreducible representations: 1, 1', 1", 3
The minimum group containing triplet

I't could be adjusted to Family Symmetry.

3: ( eL' ULl TL) . 1: eR ' 1": UR ' 1': TR Symmetry of tetrahedron

Flavor symmetry should be broken !
We should know how to break the flavor symmetry.

Key : Modulus T and Modular forms



We can construct a simple mass matrix by using weight 2 modular forms

A, assignments: left-handed doublet 3 right-handed singlets 1, 17, 1°

a. 0 0 Yi V3 Y5
Mg=v;10 B. 0 Yo Y7 Y5

0 0 7/ \Va 2 i/,

Typical mass matrix of fermions by using weight 2 modular forms

15
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Simple model of CP violation in Lepton sector
H.Okada, M.Tanimoto, JHEP 03(2021),010 [arXiv:2012.01688 [hep-ph]]

L | (e,p7°) | Hy, | Hy | YV, Y
SU(2) | 2 1 2 2 1
Ay €)) (1, 17, 1) 1 1 |3, {3,1,1'}
—k; —2 (0, 0, 0) 0 0 | 2, 4
e 0 0 Yl Y3 Y:]
JI E = U4 0 :_'39 0 YQ Yl Yﬁ
0 0 Ve Y3 YQ }fl RL 3,|,|’
Weinberg operator by using eight 4 modular @
Wy (HuH LLY ;™) 5 modular forms
2 [y vy v 10 0 01 0\
M, = || -1 21/2 —1’1 +’Y{4 00 1 +@Y{‘i” 10 0
_}/2(4) _Yl 0 1 0 0 0 1 i




# of modular forms is k+1

weight 4 k=4

5 modular forms

Y (1) = Yi(7)? + 2Ya(r)Ya(7), YO (r) = Ya(7)? + 2Ya(7)Ya(7),

v (r)

4) 4 };1{4}(?-) ( :
Yy () =Ya(r)? + 2Vi(nYa(r) =0, Y3'(n)= | ,V(7) | = P:z%fr)j—}’l(ﬂ}%(f)

17
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P. P. Novichkov, J. T. Penedo, S. T. Petcov and A. V. Titov, JHEP 07 (2019) 165

-

CP .
T — T,

CP transformation )
Gla) = X(ee),  YO(r) =5 YO (=) = X, Y (7)
X (@)X =pelg),  9,9€G

1, | can be taken in the base of symmetric S and T.

=

/

After fixing 7, real part of T gives imaginary part of the mass matrices.

4 )
Yi(7) = 1+12¢+36¢* +12¢° + - -, P—
Yo(r) = —6¢"°(1+7q+8¢" +--), [g — ¢ ] || «1
kYza(fr) = —18¢"P(1+2¢+5¢" +---). emvi-o




Me(r) <5 Mp(—7

/ r (0:.,
)= Mg(7) =14

M, (1) =5 M, (—7") = M*( )

bl BN 2y< *(r) Y( () | + 7Y () |00 1| 4+ g5y () | 0
YO ¥ 2v () 0190 !

\_ J

Impose CP symmetr'y Re t=0 and boundary of fundamental region

Mg(1) = Mg(1), M,(t) = M’(7)  which leads to[g’{' and g5 being real.]

6 parameters + T = 8 parameters CP violation is realized by T!
3 charged lepton masses+ 2 neutrino mass differences+ 3 mixing angles = 8

CP phase and mass absolute values can be predicted !
19



NH for neutrinos

1.04}
1.03}
1.02}
>
E 1.01} ﬁ &
1.00; Y
S T =l
0.99¢
0.98}
-0.10 -0.05 0.00 0.05 0.10
Re[r]

Figure 1: Allowed regions of 7 for NH. Green,
vellow and red correspond to 20, 30. 50 confi-
dence levels, respectively. The solid curve is the
20 boundary of the fundamental domain, |7 = 1.



deop is predicted clearlv in [98°.110°] and [250°,.262°] at 3o confidence level.
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Modular Symmetry meets

SM Effective Field Theory (SMEFT)

T. Kobayashi, H. Otsuka, Eur. Phys. J. C82 (2022) no.1, 25,
arXiv:2108.02700

”On stringy origin of Minimum Flavor Violation”

Kikuchi, Kobayashi, Nasu, Otsuka, Takada, Uchida, arXiv:2203.14667

“Modular symmetry of soft SUSY breaking terms”

SUSY breaking terms are invariant (covariant) under modular
transformation in moduli-mediated SUSY breaking scenario

We can consider modular invariant SMEFT

., by supposing modular forms to be spurion |



B. Grzadkowski, M. Iskrzynski,

SM Effective Field Theory (SMEFT) 7 Msak and)-Rosick

[1008.4884]

(0 SMEFT is a effective theory based on SU(3),. X SU(2); X U(1)yat scale pgw < pt < pnp

P NP Full theory

)uNP + EEEEEEEEEEEEEEEEEEN

sMEFT L g = Lomt+ 2 (d 6

C; : Wilson coefficients

: i Integrate heavy particle

ﬂEW"+' E IS IS S EEEEEEEEEEEEEEEEEEEEEEEEEEENI

O, . Local operators




4 Dipole operators in modular symmetry

Stringy Ansatz

String compactifications leads to 4-dim low energy field theories
with the specific structure:

T. Kobayashi, H. Otsuka, Eur. Phys. J. C82 (2022) no.1, 25, arXiv:2108.02700

4-point coupling comes from three point coupling in superstring theory Kobayashi and Otsuk:
51}1) (Tp70ar)(Ts7"qt)

m is virtual mode @4 _ Z y(3) (3)
- Q) Gt @)

H, ... Yiike ijmYmke

24
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Our model : A1 modular symmetry

Assignments of weights

focus on charged-lepton sector (weight 2)

modular forms

Ly | (ek, BRs TR) | Ha | Y (1), Y(7e)
SU(?2) || 2 1 2 1
A, 3] 1,17,1) | 1 3
k 2 | (0,0,0) | 0 2

Modular forms

Lot O Y(T)zj¢l/—/il//j

modular invariant

k; : modular weights

The holomorphic and anti-holomorphic modular forms with weight 2 compose the A,

triplet Y (7) Y*(r)
Y;?(r) = (YZ(T)) . Y=Y 0) = (n*cr))
Y3(7)
[LpL,] [LgY(z,)L;]
A, {(1L11M'®3 {1,111 ®3®3
k: 0 2 0 2 2

Y5(7)
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(LR) structure in the modular symmetry

Lp @YD) QL ], =0, e, (Yie, + Yor, + Yapy)y +0, fig @ You; + Yi7;, + Yaep)y
+7. TR @ (Y37 + Yypy + Yoep)y

a, 0 O Yi(7) Yi(r) Ys(7) e
= (ep. fig.7g) |0 /f. O Yo(r) Yi(r) Yi(7) (}”L)
0 0 7 Yi(z) Ys(r) Yi(7) L

Same structure with mass matrix :

elm) D D Yl(f) YB(T} Yz(f}
Mg = Vd D ﬁf-i_n.' ) D YQ(T) Y](T) Y3(T)
0 0 Yc-i_m:n Y3(T) Yz(f) Y| (T) RL

Stringy Ansatz leads to

a

e = Rl¥g(m), Be = ""':.ﬁe{mj: Te = K7e(m)

if mode m is only Higgs.

Then, FC transition vanish in the mass basis. p—eY never happen !
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However, additional unknown modes (NP) causes
flavor violations ( for example, multi Higgs modes).

Suppose unknown mode contribution being small
and couplings are Higgs-like.

[ ke — g(m) < i - .ﬁe{m} < i 1 Te — Te(m) L Ve ]

5 Be(m) + € Cg
e 2 — 14+ —""=1+403,
.ﬁe[m‘.l .ﬁe{m} He(m)
~ -~ ’
Ge  Gom) + Ca Ca 6’s are very small.
- — — — 1 T = = ]. —|— (S'u- .
&t[ﬂl_:l &.Efﬂ?,:l ﬂ'e{m}
,,ﬂ” _';;“"EQL“J_C"‘:1+E’? =1+94,,
Ye(m) “e(m) Ye(m)



NH for neutrinos
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Figure 1: Allowed regions of 7 for NH. Green,
vellow and red correspond to 20, 30. 50 confi-
dence levels, respectively. The solid curve is the
28 boundary of the fundamental domain, |7 = 1.
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Mass matrix of charged leptons at nearby T=i

(a0 0 0) (Vo) Vi) Yo(0)
M,=v, 0 Py 0 Yr(z) Yi(z) Ys(7)
\ }"{-,{m}) kY3(T) Yz(f} Yl(’f))

RL

1
Y(r, =i)=Yi(i) [ 13
—2++/3




Move to mass eigenstate

m — 7T T
EL — EL = LLJ‘?EE‘LH EL :

m — jri T
Er — Ep = Upp Uy Er .

) 2 2 2
[ffﬁf:m V"E—I—]_ —2 ﬁ—]
vV3i—1 =2 /3+1

[ e
1 Sr12 Sr13

T o * o JE
U Lme — F:? S112 1 Sta3

L e © e
Sr12°123 — SL13 —SL23 1

el )
Fo=10 1
0 0

30

0
0
1

EL — E‘El = E’L L'?; L'?Lm_ﬁ :

Fp— E}? = EpUss L'Hmr:y

01 0
Ua=11 0 0
00 1
1 Sh12
Uhme = —5h19 1

B e © ©E
SR12°R23 — SR13  —SR23

Ne = arg €y .

e
SR13
2
SRa3
1



arl'T, epl'T, erlp;

arlTg erl'tp erlpp
%(ﬁ'e + 25%937e) %ﬁ{.ﬁe — 8Taple + 2(5%13 — SR125R23)Ve) 2{3 + 8T pGe)
(V3s53; 4/5'521_ l€11) e N5 5k2ate (V3s$a + €1])7e %(351% V3554, +2|€|)a

\/g ﬁg{m} e \/g *

S71p = |"51|

5L232_4,}g , SJ[.l;-:—_3 1
e(m)

gem 1 Ge(m e ]-jem
SRmE—&_i :;:* 53232—5,}; J} 5R133_§;r_.; J}

Ge(m) = (6 — 3V3)Y1 (1) e(m) Betm) = (6 — 3v/3)Y1(7) Befrm) and Fem) = (6 — 3v/3) Y1 (i) Ye(m)

‘ (¥, . _9 f'ée{m} 3 2
7= —0.080+ 1.0077, |e;| = 0.165, — ~—=682x10"", — ~ — =150 x 10

31



Dipole operators in mass basis

(CL, CL, CL)
GE"‘E — @EL G_;_LIJ ERFHP 3 CLW = C;":r C;"":r C;."":r
I.-I'f \/E f__jf e fb b LT
¢ cL )
OE«":;' — @ERS#IJELF#H y CLW — C;i

RL \/E | il B L
4-point couplings LRHW(B)

1 i) !
Edipﬂlf — E (Cmmm‘ —I_CEW@ET

LR LR rRL. RL

32
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A . B

I} 3 - e &'E{mjl
C. =2"(1-—vV3a.|1-- ! ,
Ez 2 ( \/_)EE ( Te(m) e )
3 - EE.E M-Em &l T e
C%:i(l—\@}ﬁe 14 e Petm) _ ofetm 7
2 Qe(m) e Be Fe(m)
' (e ﬁe{m]
C —-(1—f}ﬁe 1—
e Qe(m) Pe

Absolute values of Wilson coefficients is unknown
unless NP is specified.

Diagonal elements are given as:

[c;,,—a(lx/ﬁ)ﬁee;, ——(1—f)&e, c;ﬂ,—x/ﬁ(lx/ﬁﬁg]

P'-Pl- TT

33



5 Flavor structure of Dipole operators

Experimental constraints of Dipole operators

G. Isidori, J. Pages and F. Wilsch, JHEP03(2022) , arXiv:2111.13724

muon (g-2) Aay, = a,*® — a3 = (251 £59) x 107"

4m,, v / -5 7—2
Aay = — 7 @Re[ﬂ N ERE‘ [ “1]m1.0:x:10 Tel

H—eY B(ut — etry) < 4.2 x 10713 (90% C.L.)

2

m3 v f ' 10 2
B(ef—w;fgsqf}—g""r A4 (| L +C |2) —p> ﬁQIC ?}|{:21><10 TeV™

( )

C’ ey

ep(pe) —5
< 2.1 x 10

C!

ey
Fp

34 \_ W,
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muon and electron (g-2)

cL, =30~ VARl C=20-VBa, €, =vE(1-Vi),

H

/ ~ C’
CT 2’?5 €f| ~ 4.9 x 1077 4 Ve . 9 x 1072
— 9 - ~ e = ~ o.d X .
¢~ & C,” 2% /
dme v

Aa, = ! Re [C’ ] ~ 5.8 x 107"

e /2 A2

This result is agreement with the naive mass scaling (Aay o m%

Aal® = aP — 2™ = (—8.84+3.6) x 1071

observations ‘ ‘ . N
Aal™® = gP — 2MEP — (48 £ 3.0) x 1071 .

Wait for future measurements !
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muon (g-2) versus p—eY

')
C,

[=IT!

!
C.

iy

. j_e 1 — Exe .’BE.[;TH:I'
Ge | Gem) B
1 _ e, .-"je{m}
&E[m} j,z

-"§£' 5’5 m C
= - {.”} T =1+
.’Se[m} ﬁe{m}

(v, Qe(m) T Ca
= o
Cte(m) Cte(m)

¥ Ye(m Coy
e _ De(m) TS
Ye(m) Ye(m)

G. Isidori et al.

<2.1x10”

~ |05 — o] < 1.4 x 107°
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T—N¥ and t—eY¥

c.. c..

1 ; 3
— — x O(1). © — % w O(1) ~ 1072

i
TE

B(r — puvy) : B(t = ev) : B(p — ey) ~ 10% : 1 : 10.

Present experimental upper bounds

B(t — evy) and B(t — py) are 3.3 x 10% and 44 x 107°
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6 Summary

Modular flavor symmetry meets SMEFT.

We need more studies of SMEFT with modular symmetry.

We should check whether our results is model dependent?
other models with S,, As ...

Approach to other flavor phenomena
in the quark sector b—s ¥ ...



Back up slides
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Predictions at U(2) case

BR(7 — uy) > BR(u — ey) > BR(7r — ¢y)

Different prediction

Predictions at Modular 7 = i case

BR(7 — uy) > BR(u — ey) ~ BR(r — ey)



U(2) prediction of Lepton Flavor Violation

[ —> ey T — Y T — ey

RL | (p15e0)*[€ra™™ pup] | (01€00e)" |[ARo™ TL| | (0160800, )" [ERT™ T

LR —P1 Serﬁe [EL at” H‘R] ,.5)1 €¢ L&L at? TR} -

Spurion order count

(1>¢>8>6>0 )

Predictions at U(2) case

BR(7 — uy) > BR(u — ey) > BR(r — ¢y)
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EDM of electron

[ defe] < 1.1x107% em =56 x 1072 TeV™! ]

i

O‘:dm - _§ dE‘ (‘LL] et EF,[!IJ 3

1
—C' (i
Lgpym = e CE,: Oﬁa 2 m \/_ Lo erF,,

d‘e — _\/_FIITI [C’ ]
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Experimental constraint from electron EDM

[ —Im [C’ ] < 1.6 x 1072 TeV—2 ]

;12
Im [C, ] —12
- e 1.6 x 10
-2) gives =~ (Imdy) < —33x107°
(9-2) Re[C.] (Imds) < 95108 8

Since ¢ =3(1—V3)B.lei] = 3(1 = V3)Beim) (1 + ) €]

ae

—

We get Tm[Cl ) ~3(1—V3)Fm(Imds)le;|,  C., =

b-.'Jl'Z-G

Then, we have prediction

(1 - \/g)ﬁe{m} (63

_5.).
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) — (a1b1 + axbs + a3b2)1 b (a3b3 + a1 by + a2b1)1'
3
@ (a2bs + a1bs + asby ),

-
1 2a,b, — asbs — azb, 1 agby — agb,

) 3 2a3b3 — a1by — agby | |B 5 a by — agb,
\_

2a5by — a1b3 — azb a b — azh;

symmetric x 3y anti-symmetric x 3y



